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1
I N T R O D U C T I O N

Quantum Chromodynamics (QCD) was introduced in the 1970s to describe strong interac-

tions. QCD is a non-abelian gauge field theory with quarks and gluons having color charge

as the fundamental fields. But, instead of individual quarks and gluons, only colorless com-

binations of them like baryons and mesons are found in nature. Understanding this phe-

nomena of color confinement has been a major puzzle in theoretical physics for more than

four decades. Despite a huge amount of work [1–19], a complete analytical understanding

still remains elusive. The major reasons for the difficulties in understanding the low energy

features of QCD such as confinement are as follows:

• The perturbative methods which are so successful in quantum electrodynamics fail for

QCD at low energies. This is because the physical coupling constant in QCD becomes

large at low energies. Therefore, non-perturbative techniques are necessary to study

the low energy features of QCD like color confinement and hadron spectrum.

• Gauge symmetry, unlike other physical symmetries such as Poincare symmetry etc.,

is not a real symmetry of nature. It represents redundancies in our description of

nature. These redundancies manifest themselves in the form of spurious gauge degrees

of freedom and local Gauss law constraints on the Hilbert space of the theory. Such

extremely constrained systems are difficult to solve.

In order to solve the first difficulty, Wilson came up with a non-perturbative formulation

of QCD on a space time lattice [5–9, 20–23] in 1974. Space time lattice acts as a regular-

ization scheme providing a natural momentum cutoff proportional to 1/a; where a is the

lattice spacing. The idea was to gain back continuum results by taking a → 0 with a si-

multaneous tuning of the coupling constant. Wilson’s scheme was based on path integral

methods and allowed for Monte Carlo simulations. In 1975, Kogut and Susskind derived a

lattice Hamiltonian [6–8] in which only space is discretized while time remains continuous.

Theoretically, the two formulations should be equivalent in the continuum limit. However,

they both involve spurious gauge degrees of freedom. In order to deal with the second dif-

ficulty, it is desirable to reformulate gauge theories in terms of gauge invariant operators

and work within the physical Hilbert space Hp. In the context of pure gauge theory, Wilson

loops provide such a set of gauge invariant variables. Moreover, even though the elemen-

tary excitations of non-abelian gauge theories at high energies are quarks and gluons [24,

1



introduction 2

25], at low energies it is expected that the elementary excitations of pure Yang Mills the-

ory are described in terms of Wilson loops carrying non-abelian fluxes. Therefore, Wilson

loops [5] and not gauge (gluon) fields provide a suitable gauge invariant set of fundamental

dynamical variables to study the low energy behavior of Yang Mills theories. In fact, the

importance of loop formulation in understanding long distance non-perturbative physics of

non-abelian gauge theories has been amply emphasized by Mandelstam [1–3], Wilson [5]

and Yang [4]. However, the early attempts [3–6, 26–46] to describe SU(N) gauge theories

in terms of Wilson loop operators and loop states ran into difficulties due to the fact that

all loops are not mutually independent. They satisfy non-local constraints [3, 26–41, 43–51]

called Mandelstam constraints. In fact, the Mandelstam constraints had been the major stum-

bling block in these formulations. In this thesis, we construct a Wilson loop formulation of

pure SU(N) gauge theory1 by systematically reformulating Kogut-Susskind link formulation

[6–8] in terms of independent loop operators by a series of canonical transformations. These

canonical transformations convert the basic link operators and conjugate electric fields of the

Kogut-Susskind approach to independent plaquette loop operators and string operators [52]

and their corresponding conjugate electric fields. The SU(N) conjugate string electric fields

are the local Gauss law operators. Thus, canonical transformations enable us to isolate the

spurious gauge degrees of freedom as strings which are frozen within the physical Hilbert

space due to Gauss law constraints. This leads to a loop description with the plaquette loop

operators and their conjugate electric fields as the fundamental operators. As these canon-

ical transformations are 1 − 1 transformations, no new degrees of freedom are generated

and no new constraints are introduced. Therefore, Mandelstam constraints are trivially by-

passed. The resulting loop formulation has global SU(N) invariance and is dual to the link

formulation. This duality [53, 54] between the link and loop degrees of freedom turns out to

be a SU(N) non-abelian generalization of Wegners duality[55, 56] between Z2 lattice gauge

theory and quantum Ising model. In the case of pure SU(2) lattice gauge theory, this loop for-

mulation also allows us to construct a complete isomorphism between the physical Hilbert

space of SU(2) lattice gauge theory and that of a collection of coupled hydrogen atoms with

no net angular momentum [54].

As mentioned above, the main idea of the lattice approach to gauge theories [5–8, 20–23] is

to incorporate a non-perturbative cut-off in the theory in the form of a finite lattice spacing

a. A non zero lattice spacing implies that there is an upper momentum cutoff on the modes

supported by the lattice. The quantum theory which describes the physical world is then

defined as the large volume, continuum limit of a regulated theory with a short distance

(ultraviolet) cut off a and a volume (infrared) cutoff L:

1 Throughout the thesis, we work with pure gauge theories without matter fields.
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Quantum Field Theory = lim
a→0

lim
L→∞

(Lattice Field Theory)a,L. (1.1)

When we take the continuum limit, all the physical quantities must approach their physical

values. Usually while working on lattice, all quantities such as lattice mass (mL) or lattice

correlation lengths (ξL) are made dimensionless by absorbing appropriate powers2 of the

lattice spacing a.

mL = mphys × a ⇒ ξL ≈
1

mL
≡ 1

mphys × a
, (1.2)

where, mphys is the physical mass. Since, mphys is finite, the lattice correlation length must

diverge when the lattice spacing a approaches zero. In a statistical mechanical theory, the

divergence of correlation length happens at a critical point and is a signature of second

order phase transition. In renormalization group analysis of lattice gauge theory [57], the

bare coupling is a function of the lattice spacing. Hence to get a continuum limit of a field

theory defined with a lattice cutoff, one needs to find the points in the coupling parameter

space, where the corresponding statistical model reaches the critical point. In Yang Mills

theory, the continuum limit [20] is achieved when the bare coupling g → g∗ = 0. A simple

argument [8, 9] to show this is to observe that g∗ is the bare coupling of the continuum theory.

The bare coupling g is a measure of interaction strength at the cutoff scale = (1/a). When

lattice spacing a → 0, the cutoff scale becomes large and g → g∗. As Yang Mills theories

are asymptotically free, at large energies the interaction strength approaches 0. Therefore,

g∗ = 0. To make this argument more quantitative, let us consider the beta function defined

as,

β(g) = a
d
da

g(a). (1.3)

The continuum limit is reached when g approaches a fixed point g∗ in the coupling parame-

ter space and g becomes independent of a. Therefore, β(g∗) = 0. In the weak coupling limit

of the theory, the perturbative beta function [8] for pure SU(N) gauge theory in 4-dimensions

acquires the form:

β(g) = β0g3 + β1g5 +O(g7). (1.4)

2 In 3+1 dimensional pure Yang Mills theory, the coupling constants are dimensionless and the only dimensionful
quantity on the lattice is the lattice spacing a.



1.1 kogut susskind approach 4

Above,

β0 =
11
3

(
N

16π2

)
β1 =

34
3

(
1

16π2

)2

. (1.5)

This clearly vanishes at vanishing coupling. Now, integrating the beta function, one obtains

a = Λ−1
latt(g2β0)

β1
2β2

0 exp
(
− 1

2β0g2

)
(1 +O(g2)). (1.6)

Above, Λlatt is the integration constant. It is clear from the above expression that continuum

limit occurs at the weak coupling limit g2 → 0.

Consider a physical quantity X with mass dimension l. Then X = a−lXL(g) where XL

is the corresponding value of X on the lattice. Since, physical quantities has to be cutoff

independent near the continuum limit, we get

dX (g(a))
da

∣∣∣∣∣
a=0

= 0 =⇒ ∂X
∂a

∣∣∣∣∣
g

+
∂X
∂g

dg
da

= 0. (1.7)

Using the definition of beta function and the expression for X, we get, lX − β(g) ∂X
∂g = 0

Solving the differential equation, X = c (Λlatt)
l where Λlatt = 1

a (β0g2)
β1

2β2
0 e

−1
2β0g2 is a cutoff

independent mass parameter which sets the scale [8, 9] for QCD. Near the continuum, the g

dependence of X is completely fixed by the beta function through the above relation. There-

fore, in order to approach the continuum limit in 3+1 dimensions, all physical quantities

must approach the above scaling behavior.

1.1 kogut susskind approach

The Hamiltonian approach to lattice gauge theory involves formulating gauge theory on a

spatial lattice while keeping the time direction continuous. This approach was pioneered by

Kogut and Susskind in [6]. The Hamiltonian formulation is intuitively appealing as one di-

rectly deals with the construction and study of the physical gauge invariant Hilbert space in

terms of the fundamental operators of the theory. The questions regarding the hadron spec-

trum [58], mass gap [59], glueball spectrum [60, 61] etc are much more directly posed in a

Hamiltonian framework. Inspite of these advantages, the major trends in lattice gauge theory

have mostly favored the Euclidean approach. This is because, numerical Monte Carlo sim-

ulations are easily implementable in Euclidean path-integral formalism. Such Monte-Carlo

studies of lattice gauge theories yield numbers to be directly checked with particle data. But,

the Monte Carlo technique is entirely numerical making analytical understanding difficult at

times. On the other hand, the Hamiltonian approach, in principle, allows us to directly com-
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pute the physical spectrum non-perturbatively by diagonalizing the lattice Hamiltonian. This

is unlike the Euclidean path integral approach where it has to be extracted from the correla-

tion functions. However, in practice, it is very difficult to diagonalize the Hamiltonian with

sufficient accuracy. Therefore, practical calculation methods of diagonalization even for pure

gauge theory on a finite lattice involve a severe truncation of the infinite dimensional Hilbert

space to some finite dimension. Inappropriate truncation schemes violates continuum limit

and physical quantities do not show correct scaling behavior. Truncations are done under

various approximation schemes. The simplest and the oldest approximation scheme is the

strong coupling expansion [6–8, 58–68] where an expansion is made around g2 → ∞. Strong

coupling expansion allows us to compute the low energy spectrum by truncating the infinite

dimensional physical loop Hilbert space to a finite dimensional loop Hilbert space spanned

by loop states of small lengths and carrying small fluxes [see section 2.1]. However, these

results are completely unphysical because, as shown by (1.6), the continuum limit of lattice

gauge theory lies infinitely far away at the weak coupling (g2 → 0) end. The efforts to ex-

trapolate the strong coupling results to the weak coupling region by Pade approximants etc

did not lead to any conclusive results. The other popular variational [69–74] methods in the

Hamiltonian lattice gauge theory also involve trial ground state wavefunctions and hence the

success of this method strongly depends on the choice of proper variational ansatz. More-

over, they sample a very small part of the full gauge invariant Hilbert space. The Hamilto-

nian approach has also been exploited to develop other non-perturbative methods such as

t-expansions [75, 76], plaquette expansion [77] and coupled cluster method [78–80]. Monte

Carlo techniques have also been developed to study the spectrum of the lattice gauge theory

Hamiltonian [81–83]. There are also renormalization group improved approaches [84] where

the original Kogut-Susskind Hamiltonian is modified by including distant lattice sites/links

interactions in order to minimize the discretization error and to get closer to the continuum

limit. As mentioned above, all these methods, though non-perturbative, chop off the gauge

invariant Hilbert space and improper truncation schemes create problems in the weak cou-

pling limit. In order to proceed, we therefore need a complete characterization of the physical

Hilbert space of SU(N) lattice gauge theory.

The redundant gauge degrees of freedom make it necessary to impose local Gauss law

constraints on the solutions. Hence, it is desirable to remove these irrelevant or unphysical

degrees of freedom from the theory. Within the Hamiltonian framework, where one is in-

terested in the Hilbert space of the theory, the gauge redundancy increases its dimension

considerably. For an SU(N) gauge theory on lattice, each link of the lattice carries an SU(N)

link operator which contains N2− 1 degrees of freedom. However, there exists SU(N) gauge

invariance at each lattice site which corresponds to N2− 1 Gauss law constraints at each site.

Hence, the actual dimension of the physical Hilbert space in SU(N) lattice gauge theory, is
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the dimension of the quotient space ⊗linksSU(N)/⊗sites SU(N). On a d dimensional cubic

lattice with periodic boundary condition, the number of links L = d(Ns − 1)d and the num-

ber of sites is N = (Ns − 1)d, where Ns is the number of sites along any direction. Therefore,

the dimension of physical Hilbert space per lattice site is exactly (N2− 1)(d− 1). Now, there

are two ways to proceed (a) one can fix the gauge to cut down the gauge degrees of freedom

or (b) one can work with only gauge invariant or physical degrees of freedom. In the past

few decades there have been a number of approaches proposed to reformulate SU(N) Yang

Mills theories [3–6, 26–51] directly in terms of loops or gauge invariant variables both in the

continuum and on the lattice. All these approaches attempt to solve the non-abelian Gauss

laws by first reformulating the theory in terms of operators which transform covariantly

under gauge transformations and then exploiting this gauge covariance to define gauge in-

variant operators and gauge invariant states. In one of the earliest approaches [85], a polar

decomposition of the covariant electric fields was used to solve the SU(2) Gauss law con-

straints. However, the resulting magnetic field term in the SU(2) gauge theory Hamiltonian

is technically involved and difficult to work with. Also such a polar decomposition for SU(3)

or higher SU(N) gauge group is not clear. In approaches motivated by gravity [47, 86–92], a

gauge invariant metric or dreilbein tensor is constructed out of the covariant SU(2) electric

or magnetic field. The problem with such approaches is the exact equivalence between the

initial and final (gauge invariant) coordinates is not simple. Further, the gauge group SU(2)

plays a very special role and generalization of these ideas to SU(N) gauge theories is not

straightforward. In Nair-Karabali [93–95] approach the SU(N) vector potentials enable us to

define gauge covariant matrices leading to gauge invariant coordinates in 2 + 1 dimensions,

which are then quantized to analyze the theory directly in the physical Hilbert space Hp.

But, direct generalization to higher dimensions is difficult.

1.2 loop approach and mandelstam constraints

An old and obvious choice for the gauge covariant operators [3–6, 26–41, 43–49, 51] in any

dimension is the set of all possible holonomies around closed loops. These loop operators

transform covariantly under gauge transformations, commute amongst themselves and their

traces (Wilson loop operators) are gauge invariant. In fact, lattice formulation is tailor made

for loop formulation of gauge theories. This is because in lattice formulation of gauge theo-

ries the basic variables are the link operators or equivalently holonomies and not the gluon

fields like in the continuum. The loop operators are given by the product of these link op-

erators sequentially along closed loops. In fact, the loop studies in Yang Mills theory also

inspired people to utilize the loop approach to quantize gravity. This was made possible by

Ashtekar’s introduction of gauge theory like variables for canonical gravity, namely, a con-
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nection and its canonically conjugate “electric field” with internal SU(2) degrees of freedom

[96]. This approach to gauge theory eventually lead to a new non-perturbative quantiza-

tion of canonical gravity [96–99] known as loop quantum gravity. This again has renewed

interests in reformulating lattice gauge theories in terms of loops [33–36, 99, 100] in recent

years.

The Mandelstam Constraints

In SU(N) lattice gauge theories, one easily obtains a gauge invariant (Wilson) loop basis

of the physical Hilbert space Hp by applying all possible SU(N) Wilson loop operators on

the gauge invariant strong coupling vacuum [3–6, 26–41, 43–49] . However, this simple con-

struction again over describes lattice gauge theories. Now the over-description is because all

possible Wilson loop operators are not mutually independent but satisfy constraints known

as Mandelstam constraints [3–6, 26–41, 43–49]. They reflect the structure of the gauge group

in the form of a set of relations between the loop states of the theory. More precisely, the

Mandelstam constraints allow us to express products of Wilson loops in terms of the sum

of the products of a number of loops implying that all loop states in the theory are not

mutually independent (see section 2.2 for quantitative discussion). These identities were first

introduced by Mandelstam for the gauge group O(3) [1, 3]. Extension to GL(N) was achieved

by Giles [45].

The Mandelstam constraints are difficult to solve as they involve arbitrarily large number

of non-local loop states of all shapes and sizes. On the other hand, the solutions of the

Mandelstam constraints are of significance not only for writing non-abelian gauge theories

without any spurious loop degrees of freedom but also for computing the Hamiltonian

spectrum in the weak coupling limit. This is because unlike strong coupling limit (g2 → ∞),

near the weak coupling or continuum (g2 → 0) limit loop states of arbitrary large sizes and

fluxes become relevant [43, 48, 49]. These constraints become more and more complicated for

higher N and higher dimensions. Therefore, they are the major obstacles in loop approaches

to gauge theories. In fact, as also mentioned in [26], the loop approach advantages of solving

the non-abelian Gauss law constraints become far less appealing due to the presence of

these non-local Mandelstam constraints. In general, a common and widespread belief is that

loop formulations of gauge theories, though aesthetically appealing, are seldom practically

rewarding due to technical difficulties like the Mandelstam constraints. The work in this

thesis directly addresses these issues (see section 1.3).

In the simplest SU(2) lattice gauge theory case the Mandelstam constraints can be exactly

solved in arbitrary dimension using the prepotential approach [48–51, 101–106] (see section

2.3 for quantitative discussion) The resulting gauge invariant (loop) basis, also known as
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the spin network basis, is orthonormal as well as complete. Thus, there are no redundant

loop states or SU(2) Mandelstam constraints. The loop basis [48] is characterized by a set of

angular momentum quantum numbers. However, the corresponding loop Schrödinger equa-

tion involves higher Wigner coefficients (eg; 18-j and 30-j Wigner symbols for 2+1 and 3+1

dimensions respectively) and is extremely complicated to solve. Further, there are numerous

(angular momentum) triangular constraints at each lattice site and local abelian constraints

on each link [48–51, 101–106]. All these issues make the prepotential approach less viable

for any practical calculation even for the simplest SU(2) case. Also, this approach, when gen-

eralized to SU(3) or higher SU(N) lattice gauge theories, further suffer from the problem

of multiplicities involved with SU(N) representations [101–104] for N ≥ 3. In an alternate

approach [33–36] to solve SU(2) Mandelstam constraints in 2+1 dimensions, a set of inde-

pendent loops were chosen which were then used to construct arbitrary loops. But, this

formalism does not describe loop-loop interactions and the dynamics cannot be studied due

to the lack of a systematic transition from the links to the loops.

1.3 canonical transformations , loops and gauge-spin duality

Inspite of extensive research in the past [3–6, 26–41, 43–51], a systematic way of transition

from the standard Kogut-Susskind link formulation of pure SU(N) gauge theory to a loop

formulation in terms of fundamental loop operators and loop states is still missing in the

literature. In this thesis, we construct canonical transformations which allows us to system-

atically reformulate pure SU(N) Kogut-Susskind Hamiltonian lattice gauge theories [6] in

terms of a set of fundamental loop operators and loop electric fields[52–54]. We start with

the standard Kogut-Susskind Hamiltonian formulation of SU(N) lattice gauge theory where

the fundamental operators are the link operators and its conjugate electric fields. We obtain

[52] fundamental loop operators by glueing the standard Kogut-Susskind link operators

along certain loops over the entire lattice through iterative canonical transformations. These

loop operators are independent and any gauge invariant operator can be written in terms of

them. The canonical transformations also produce a set of SU(N) string flux operators and

their conjugate electric fields. The relation between the initial Kogut-Susskind SU(N) link

operators and conjugate electric fields and the final physical SU(N) loop, unphysical string

operators and their corresponding conjugate electric fields are explicitly worked out in detail

in a self consistent manner in this thesis. We show that as a consequence of SU(N) Gauss

laws, all string degrees of freedom become cyclic or unphysical and decouple, leaving only

the physical and mutually independent loop degrees of freedom. As the final loop formula-

tion and the initial Kogut-Susskind link formulation are related through a series of canonical
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transformations, no extra loop degrees of freedom are generated and hence the problem of

Mandelstam constraints is completely evaded for all SU(N) lattice gauge theories.

The resulting loop formulation has the following features:

1. This loop formulation is free of local Gauss law, Mandelstam as well as Bianchi identity

constraints.

2. The SU(N) Kogut-Susskind Hamiltonian, written in terms of the fundamental loop

operators and conjugate electric fields, has SU(N) global gauge invariance. There are

no gauge fields. Number of physical degrees of freedom exactly matches the number

of loop degrees of freedom modulo a global SU(N) Gauss law corresponding to global

SU(N) invariance. Complete and orthonormal electric as well as a dual magnetic loop

bases satisfying the global SU(N) gauge invariance are constructed (see chapter 3).

3. The resulting loop formulation [52, 53] is shown to be dual to the Kogut-Susskind

link formulation of SU(N) lattice gauge theory. This duality is the generalization of

Wegners duality [7, 55, 56] between Z2 lattice gauge theory and quantum Ising model.

4. Loop or physical Hilbert SpaceHp of pure SU(2) lattice gauge theory [54] is completely

and most economically realised in terms of Hilbert space of Wigner coupled hydrogen

atoms. One hydrogen atom is assigned to every plaquette of the lattice. A complete

orthonormal description of the Wilson loop basis in Hp is obtained by all possible

angular momentum Wigner couplings of hydrogen atom energy eigenstates |n l m〉
describing electric fluxes on the loops in SU(2) lattice gauge theory. SU(2) global in-

variance implies that the total angular momentum of all Hydrogen atoms vanish. Also,

the Hamiltonian is written in terms of the generators of dynamical symmetry group of

Hydrogen atom, SO(4,2) (see chapter 4).

overview of the thesis

The overview of the thesis is as follows (also see the flow chart in Figure 1.1). In chapter

2, We start with a brief review of Kogut-Susskind Hamiltonian formulation. This is done

for completeness as well as fixing the notations to be used through out the thesis. We then

discuss the Wilson loop formulation of gauge theories and the issue of Mandelstam con-

straints. As mentioned earlier, the SU(N) Mandelstam constraints are the major obstacle in

the loop formulation of gauge theories. This is followed by a discussion of the prepotential

approach where Mandelstam constraints are made local and solved. However, new trian-

gular (inequality) constraints involving angular momenta pop up and the loop dynamics

becomes extremely complicated.
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Z2 L.G.T

Z2 Loops & Z2 Strings

Z2 Loops describing
Z2 Ising (spin) model

Z2 canonical transformations

Z2 Gauss law constraints
(Z2 strings are frozen)

SU(N) L.G.T

SU(N) Loops & SU(N) Strings

SU(N) Loops describing
SU(N) spin model

SU(N) canonical transformations

SU(N) Gauss law constraints
(SU(N) strings are frozen)

Figure 1.1: Outline of the thesis. Canonical transformations are constructed which lead to a loop
formulation of Z2 as well as SU(N) lattice gauge theory in (2+1) and (3+1) dimensions.
The loop formulation also helps us in constructing an exact isomorphism between the
loop Hilbert space of SU(2) lattice gauge theory and the Hilbert space of Wigner coupled
hydrogen atoms with no net angular momentum.



1.3 canonical transformations , loops and gauge-spin duality 11

The main motivation behind the thesis is to construct a loop formulation free of Mandel-

stam constraints, triangular constraints which is suitable for studying SU(N) loop dynamics

in the weak coupling limit. Such a loop formulation is constructed in chapter 3. As illustrated

in Figure 1.1, we construct canonical transformations which systematically transform the link

operators of standard Kogut-Susskind formulation into loop operators and string operators.

The string operators naturally decouple from the physical Hilbert space due to Gauss law

constraints leaving behind a loop formulation of SU(N) lattice gauge theory. These canoni-

cal transformations are first constructed for the simple case of abelian Z2 gauge theory and

then for the more involved SU(N) gauge theory in 2+1 followed by 3+1 dimensional lattice.

In chapter 4, we show that in 2 + 1 dimensions, the loop formulation of Z2 gauge the-

ory constructed through canonical transformations is exactly equivalent to a quantum Ising

model within the gauge invariant Hilbert space. This is the well known Wegner’s duality.

We then generalize this duality to SU(N) lattice gauge theory. This duality is then used to

construct a disorder operator for SU(N) lattice gauge theoies.

In chapter 5, we focus on the loop formulation of SU(2) lattice gauge theory and construct

an exact isomorphism between the loop Hilbert space of SU(2) lattice gauge theory and

that of a collection of coupled hydrogen atoms with no net angular momentum. We also

discuss the connection between gauge theory dynamics and the dynamical symmetry group

SO(4, 2) of hydrogen atom. A variational ansatz for the ground state and the first excited

state motivated by this hydrogen atom correspondence is also given.

In chapter 6, We conclude by discussing possible extensions and applications of the loop

formulation developed in this thesis. The basic outline of the thesis is summarized in Figure

1.1.

The technical details of the canonical transformations on a finite lattice and the construc-

tion of the magnetic basis of SU(2) lattice gauge theory are described in appendix A and

appendix B respectively. Appendix C describes some calculational methods in the loop for-

mulation.



2
H A M I LT O N I A N F O R M U L AT I O N O F S U ( N ) L AT T I C E G A U G E T H E O RY

In this chapter, we will briefly review Kogut-Susskind Hamiltonian formulation [6–8] of

pure SU(N) lattice gauge theory. We also briefly discuss the prepotential approach to the

loop formulation [48–50] of pure SU(2) lattice gauge theory. Apart from the purpose of

completeness, it will serve us in introducing the notations and conventions which will be

used in the rest of the thesis. The various issues and problems involved in each of the

formulations and the motivation behind the work described in chapters 3, 4 and 5 will also

be discussed.

In section 2.1, we start with a brief review of the Kogut-Susskind link formulation of pure

SU(N) gauge theory on a lattice. In section 2.2, we briefly discuss the issues involved in

constructing a loop approach with the set of all Wilson loops. The problem of Mandelstam

constraints [3–6, 26–41, 43–49]. is emphasized. In section 2.3, we discuss how SU(2) Mandel-

stam constraints can be solved with in the prepotential formulation. We then briefly describe

the various issues involved in the loop dynamics in terms of prepotentials in section 2.4. We

conclude this chapter by briefly discussing the generalization of the prepotential formulation

to SU(N) gauge theory and the associated problems.

Throughout the thesis, lattice sites and links will be denoted by n and (n, î) (or (n, i)

where î is the unit vector along the direction of the link. We often use l and p for the link

and plaquette index for convenience.

2.1 kogut-susskind link formulation & gauss law constraints

We now briefly review the lattice formulation of the Hamiltonian pure Yang Mills theory [6,

8] due to Kogut and Susskind. The Hamiltonian formulation of SU(N) lattice gauge theory

is realized on a space lattice with continuous time.

Let’s start with the continuum Lagrangian formulation of SU(N) gauge theory which is

based on gauge field Aµ = Aa
µλa, where λa; a = 1, · · · , N2 − 1 are the generators of SU(N)

algebra in the fundamental representation satisfying Tr
(
λaλb) = 1

2 δab. The Lagrangian is

given by

L =
1
2

∫
d3x Tr(FµνFµν). (2.1)

12
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Above, Fµν = ∂µ Aν − ∂ν Aµ + ig[Aµ, Aν] is the field strength and g is the coupling constant.

There is an internal (color) space at each space time point. Local gauge transformations

are basis transformation on this internal space. One can define an operator U(x1, x2) which

’parallel transports’ a vector in the internal space at x1 to the internal space at x2 along a

path C.

UC(x1, x2) ≡ PCe
ig

x2∫
x1

Aµ(x)dxµ

. (2.2)

Above, PC denotes the path ordered product along curve C. This is necessary as Aµ at dif-

ferent points do not commute. The parallel transport operator in general depends upon the

path C. SU(N) gauge theory can be formulated on a space time lattice using the parallel

transport operator. We consider a hyper cubical space time lattice with lattice spacing a. We

define lattice gauge fields Āµ(x̄) at the midpoint x̄ of each link where Āµ(x̄) is the average

value of the continuum gauge field Aµ along the link in the direction µ. A link operator

corresponding to a link starting at site n along the direction î is defined as

U(n, î) = Pe
ig

x+î∫
x

Aµ(x)dxµ

≡ eiagĀi(x̄). (2.3)

The link operators has the following properties:

U(n, î) U†(n, î) = I , U†(n, î) U(n, î) = I , |U(n, î)| = I . (2.4)

Above, I is an N × N identity operator and |U| ≡ detU. Consider the product of link

operators along a plaquette (say, in the 12 plane) on the lattice. It is given by

Up12 = eiagA1(x,y−a/2)eiagA2(x+a/2,y)e−iagA1(x,y+a/2)e−iagA2(x−a/2,y)

= eiag(A1(x,y)−∇2 A1(a/2)eiag(A1(x,y)+∇1 A2(a/2)e−iag(A1(x,y)+∇2 A1(a/2)e−iag(A2(x,y)−∇1 A2(a/2)

= eia2gF12+o(a3). (2.5)

Above, we have defined ∇2A1(x, y) ≡ A1(x,y+a/2)−A1(x,y)
(a/2) and ∇1A2(x, y) ≡ A2(x+a/2,y)−A1(x,y)

(a/2) .

These expression reduces to continuum partial derivatives under the limit a → 0. Similarly,

link operators along a general plaquette in the µν plane is given by UP = eia2gFµν+o(a3). Now,

TrUp is given by

TrUp = Tr(1 + ia2gFµν −
a4g2

2!
F2

µν + · · · )

= Tr
(
1− 1

2
a4g2F2

µν + · · ·
)
. (2.6)
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Above, we have used the fact that TrFµν = Tr(Fa
µνλa) = 0. Since, TrUP is not Hermitian, we

define the lattice Lagrangian1 as

L =
1

4a4g2 ∑
P

2N − Tr[UP −U†
P].

Above, the summation is over space time plaquettes. This Lagrangian reduces to the stan-

dard continuum Lagrangian 2.1 under a naive continuum limit. Since, we are interested in

the Hamiltonian formulation, temporal gauge A0 = 0, is chosen so that the link operators

corresponding to the links along the time direction are 1 and continuum limit is performed

along the time direction. This leads to the following Lagrangian [8, 40]:

L = ∑
links

a
4g2 Tr

(
U̇†U̇

)
+ ∑

plaq

1
4ag2

{
2N − (TrUp + h.c)

}
. (2.7)

Above, the summation is over spatial links and spatial plaquettes. Up is the product of link

operators around a spatial plaquette. Above, we have suppressed the (n, î) index for simplic-

ity. The conjugate momentum of Uαβ(n, î) and U†
αβ(n, î) is given by Παβ(n, î) = a

4g2 (U̇†
αβ(n, î))

and Π†
αβ respectively. Quantization is achieved by imposing the following canonical quanti-

zation condition:

[
Uαβ(n, î), Πγδ(m, ĵ)

]
= iδαγδβδδijδmn. (2.8)

The Hamiltonian is

H = ∑
links

a
4g2 Tr

(
U̇†U̇

)
− ∑

plaq

1
4ag2

{
2N − (TrUp + h.c)

}
. (2.9)

It is convenient to formulate the theory in terms of lie algebra valued conjugate fields. To

this effect, conjugate electric fields are defined [8] as

Ea
+(n, î) = −i

a
4g2

[
Tr
(

U̇†(n, î)
λa

2
U(n, î)− h.c

)]
.

Ea
−(n + î, î) = −i

a
4g2

[
Tr
(

U̇(n, î)
λa

2
U†(n, î)− h.c

)]
. (2.10)

The quantization conditions (2.8) imply :

[
Ea
+(n, î), Uαβ(n, î)

]
= −

(
λa

2
U(n, î)

)

αβ

⇒
[

Eα
+(n, î), Eb

+(n, î)
]
= i f abcEc

+(n, î),

[
Eα
−(n, î), Uαβ(n− î, i)

]
=

(
U(n− î, î)

λa

2

)

αβ

⇒
[

Ea
−(n, î), Eb

−(n, î)
]
= i f abcEc

−(n, î).

(2.11)

1 The higher order terms in (2.6) are irrelevant [8, 57] in the renormalization group sense.
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In (2.11), f abc are the SU(N) structure constants. Therefore, E−(n, î) and E+(n, î) are the

generators of left and right gauge transformations. They are related to each other by the

following relation

E−(n + î, i) = −U†(n, î)E+(n, î)U(n, î). (2.12)

In other words,

Ea
−(n + î, i) = −Rab(U†(n, î))Eb

+(n, î). (2.13)

where :

Rab(U(n, î)) ≡ 1
2

Tr
(

λaU(n, î)λbU†(n, î)
)

. (2.14)

is a rotation matrix with RTR = RRT = 1. Note that the relation (2.12) is consistent with the

commutation relations (2.11) and shows that E−(n, î) and E+(m, ĵ) mutually commute:

[
Ea
−(n, î), Eb

+(m, ĵ)
]
= 0.

From (2.12) it follows that they satisfy the kinematical constraint:

3

∑
a=1

Ea
+(n, î)Ea

+(n, î) =
3

∑
a=1

Ea
−(n + î, î)Ea

−(n + î, î) ≡ E2(n, î), ∀(n, î). (2.15)

ensuring that their magnitudes are equal. Using eqn. (2.10), it can be shown that (E±)2 ≡
∑
a

Ea
±Ea
± = a2

g4 Tr(U̇†U̇). The Hamiltonian (2.9), when written in terms of the link operators

and electric fields, become

H = ∑
links

g2

4a
E2(l)− ∑

plaq

1
4ag2

{
2N − (TrUp + h.c)

}

= HE + HB. (2.16)

In (2.16) TrUp reduces to BaBa on continuum limit, where Ba is along the direction perpen-

dicular to the plaquette p. Therefore, the above Hamiltonian (2.16) reduces to the continuum

Hamiltonian under a naive continuum limit. The SU(N) gauge transformations rotates the

link operator and the electric fields in the following way:

E±(n, î)→ Λ(n)E±(n, î)Λ†(n), U(n, î)→ Λ(n)U(n, î)Λ†(n + î). (2.17)

The commutation relations (2.11) along with the gauge transformations (2.17) imply that
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U(n; î)Ea
+(n; î) Ea

−(n+ î; î)

n n+ î

(a)

n
Ea

+(n; 1̂)

Ea
−(n; 1̂)

E
a +
(n
;2̂
)

E
a −
(n
;2̂
)

SU(N) Gauss Law at n ≡ (x, y) :

Ga(n) =
d∑

i=1

Ea
+(n; î) + Ea

−(n; î) = 0

(b)

Figure 2.1: The location of the left and right electric fields E+(n; î) and E−(n + î; î) : (a) on a link (n; î),
(b) around a lattice site n = (x, y). The SU(N) Gauss law is also pictorially shown in (b).

the generators of SU(N) gauge transformations at any lattice site n are:

Ga(n) =
d

∑
i=1

(
Ea
−(n, î) + Ea

+(n, î)
)
, ∀n, a. (2.18)

The corresponding Gauss law constraints2 are

Ga(n)|ψphys〉 = 0. (2.19)

at all lattice sites n, |ψphys〉 being any state in the physical Hilbert space Hp of gauge theory.

Hence, the canonical variables
{

E±(n, î), U(n, î)
}

are not free and are constrained by (2.18).

The Gauss law constraints are illustrated in Figure 2.1(b).

In the strong coupling limit g2 → ∞, HE dominates. Since, HE is a Casimir of SU(N), the

spectrum of HE is discrete. Strong coupling vacuum state |0〉 is defined as the state which is

annihilated by all the electric fields:

Ea
+(n, î) |0〉 = Ea

−(n + î, î) |0〉 = 0. (2.20)

Since, E2
±|0〉 = 0, |0〉 is the vacuum state in the strong coupling limit. Also, |0〉 is gauge

invariant as Ga(n)|0〉 = 0. The quantization rules (2.11) show that the link operators Uαβ(n, î)

acting on the strong coupling vacuum (2.20) create SU(N) fluxes on the links. As an example,

using (2.11):

E2(n, î)
(

Uαβ|0〉
)

=
1

2N
(

N2 − 1
) (

Uαβ|0〉
)

. (2.21)

Since the strong coupling Hamiltonian does not couple different links, it is clear that the

eigenvectors of Hamiltonian are simply the product of U corresponding to different links

2 Hamiltonian formulation is not equivalent to the Lagrangian formulation unless the Gauss law constraints are
imposed. This is because the Lagrangian formulation has Gauss law as an equation of motion while Hamiltonian
formulation doesn’t and therefore has to be imposed as a constraint on the states.
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acting on the strong coupling vacuum |0〉. But, Gauss law constraint (2.18), implies that

the lowest energy physical (gauge invariant) excitation involves the trace of the product of

4 links around the smallest loop on a lattice which is a plaquette. It has an energy given

by 4
(

N2−1
2N

)
. Therefore, there is a clear mass gap in the spectrum. Consider a static quark-

antiquark pair at sites x and y respectively3. The potential energy is defined as the energy of

the lowest gauge invariant excitation. This state is obviously given by exciting the shortest

path of links connecting the quark-antiquark pair. The potential energy is given by L
(

N2−1
2N

)
,

where L is the distance between the points x and y. Since, the potential energy depends

linearly on the distance between the quark and antiquark, the force is independent of the

distance. This leads to confinement. Therefore, strong coupling limit clearly has confinement

and mass gap. However, as discussed in the previous chapter, the lattice is coarse grained

when g2 is large and therefore far away from the physical continuum limit. There have been

numerous attempts in the beginning to reach the continuum limit through strong coupling

expansion [6–8, 58–68] starting from the strong coupling limit g2 → ∞. In the Hamiltonian

formulation, this involves solving HE exactly and HB in perturbation theory. For example,

the first correction [6] to the strong coupling vacuum state |0〉 of HE due to HB is given by

|ψ1〉 = −
1

HE
HB|0〉 =

4
3ag2 ∑

p

(
TrUp + h.c

)
|0〉. (2.22)

Above, Up represents the product of link operators along a plaquette and the summation is

over the plaquettes on the lattice. The first order correction to the vacuum energy [6] is

δE =

〈
0
∣∣∣∣HB

−1
HE

HB

∣∣∣∣0
〉

=

(−32
a4g6

)
V.

Above, V gives the volume of space. In the above two equations, we have used the ex-

pressions for the first order corrections to strong coupling vacuum state and energy in the

standard Rayleigh-Schrodinger perturbation theory. We have also used the fact that the eigen-

value of HE corresponding to the strong coupling vacuum state is 0. The higher corrections

involve larger loops carrying larger fluxes suppressed by higher powers of the coupling

constant g2. A systematic expansion in 1/g2 can be constructed starting with the exact con-

fining solution at g2 → ∞. It was expected that these results could be extrapolated to the

continuum limit which lies at g2 → 0. The success of this method crucially depend upon the

requirement of analyticity in the entire region, g2 ∈ (0, ∞). it runs into difficulties in the in-

termediate coupling region due to roughening4 transition [107–110]. Further, when g2 → 0,

large loops and loops carrying large fluxes becomes relevant. Therefore, it is desirable to

reformulate the theory directly in terms of mutually independent loop operators. It is also

3 For simplicity, we consider x and y to be on the same line
4 Roughening transition does not lead to deconfinement as string tension does not vanish. However, it makes the

strong coupling expansion results unreliable.
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clear from eqn. (2.22) that even though the basic quantized degrees of freedom in the Kogut-

Susskind formulation are defined on links, the actual gauge invariant physical excitations of

a pure gauge theory are in the form of loops.

2.2 wilson loop formulation & mandelstam constraints

The physical observables and physical states of a gauge theory should be gauge invariant

and satisfy Gauss law constraints. Therefore, it is useful to remove the gauge redundan-

cies by formulating the theory in terms of a set of gauge invariant Wilson loops, W(Γ) =

Tr(Pe
i
∫
Γ

Aidxi

), where Ai is the gauge connection and Γ is an oriented, closed loop. It was

shown in [45] that the set of all Wilson loops contains all the gauge invariant information

contained in a gauge theory.

In lattice gauge theory, a manifestly gauge invariant geometrical basis in the physical

Hilbert space is given by the set of all possible Wilson loop states

|Γ〉 = W(Γ)|0〉, (2.23)

where, W(Γ) is the product of link operators along any oriented, closed loop Γ and |0〉 is the

strong coupling vacuum. The problem with the above loop basis is that it is overcomplete.

The Mandelstam constraints [3–6, 26–41, 43–49] amongst the various loop states express

this overcompleteness of the Wilson loop basis. The Mandelstam constraints are relations

between Wilson loops which reflect the structure of the gauge group.

Mandelstam constraints on a lattice

For an SU(N) gauge theory on a lattice, there are (N2 − 1) degrees of freedom on each link

and (N2 − 1) Gauss law constraints on each site. Therefore, the number of gauge invariant

degrees of freedom is given by the dimension of the quotient space ⊗linksSU(N)/ ⊗sites

SU(N). On a d dimensional lattice with Ns sites and Ns − 1 links along any direction and

open boundary condition, it is given by

Nd f = (N2 − 1) [L−N ] = (N2 − 1)
[
d(Ns − 1)(Ns)

d−1 − (Ns)
d
]

.

Above, L and N represents the total no of links and sites on the lattice. But, there is an

infinite number of Wilson loops even on a finite lattice. Therefore, the Wilson loop basis is

clearly over-complete. A classical equivalence theorem [45] states that once the Mandelstam

constraints are solved, the number of independent loop variables left would equal the num-

ber of physical degrees of freedom. Therefore, the extra loop degrees of freedom have to be
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Figure 2.2: Simplest example of Mandelstam constraints for SU(2) gauge theory on a 2 dimensional
spatial lattice.

removed by imposing the Mandelstam constraints. The origin of Mandelstam constraints can

be traced back to the identities satisfied by the traces of SU(N) matrices. For concreteness,

we consider SU(2) gauge theory on a 2 dimensional lattice for illustrating the Mandelstam

constraints. In order to describe a simple example of Mandelstam constraints, let’s consider

2 plaquettes A and B touching each other at a common lattice site n as shown in the Figure

2.2. The corresponding Wilson loop operators satisfy [33–36]

(TrUA)(TrUB) = Tr(UAUB) + Tr(UAU−1
B ).

The above relation is a trivial identity involving any two SU(2) matrices UA and UB. It

can be easily checked by writing the SU(2) matrices in the following representation: UX =

X01 + iXaσa, where σa are the pauli matrices, X0, Xa are real and satisfy X2
0 + X2

1 + X2
2 +

X2
3 + X2

4 = 1. Therefore, UA = A01 + iAaσa, UB = B01 + iBbσb and Tr(UAUB) = 2A0B0 −
2AaBa, Tr(UAU−1

B ) = 2A0B0 + 2AaBa, (TrUA)(TrUB) = 4A0B0. This leads to the above iden-

tity. The above operator identity implies the following relation between the corresponding

loop states:

|γ1〉 = (TrUA)(TrUB)|0〉, |γ2〉 = Tr(UAUB)|0〉, |γ3〉 = Tr(UAU−1
B )|0〉

|γ1〉 = |γ2〉+ |γ3〉. (2.24)

Thus, the loop states |γ1〉, |γ2〉, |γ3〉 are linearly dependent. The Mandelstam constraints be-

come more and more complicated when larger loops and loops of large fluxes are involved.

To appreciate this better, let’s consider most general loop states involving only these 2 pla-

quettes A and B [48, 49]:

|NA, NB〉 = (TrUA)
NA(TrUB)

NB |0〉
= (TrUA)

NA−1(TrUB)
NB−1

(
Tr(UAUB) + Tr(UAU−1

B )
)
|0〉

= (TrUA)
NA−2(TrUB)

NB−2
(

Tr(UAUB) + Tr(UAU−1
B )
)2
|0〉

· · ·

= (TrUA)
NA−Nmin(TrUB)

NB−Nmin
(

Tr(UAUB) + Tr(UAU−1
B )
)Nmin |0〉,
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where NA, NB are two arbitrary integers giving the fluxes over the plaquettes A and B and

Nmin =Minimum(NA, NB). Thus, the above expression gives 2Nmin + 1 different linearly de-

pendent loop states. The number of loop states and the constraints between them increases

with the SU(2) flux value Nmin. Adding more plaquettes gives more complicated loop states

as well as Mandelstam constraints. It is also clear that this problem becomes worse in higher

dimensions and higher gauge groups. As mentioned earlier, in the strong coupling (g2 → ∞)

expansion technique, in low orders of perturbation theory, one deals with only a finite num-

ber of small loops with small fluxes. Therefore, Mandelstam constraints can be easily solved

using Gram-Schmidt orthogonalisation techniques. But, in going to the weak coupling con-

tinuum limit (g2 → 0), large loops with large fluxes becomes important and Mandelstam

constraints becomes more and more involved. Therefore, one is confronted with the prob-

lem of finding a complete set of linearly independent loop states amongst loop states of all

shapes, sizes and carrying arbitrary fluxes and touching/crossing each other at arbitrary lat-

tice sites. One way of solving these constraints is to use prepotentials [48–51, 101–106]. The

prepotential formulation and the issues involved in it are discussed in the next section.

2.3 prepotential formulation & mandelstam constraints

In this section, we briefly describe the prepotential formulation of SU(N) lattice gauge theory.

The Mandelstam constraints can be solved in the prepotential formulation. In this formula-

tion [48–51, 101–106], the basic link operators and conjugate electric fields are replaced by

harmonic oscillator n-tuplets called prepotentials. These prepotential operators form an al-

ternate set of variables of the theory. Both the Hamiltonian and the constraints are rewritten

in terms of prepotentials. For simplicity we choose SU(2) lattice theory [48–50] for illustra-

tions. Generalization to SU(N) prepotentials [101–106] will be briefly discussed towards the

end of the chapter.

As discussed in section 2.1, two electric fields are associated with each link of the lattice

which are related through a rotation. We define SU(2) prepotential operators a†(n, î; L) and

a†(n, î; R) and associate it with left and right end of the link (n, î). Using the Schwinger

boson construction [111] of the angular momentum algebra, the left and the right electric

fields on a link (n, î) can be written as:

Left electric fields: Ea
+(n, î) ≡ a†(n, î; L)

σa

2
a(n, î; L), (2.25)

Right electric fields: Ea
−(n + î, î) ≡ a†(n, î; R)

σa

2
a(n, î; R).

In (2.25), aα(n, î; l) and a†
α(n, î; l) are the doublets of harmonic oscillator creation and anni-

hilation operators with l = L, R, α = 1, 2. Like Ea
+(n, î) and Ea

−(n + î, i), the locations of
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n n+ i

Ea+(n, i) Ea−(n+ i, i)

a†α(L) a†α(R)a†(L) · a(L) = a†(R) · a(R)

Figure 2.3: The left and right electric fields and the corresponding prepotentials in SU(2) lattice gauge
theory. We have denoted a†(n, î, L) and a†(n, î, R) by a†(L) and a†(R) respectively.

a(n, î, L), a†(n, î, L) and a(n, î, R), a†(n, î, R) are on the left and the right of the link (n, î). As

we mostly work on a given link, we suppress the link indices and denote a†(n, î, L) and

a†(n, î, R) by a†(L) and a†(R) respectively. This is clearly illustrated in Figure 2.3. Note that

the relations (2.25) imply that the strong coupling vacuum (2.20) is also the harmonic os-

cillator vacuum. Under SU(2) gauge transformation, the prepotential harmonic oscillators

transform as SU(2) doublets:

a†
α(L)→ a†

β(L)
(
Λ†

L
)β

α, a†
α(R)→ a†

β(R)
(
Λ†

R
)β

α

aα(L)→
(
ΛL
)α

β aβ(L), aα(R)→
(
ΛR
)α

β aβ(R). (2.26)

One can also define ã†α = εαβa†
β and ãα = εαβaβ which under SU(2) transformation trans-

form like aα and a†
α respectively. Here, εαβ is a completely antisymmetric Levi Cevita ten-

sor (ε11 = ε22 = 0, ε12 = −ε21 = 1). The kinematical constraint (2.15), Ea
+(n, î)Ea

+(n, î) =

Ea
−(n + î, i)Ea

−(n + î, i), implies that the number of harmonic oscillators at the left end of a

link equals the number at the right end [48, 49]. I.e,

Na = Nb; Na ≡ a† · a, Nb = b† · b. (2.27)

Above, we have defined a(n, î, L) ≡ a and a(n, î, R) ≡ b. The equations (2.25) defines the

left and right electric fields in terms of the prepotentials. To establish complete equivalence,

we now write down the link operators explicitly in terms of the prepotentials. From SU(2)

gauge transformations of the link operator in (2.11),(2.17) and SU(2) gauge transformations

(2.26) and the constraint (2.27) of the prepotentials [48–51, 101–106],

Uαβ =
1√

(N̂ + 1)

(
aαb̃β − ã†

αb†
β

) 1√
(N̂ + 1)

. (2.28)

Above, N̂ = a† · a = b† · b is the number operator. In (2.28), we have suppressed the location

of the link (n, î) and defined the left and right prepotentials as a and b respectively, for ease

of notation. Since prepotentials are doublets, the link operator is a 2× 2 matrix and must

be SU(2) valued. The prepotentials decouple the left and right part of a link which are only

connected by the number operator constraint (2.27). This is clear in the explicit matrix form
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[48, 49] of the link operator written as the product of the left part UL and the right part UR

as:

U =
1√

N̂ + 1




a†
2(L) a1(L)

−a†
1(L) a2(L)




︸ ︷︷ ︸
UL




a†
1(R) a†

2(R)

a2(R) −a1(R)


 1√

N̂ + 1
︸ ︷︷ ︸

UR

≡ UL UR. (2.29)

and satisfies U†U = UU† = 1. Moreover using (2.29) one can show explicitly that,

[
Uαβ, Uγδ

]
=
[
Uαβ, U†

γδ

]
= 0. (2.30)

Further, in terms of prepotential operators we have an additional U(1) gauge invariance:

a†
α(n, î)→ eiθ(n,î)a†

α(n, î), b†
α(n + î, î)→ e−iθ(n,î)b†

α(n + î, î). (2.31)

Therefore, we have gone from the standard SU(2) link operator, electric field description to an

equivalent description in terms of harmonic oscillator prepotential operators with enlarged

SU(2)×U(1) gauge invariance.

1

2

3

4

n

a†[n, 1̂]

a†[n, 2̂]

a†[n, 3̂]

a†[n, 4̂]

Figure 2.4: 2d prepotential doublets a†(n, î); i = 1, 2, · · · 2d around a site n is shown for d = 2.

Any site on a d dimensional lattice, has 2d prepotential doublets corresponding to the 2d

links emanating from the site. The d extra Schwinger bosons are defined as a(n, d + i) ≡
b(n − i, î) for simplicity. This is illustrated in Figure 2.4. SU(2) invariant operators can be

constructed by anti symmetrizing pairs of different prepotential doublets.

Lij(n) = εαβa†
α(n, î)a†

β(n, ĵ) ≡ a†(n, î) · ã†(n, ĵ); i, j = 1, 2 · · · 2d, i < j. (2.32)
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We have 2dC2 = d(2d− 1) such invariant ‘intertwining’ operators around any site. Thus, an

SU(2) invariant basis at the site n is given by

|~l(n)〉 =
2d

∏
i,j=1
j>i

(
Lij(n)

)lij(n) |0〉; lij(n) ∈ Z+ ; lij = lji. (2.33)

The constraint (2.27) implies that the number of harmonic oscillators at the left end of

a link equals that at the right end. Therefore, SU(2) × U(1) invariant states are the loop

states. In fact, any loop state equals ∏
n
|~l(n)〉 with the corresponding lij(n) given by reading

off the number of flux lines going from ith direction to the jth direction. Also, given lij(n)

satisfying the U(1) constraint (2.27), we can write down a unique loop state corresponding

to it. Therefore, Wilson loops can be locally characterised by Nl =(number of intertwining

operators)−(number of U(1) constraints)= d(2d− 1)− d = 2d(d− 1) integers per site. But,

number of physical degrees of freedom per site is 3(d− 1). Therefore, the above loop basis

is overcomplete. The extra redundant loop degrees of freedom is due to the Mandelstam

constraints [48, 49]. The Mandelstam constraints can be cast in a local form [48, 49] using

the prepotentials. For example, the simple Mandelstam constraints discussed in (2.24) and

illustrated in Figure 2.2 can be written in terms of 4 prepotentials corresponding to the links

meeting at the site n (see fig 2.2) a,b,c,d as follows:

(a† · b̃†)(c† · d̃†)|0〉 = (a† · c̃†)(b† · d̃†)|0〉+ (a† · d̃†)(b† · c̃†)|0〉. (2.34)

The Mandelstam constriants can be elegantly solved in the prepotential formalism using

the representation theory of angular momentum algebra. Let us denote the 2d (left or right)

electric fields at site n by Ja
i = a†

α[n, î]
(

σa

2

)
αβ

aβ[n, î]. The Gauss law operator at a site n is just

the sum of all the electric fields at n :

Ga(n) =
d

∑
i=1

a†
α[n, î]

(
σa

2

)

αβ

aβ[n, î] ≡ Ja
total .

Since Lij(n) are SU(2) invariants, they commute with the Gauss law operator. |~l(n)〉 are

common eigenstates of [Jtotal ]
2 and [J(n, î)]2 with eigenvalues 0 and j(n, î) · j(n, î); j(n, î) ≡

1
2

2d
∑

k 6=i=1
lik(n). In order to solve the Mandelstam constraints, we notice that there are many

different values of lij which gives the same flux j(n, î). These degenerate states [48, 49] are
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the states related by Mandelstam constraints. Therefore, in order to solve Mandelstam con-

straints, we demand that the loop basis states be eigenstates of the following operators

J2
1 , J2

2 , · · · , J2
2d ;

J2
12 ≡

(
~J1 +~J2

)2
, J2

123 ≡
(
~J1 +~J2 +~J3

)2
, · · · , J2

12···(2d−2) ≡
(
~J1 +~J2 + · · ·~J2d−1

)2
.

(2.35)

Above, we have used the fact that Ja
total = 0 by Gauss law to put J2

12···2d = 0 and J2
12···2d−1 =

J2
12···2d−2 with in the physical Hilbert space. The resulting ‘spin network’ basis |j1, j2, · · · , j2d;

j12, j123, · · · , j12···(2d−1) = j2d〉 which solves Mandelstam as well as Gauss law constraints

are characterized by 4d− 3 quantum numbers. These basis states satisfy the triangular con-

straints:

|j12···(k−1) − jk| ≤ j12···k ≤ j12···(k−1) + jk ; k = 2, 3, · · · (2d− 1). (2.36)

For instance, in 2+ 1 dimensions, the required gauge invariant basis states at sites n are eigen-

states of J2
1(n) = E2

−(n, 1̂), J2
2(n) = E2

−(n, 2̂), J2
3(n) = E2

+(n, 1̂), J2
4(n) = E2

+(n, 2̂), J2
12(n) ≡ (J1 +

J2)2 = J2
34(n) ≡ (J3 + J4)

2 with the eigenvalues j1(n)(j1(n) + 1), j2(n)(j2(n) + 1), j3(n)(j3(n) +

1), j4(n)(j4(n)+ 1), j12(n)(j12(n)+ 1) and can be written as |j1, j2, j3, j4, j12〉n. But, the U(1) con-

straint (2.27) implies that j1(n) = j3(n + 1̂), j2(n) = j4(n + 2̂); ∀n. Therefore, a complete basis

on a finite lattice can be labelled by choosing 2 of the quantum numbers among j1, j2, j3, j4

at each site. We choose j1, j2 as those quantum numbers. Therefore, the resulting spin net-

work basis is given by |j1, j2, j12〉 at each site. j1, j2, j12 are related by the triangular constraints:

|j1 − j2| ≤ j12 ≤ |j1 + j2|. But these triangular constraints are very difficult to impose on the

Schrodinger5 equation.

2.4 the loop dynamics & wigner coefficients

To discuss dynamics of loops, we consider the Hamiltonian of pure SU(2) lattice gauge theory

given by (3.59):

H = ∑
n,î

g2

4a
E2(n, î)−∑

p

1
2ag2

{
2− TrUp

}
.

Above Up = U(n, î)U(n + î, j)U†(n + j, i)U†(n, j) is the plaquette operator, ∑
p

is over all the

plaquettes on the lattice. The loop (spin network) states |j1, j2, j12〉 diagonalize the electric

term E2(n, î) in the Hamiltonian with eigenvalues j(n, î)
(

j(n, î) + 1
)
. Therefore, the electric

5 With out imposing triangular constraints on the Schrodinger equation, dynamics might take a state which satis-
fies triangular constraints to states which do not.
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Figure 2.5: 18j ribbon diagram representing SU(2) loop dynamics[48, 49] in d=2 in the loop basis
given in (2.37). The interior (exterior) edge carries the initial(final) angular momenta and
the six bridges carry the angular momenta that doesn’t change under the action of TrUp.
The comparison with dynamics in the loop formulation constructed in this thesis is made
in Figure. 3.15.

part just counts the electric flux. The magnetic part of the Hamiltonian, TrUp, changes the

electric flux over the corresponding plaquette. TrUp when written in terms of prepotential

using (2.28) has 16 terms and its matrix element in the loop basis is given by complicated

higher Wigner 3-nj coefficients. For example, in 2+1 dimensions, the matrix element [41, 48,

49, 112] of TrUp is given by an 18j Wigner coefficients:

|ja1 , ja2 , ja12〉 |jb1, jb2, jb12〉

|jc1, jc2, jc12〉|jd1 , jd2 , jd12〉

a b

cd

Figure 2.6: Spin network basis states on a plaquette abcd.

1
g2 〈 j̄abcd|TrUabcd|jabcd〉 =

Nabcd

g2




j1 j4 jd
12 j3 j2 jb

12

ja
12 jd

3 jd
2 jc

12 jb
1 jb

4

j̄1 j̄4 j̄d
12 j̄3 j̄2 j̄b

12




︸ ︷︷ ︸
18j coefficient of the second kind

4

∏
i=1

δj̄i ,ji± 1
2
.

(2.37)

Above, |jabcd〉 = |ja
1, ja

2, ja
12〉 ⊗ |jb

1, jb
2, jb

12〉 ⊗ |jc
1, jc

2, jc
12〉 ⊗ |jd

1 , jd
2 , jd

12〉 where a ≡ n, b ≡ n + î,

c ≡ n + î + ĵ, d ≡ n + ĵ are the 4 corners of a plaquette and Uabcd is the plaquette loop

operator. This is illustrated in the Figure 2.6. We also define j1 = ja
1, j2 = jb

2, j3 = jc
3, j4 = jd

4

for convenience. Also, in (2.37), Nabcd =
4

∏
i=1

√
(2ji + 1)(2 j̄i + 1)(2j12 + 1)(2 j̄12 + 1). In 3 + 1
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dimensions, the matrix elements of the plaquette operator [48, 49] is given by a 30-j Wigner

coefficient. Therefore, loop dynamics is complicated in the prepotential formulation.

SU(N) prepotentials

Since, SU(N) group is of rank (N− 1), we require (N− 1) fundamental irreducible represen-

tations to construct an arbitrary representation of SU(N). Therefore, an SU(N) generalization

of the prepotential formulation requires (N− 1) prepotential n-plets at each site of the lattice.

However, a straight forward generalization of SU(N) prepotentials for N ≥ 3 runs into prob-

lems. This is because the Hilbert space created by these prepotentials are not isomorphic to

the Hilbert space of SU(N) irreps. The origin of this problem is the existence of certain SU(N)

invariants which can be constructed for N ≥ 3. Any two states which differ by the overall

presence of such invariants will transform in the same way under SU(N) gauge transforma-

tion. This leads to the problem of multiplicity [102, 103, 113, 114] which in turn makes the

formulation of SU(N) (N ≥ 3) much more involved compared to SU(2). For concreteness, let

us consider the Schwinger boson representation for SU(3) explicitly. Being a rank two group,

two prepotential triplets, namely the a†
α ∈ 3 and b†α ∈ 3∗ are necessary at each end of a link

to construct all possible irreps of SU(3). For example, the SU(3) electric fields are related to

the prepotentials as:

Left electric fields: Ea
L(l) =

(
a†(l, L)

λa

2
a(l, L) + b†(l, L)

λ̃a

2
b(l, L)

)
.

Right electric fields: Ea
R(l) =

(
a†(l, R)

λa

2
a(l, R) + b†(l, R)

λ̃a

2
b(l, R)

)
. (2.38)

Above, λa are the Gellmann matrices and λ̃ = −λT. But, a† · b† as well as a · b are SU(3)

invariant. Hence any irrep |R〉 of SU(3) should be identified with |R, ρ〉 for any ρ, where,

|R, ρ〉 ≡ (a† · b†)ρ

︸ ︷︷ ︸
SU(3) singlet

|R〉. (2.39)

for ρ = 0, 1, 2, . . . , ∞. Note that, this degeneracy problem did not exist for SU(2) as there

is only one (2 ≡ 2∗) fundamental representation of SU(2). The degree of degeneracy in-

creases with N for gauge group SU(N) leading to more and more complicated prepotential

representation of SU(N).
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This multiplicity problem can be solved by constructing irreducible prepotential operators

for SU(N) [102, 103]. For example, in SU(3) case, the irreducible prepotentials are given by :

A†
α(L) = a†

α(L) + FL k+(L)bα(L), A†
α(R) = a†

α(R) + FR k+(R)bα(R),

B†α(L) = b†α(L) + FLk+(L)aα(L), B†α(R) = b†α(R) + FLk+(R)aα(R). (2.40)

In (2.40), A†
α(L/R) and B†α(L/R) are Irreducible SU(3) triplets and anti-triplets respectively.

k+(s) = a†(s) · b†(s), k−(s) = a(s) · b(s); s = L, R. The factors FL and FR are given by:

FL = − 1
N(L) + M(L) + 1

, FR = − 1
N(R) + M(R) + 1

. (2.41)

In (2.41), N(s) = a†(s) · a(s), M(s) = b†(s) · b(s); s = L, R. Note that in terms of SU(3)

irreducible prepotentials, the degenerate states (2.39) do not exist as :

A†(L) · B†(L)|0〉L ≡ 0, A†(R) · B†(R)|0〉R ≡ 0. (2.42)

The link operators in terms of these irreducible Schwinger Bosons are given by:

Uα
β = B†α(L)ηA†

β(R) + Aα(L)θBβ(R) +
(

B(L) ∧ A†(L)
)α(

A(R) ∧ B†(R)
)

β
. (2.43)

where, η = ηLηR,θ = θLθR,δ = δLδR:

ηL =
1√

B(L) · B†(L)
, θL =

1√
A†(L) · A(L)

, δL =
1√

(A(L) ∧ B†(L)) · (B(L) ∧ A†(L))
;

ηR =
1√

A†(R) · A(R)
, θR =

1√
B(R) · B†(R)

, δR =
1√

(A(R) ∧ B†(R)) · (B(R) ∧ A†(R))
.

(2.44)

The SU(N) Mandelstam constraints can be cast into a local form using these irreducible

SU(N) prepotentials similar to the SU(2) case discussed in the previous section. But this

becomes more and more involved for higher SU(N) groups. The loop dynamics becomes

more and more complicated in the prepotential formulation, when we go to higher dimen-

sions and higher gauge groups. Therefore, even though the Mandelstam constraints are

solved in the prepotential approach, the triangular constraints and the complicated loop dy-

namics make it difficult to make further progress. These issues are solved in this thesis by

constructing a loop formulation of SU(N) lattice gauge theory through a series of canoni-

cal transformation from the Kogut-Susskind link operators and the conjugate electric fields.

Canonical transformations allows us to bypass the problem of Mandelstam constraints as

well as triangular constraints. Further, the new loop formulation allows us to construct a

electric loop basis where the matrix elements of the plaquette operators in 2 + 1 dimensions
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reduce to a 6j symbol (see section 3.2.3.4) as opposed to the 18j symbol in Figure 2.5. Further,

unlike the prepotential approach, it remains a 6j symbol in any dimensions in the new loop

formulation.



3
C A N O N I C A L T R A N S F O R M AT I O N S , G A U S S L AW C O N S T R A I N T S &

L O O P F O R M U L AT I O N

In this chapter, we construct a series of canonical transformations to reformulate pure SU(N)

gauge theory on a lattice in terms of loops [52–54]. The canonical transformations help us in

systematically isolating the local gauge degrees of freedom readily. We illustrate these ideas

in the context of the simplest Z2 lattice gauge theory before generalizing it to SU(N) lattice

gauge theory. As mentioned earlier, the canonical transformations acting on Kogut-Susskind

link operators, produce the following two types of mutually independent operators:

• plaquette loop operators and their conjugate electric fields corresponding to P plaque-

ttes on the lattice.

• string operators and their conjugate electric fields corresponding to N sites on the

lattice.

These string operators naturally decouple from the theory due to the local Gauss law con-

straints leading to a loop formulation based on the mutually independent fundamental pla-

quette loop operators. Since canonical transformations are 1− 1 mappings, no new degrees

of freedom or constraints are introduced in the process. This helps us in bypassing the diffi-

cult problem of local Mandelstam constraints discussed in section 2.2 and 2.3. The ideas are

first illustrated in the case of simplest Z2 lattice gauge theory in (2 + 1) dimensions.

The plan of this chapter is as follows. In section 3.1, we construct the canonical transfor-

mations leading to the loop formulation of Z2 lattice gauge theory in 2 + 1 dimensions. In

section 3.2, we generalize these Z2 results to SU(N) lattice gauge theory. In both the cases,

we first discuss the single plaquette case and then discuss the finite lattice case. The 3 + 1

dimensional case is discussed in section 3.3.

Throughout this chapter, we describe gauge theories on finite 2 and 3 dimensional spatial

lattices Λ with N sites, L links and P plaquettes. Sites on a 2 dimensional and 3 dimensional

lattice are denoted by (x, y) and (x, y, z) respectively with x, y, z = 0, 1, · · ·Ns − 1 where Ns

is the number of sites in any direction. On a d dimensional lattice with open boundary

conditions, N = (Ns)d, L = d(Ns − 1)(Ns)d−1 and P = dC2(Ns − 1)2(Ns)d−2. We will often

use p = 1, 2, · · · ,P as a plaquette index without specifying their locations. We often denote

a generic plaquette by p and link by l.

29
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3.1 Z2 lattice gauge theory

The dynamical variables in 3 dimensional Z2 lattice gauge theory [7, 55, 56] are the Z2

conjugate spin operators {σ1 ( l ) ; σ3 ( l )} on the link l ∈ Λ. The quantization rules amongst

these conjugate pairs on every link l are

[σ1 ( l ) , σ3 ( l )]+ = σ1 ( l ) σ3 ( l ) + σ3 ( l ) σ1 ( l ) = 0. (3.1)

They further satisfy: σ3(l)2 = σ1(l)2 = 1. The operators on different links are mutually in-

dependent and commute among themselves. We also define electric field E(l) and magnetic

vector potential A(l) of Z2 lattice gauge theories as:

σ1(l) = eiπE(l), σ3(l) = eiA(l). (3.2)

Above E(l) ≡ (0, 1) and A(l) ≡ (0, π). From now onwards, we will call σ1(l) and σ3(l) as

the Z2 electric field and Z2 magnetic vector potential. This will also help us in establishing

a correspondence between Z2 lattice gauge theory and SU(N) lattice gauge theory in later

sections. A basis of the two dimensional Hilbert space on each link l is chosen to be the

eigenstates of σ3(l) : |±, l〉 . On this basis, σ1(l) acts as a spin flip operator:

σ3(l) |±, l〉 = ± |±, l〉 , σ1(l)|±, l〉 = |∓, l〉. (3.3)

The Z2 lattice gauge theory Hamiltonian [8, 56] is given by

H = −∑
l∈Λ

σ1(l)− λ ∑
p∈Λ

σ3(l1)σ3(l2)σ3(l3)σ3(l4) ≡ HE + λHB. (3.4)

In (3.4), σ3(l1)σ3(l2)σ3(l3)σ3(l4) represents the product of σ3 operators along the four links

of a plaquette and the sum over p in the second term in (3.4) is over all plaquettes. The

parameter λ > 0 is the Z2 lattice gauge theory coupling constant. The first term HE and the

second term HB in (3.4) represent the Z2 electric and magnetic field operators respectively.

Note that the electric field operator σ1(l) is fundamental while the latter is a composite of the

Z2 magnetic vector potential operators σ3(l) around a plaquette. After a series of canonical

transformations, the above characterization of electric, magnetic field will be reversed. More

explicitly, the dynamics will be described by the Hamiltonian (3.4) rewritten in terms of the

fundamental magnetic field (the second term) and the electric field operator (the first term)

will be composite of the dual electric scalar potentials (see (3.31) and (3.32)). The Hamiltonian

(3.4) remains invariant if all 4 spins attached to the 4 links emanating from a site n are flipped

simultaneously. This symmetry operation is implemented by the Gauss law1 operator G(n)
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(a)

n
σ1(ln1 )

σ1(ln3 )

σ
1
(l
n
2
)

σ
1
(l
n
4
)

Z2 Gauss Law at n ≡ (x, y) :

Ga(n) =
d∏

i=1

σ1(lni
) = 1

(b)

Figure 3.1: (a) represents the 4 conjugate pairs on the 4 links. (b) represents the Z2 Gauss law operator
defined at lattice site n in eqn. (3.5). � represents the electric field operators σ1.

at lattice site n,

G(n) ≡∏
ln

σ1(ln) , n ∈ Λ. (3.5)

In (3.5) ∏ln represents the product over 4 links (denoted by ln) which share the lattice site n

in two space dimensions. More explicitly, the local Z2 gauge transformations at site n are

σ1(l)→ G−1(n)σ1(l)G(n) = σ1(l), ∀ l ∈ Λ,

σ3(ln)→ G−1(n)σ3(ln)G(n) = −σ3(ln), (3.6)

H → G−1(n) H G(n) = H.

Thus, under a gauge transformation at site n, the 4 link flux operator σ3(ln) on the 4 links ln

sharing the lattice site n change sign. All other σ3(l) remain invariant. Since the Hamiltonian

remains invariant, this implies that total magnetization 〈∑
n,i

σ3(n, î)〉 = 0 and there are no

local order parameters. The physical Hilbert space Hp consists of the states |ψphys〉 satisfying

the Gauss law constraints:

G(n) |ψphys〉 = |ψphys〉 or G(n) ≈ 1 ∀n ∈ Λ. (3.7)

In other words, G(n) are unit operators within the physical Hilbert space Hp. Through out

the thesis, all operator identities valid only when acting on states within Hp are expressed

by ≈ sign.

We now define the canonical transformations involved in the construction of a loop for-

mulation of Z2 lattice gauge theory in (2 + 1) dimensions. As mentioned in the beginning,

the canonical transformations convert all Z2 conjugate pair operators (Z2 electric fields, con-

1 We call this operator ’Gauss law operator’ at n instead of ∑
ln

E(ln) by an abuse of notation. This notation is

convenient in the case of Z2 lattice gauge theory
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n

n

{σ1(l1), σ3(l1)} {σ1(l2), σ3(l2)}

σ1(l1) σ1(l2)

{σ1[x](l1) ≡ σ1(l1)σ1(l2), σ3[x](l1) ≡ σ3(l1)}

{σ1[x](l12) ≡ σ1(l1), σ3[x](l12) ≡ σ3(l1)σ3(l2)
σ1[x](l1)

σ1[x](l12)

Figure 3.2: The fundamental canonical transformation involving 2 neighboring link operators. This
canonical transformation is repeated to construct loop and string operators on the entire
lattice. The σ1(l1), σ1(l2) operators are denoted by � and • respectively.

jugate magnetic vector potentials) on links (see Figure 3.6-a) into the following two distinct

and mutually independent classes of operators (see Figure 3.6-a,b,c) :

1. Z2 plaquette loop operators: representing the Z2 magnetic fields and its conjugate electric

scalar potentials over plaquettes (see Figure 3.6-b),

2. Z2 string operators: representing the Z2 electric fields and the Z2 flux operators of the

unphysical string degrees of freedom. These strings isolate all Z2 gauge degrees of

freedom (see Figure 3.6-c).

The first set, containing Z2 plaquette loop operators, are all possible and mutually inde-

pendent physical (gauge invariant) degrees of freedom of the Z2 lattice gauge theory. The

corresponding physical Hilbert space is denoted by Hp. The second complimentary set, con-

taining Z2 string operators, represents all possible unphysical gauge degrees of freedom.

As expected, all strings are frozen due to the Z2 Gauss law constraints at lattice sites. Note

that no gauge fixing is needed at any stage. We now work out the Z2 canonical transformations

systematically.

3.1.1 The fundamental Z2 canonical transformation

We start by defining the fundamental canonical transformation on a pair of neighboring link

operators. The loop formulation is then constructed by iterating this fundamental canonical

transformation. Consider the operators {σ1(l1), σ3(l1)} and {σ1(l2), σ3(l2)} lying on 2 consec-

utive links l1, l2 as shown in Figure 3.2. We define a fundamental canonical transformation

to construct the new operators {σ1[x](l1), σ3[x](l1)} and {σ1[x](l12), σ3[x](l12)} as follows

σ3[x](l1) = σ3(l1), σ3[x](l12) = σ3(l1)σ3(l2);

σ1[x](l1) = σ1(l1)σ1(l2), σ1[x](l12) = σ1(l1). (3.8)

This is illustrated in Figure 3.2. The subscript [x] on σ3[x](l1) is used to emphasize that this

operator defined on the link l1 encodes the information about the extension in x direction.
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This is clear as its electric field σ1[x](l1)(≡ σ1(l1)σ1(l2)) includes the electric field of link l2.

The above transformation preserves canonical quantization relations.

[
σ̂1[x](li), σ̂3[x](li)

]
+
= 0; i = 1, 12. (3.9)

Above, [A, B]+ ≡ AB + BA. Further,

σ̂2
3[x](li) = σ̂2

1[x](li) = 1; i = 1, 12. (3.10)

The new operators are independent as they mutually commute:

[
σ1[x](l1), σ1[x](l12)

]
= 0,

[
σ3[x](l1), σ3[x](l12)

]
= 0;

[
σ3[x](l1), σ1[x](l12)

]
= 0,

[
σ1[x](l1), σ3[x](l12)

]
= 0. (3.11)

The first 3 commutators in (3.11) are trivial. The fourth commutator is

(
σ1(l1)σ1(l2)

)(
σ3(l1)σ3(l2)

)
−
(
σ3(l1)σ3(l2)

)(
σ1(l1)σ1(l2)

)
= 0.

because of the anti-commutation relation (3.1). Note that it is essential to define the conjugate

operator σ1[x](l1) with a σ1(l2) in eqn.(3.8) for the fourth commutator to be zero. This is again

emphasized2 by the subscript [x]. Therefore, these new link operators provides a completely

equivalent description. In the above one dimensional case , the Gauss law operator (3.5) at

site n becomes

G(n) = σ1(l1)σ1(l2) = σ1[x](l1). (3.12)

The Gauss law (3.7) at site n implies that σ1[x](l1) = 1 within the physical Hilbert space. There-

fore, the {σ1[x](l1), σ3[x](l1)} operators are frozen and decouple from the physical Hilbert

space. This simple feature holds for the Z2 and SU(N) lattice gauge theories in any dimen-

sions as discussed in the following sections.

3.1.2 Z2 Canonical transformations on a single plaquette

In this section, we iterate the above fundamental canonical transformation to construct the

loop formulation of Z2 lattice gauge theory on a single plaquette. As the canonical trans-

formations are iterative in nature, this simple example contains all essential ingredients re-

2 We emphasize this nomenclature in this simple context of Z2 lattice gauge theory as similar subscripts will be
used in the context of canonical transformations in SU(N) lattice gauge theory
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O

G(O) = σ1(l1)σ1(l4)

σ1(l1)
A

G(A) = σ1(l1)σ1(l2)

σ
1
(l
2
)

B

G(B) = σ1(l2)σ1(l3)

σ1(l3)
C

G(C) = σ1(l3)σ1(l4)

σ
1
(l
4
)

G(O)G(A)G(B)G(C) = 1

Figure 3.3: The four Gauss law operators G(O), G(A), G(B), G(C) at the sites O,A,B,C respectively for
a single plaquette. The Gauss law constraints (3.7) imply that within the physical Hilbert
space : G(O) ≈ 1,G(A) ≈ 1,G(B) ≈ 1 and G(C) ≈ 1. These four Gauss law operators are
not independent and are related by (3.14).

quired to understand the finite lattice case. The four links OA, AB, BC, CO will be denoted

by l1, l2, l3, l4 respectively. The Hamiltonian is

H = ∑
l=l1,l2,l3,l4

−σ1(l)− λσ3(l1)σ3(l2)σ(l3)σ(l4).

In this simplest case, there are four Z2 gauge transformation or equivalently Gauss law

operators (3.5) at each of the four corners O, A, B and C:

G(O) = G(0, 0) = σ1(l4)σ1(l1) ≈ 1, G(A) = G(1, 0) = σ1(l1)σ1(l2) ≈ 1,

G(B) = G(1, 1) = σ1(l2)σ1(l3) ≈ 1, G(C) = G(0, 1) = σ1(l3)σ1(l4) ≈ 1. (3.13)

Note that these Z2 Gauss law operators satisfy a trivial operator identity:

G(O) G(A) G(B) G(C) ≡ 1. (3.14)

The above identity states the obvious result that a simultaneous flippings at all 4 sites has no

effect. This is because of the abelian3 nature of the gauge group. We now start with the four

initial conjugate pairs on links l1, l2, l3 and l4:

{σ1(l1); σ3(l1)}, {σ1(l2); σ3(l2)}, {σ1(l3); σ3(l3)}, {σ1(l4); σ3(l4)}. (3.15)

Using canonical transformations we define four new but equivalent conjugate pairs. The first

three string conjugate pairs:

{σ̄1(l1); σ̄3(l1)}, {σ̄1(l2); σ̄3(l2)}, {σ̄1(l4); σ̄3(l4)}

3 The SU(N) case will be discussed in section 3.2.
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Figure 3.4: The Z2 canonical transformations (3.16), (3.18), (3.19a) and (3.19b) are pictorially illus-
trated in (a), (b) and (c) respectively. The � and • represent the electric fields of the initial
horizontal and vertical links respectively.

describe the collective excitations on the links OA, AB, BC and shown in Figures 3.4-b,a,c

respectively. The remaining collective excitations over the plaquette or the loop p ≡ OABC

are described by

{µ1(p); µ3(p)}

and shown in Figure 3.4-c.

The advantage of working with the new canonically equivalent set is that in the physical

Hilbert space Hp, the string electric fields are frozen to the value +1 as a consequence of the

three mutually independent Gauss law constraints G(A),G(B) and G(C). Therefore, there

is no dynamics associated with the three strings. Also, strings appear in the Hamiltonian

only through their electric fields σ1(l1), σ1(l2) and σ1(l3). In other words, string degrees of

freedom completely decouple from Hp. We are thus left with the final physical Z2 loop

conjugate operators {µ1(p); µ3(p)} which are explicitly Z2 gauge invariant.
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To demonstrate the above results, we start with the initial link operators {σ1(l3); σ3(l3)}
and {σ1(l2); σ3(l2)} as shown in Fig. (3.4)-a. We glue them canonically as follows:

σ̄3(l2) ≡ σ3(l2), σ3(l32) ≡ σ3(l3)σ3(l2);

σ̄1(l2) = σ1(l3)σ1(l2), σ1(l32) = σ1(l3). (3.16)

The canonical transformations (3.16) are illustrated in Fig. 3.4-a. After the transformations,

the two new but equivalent canonical sets {σ̄1(l2) = G(B); σ̄3(l2)}, {σ1(l32); σ3(l32)} are at-

tached to the links l2 and l32 ≡ l3l2 respectively. They satisfy the same commutation relations

as the original operators (3.1):

σ̄1(l2)σ̄3(l2) + σ̄3(l2)σ̄1(l2) = 0, (3.17)

σ1(l32)σ3(l32) + σ3(l32)σ1(l32) = 0.

One can easily check: σ̄2
1 (l2) = 1, σ̄2

3 (l2) = 1, σ1(l32)2 = 1, σ3(l32)2 = 1. Further, note that the

two conjugate pairs {σ̄1(l2); σ̄3(l2)} and {σ1(l3l2); σ3(l3l2)} are also mutually independent as

they commute with each other. As an example,

[σ̄1(l2), σ3(l3l2)] ≡ [σ1(l3)σ1(l2), σ3(l3)σ3(l2)] = 0.

The new conjugate pair {σ̄1(l2); σ̄3(l2)} is frozen due to the Gauss law at B:

σ̄1(l2) = G(B) ≈ 1.

We now repeat (3.16) with l2, l3 replaced by l1, l32 respectively to define new conjugate oper-

ators {σ̄1(l1); σ̄3(l1)} and {σ1(l321); σ3(l321)} attached to the links l1 and l321(≡ l3l2l1) respec-

tively:

σ̄3(l1) ≡ σ3(l1), σ3(l321) ≡ σ3(l32)σ3(l1); (3.18)

σ̄1(l1) = σ1(l32)σ1(l1), σ1(l321) = σ1(l3).

As before, the new conjugate pair {σ̄1(l1); σ̄3(l2)} becomes unphysical as

σ̄1(l1) = G(A)G(B) ≈ 1.
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The last canonical transformations involve gluing the conjugate pairs {σ1(l321); σ3(l321)} with

{σ1(l4); σ3(l4)} to define the dual and gauge invariant plaquette4 to be variables {µ1(p); µ3(p)},
with p ≡ l1l2l3l4:

µ3(p) ≡ σ1(l321) = σ1(l3),

µ1(p) ≡ σ3(l321)σ3(l4) ≡ σ3(l3)σ3(l2)σ3(l1)σ3(l4). (3.19a)

σ̄3(l4) ≡ σ3(l4), (3.19b)

σ̄1(l4) =σ1(l321)σ1(l4) = σ1(l3)σ1(l4).

The conjugate pair {σ̄1(l4); σ̄3(l4)} becomes unphysical as

σ̄1(l4) = G(C) ≈ 1.

Therefore, the three canonical transformations (3.16), (3.18), (3.19a) and (3.19b) transform

the initial 4 conjugate sets {σ1(l1); σ3(l1)}, {σ1(l2); σ3(l2)}, {σ1(l3); σ3(l3)}, {σ1(l4); σ3(l4)} at-

tached to the links l1, l2, l3, l4 to 4 new and equivalent canonical sets {σ̄1(l2); σ̄3(l2)}, {σ̄1(l1); σ̄3(l1)},
{σ̄1(l4);σ̄3(l4)} and {µ1(p); µ3(p)} attached to the links l2, l1, l4 and the plaquette p respec-

tively.

From links to loops and strings

The net effect of the canonical transformation involved in the construction of the loop oper-

ators on a single plaquette can be summarized as follows:

• It replaces the top link l3 on the plaquette by a plaquette spin operator with the same

‘electric field’ as the top link.

µ1(p) = σ3(l1)σ3(l2)σ3(l3)σ3(l4), µ3(p) = σ1(l3). (3.20)

• The ‘electric field’ of the top link l3 that vanishes gets absorbed into the electric fields

of other links l1, l2, l4.

σ̄3(l1) = σ3(l1), σ̄1(l1) = σ1(l1)σ1(l3).

σ̄3(l2) = σ3(l2), σ̄1(l2) = σ1(l2)σ1(l3).

σ̄3(l4) = σ3(l4), σ̄1(l4) = σ1(l4)σ1(l3). (3.21)

4 In eqn (3.19a), we have interchanged the 3 and 1 subscript in the µ operators. This is motivated by duality which
will be discussed in the next chapter.
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Figure 3.5: Graphical illustration of a plaquette canonical transformation defined in (3.20) and (3.21).

It is convenient to call the above net canonical transformation a ‘plaquette canonical transfor-

mation’. The advantage of the new conjugate set of variables is that all the three independent

Gauss law constraints at A, B and C are automatically solved. They freeze the three strings

leaving us only with plaquette loop conjugate operators {µ1(p); µ3(p)}.

From loops and strings to links

The defining canonical relations (3.16), (3.18), (3.19a) and (3.19b) can also be inverted. The

inverse transformations from the new loop operators to Z2 link operators are

σ3(l1) = σ̄3(l1), σ3(l2) = σ̄3(l2), (3.22)

σ3(l3) = µ1(p)σ̄3(l4)σ̄3(l1)σ̄3(l2), σ3(l4) = σ̄3(l4).

Similarly, the initial conjugate Z2 electric field operators on the links are

σ1(l1) = µ3(p)σ̄1(l1) = µ3(p) G(A)G(B) ≈ µ3(p),

σ1(l2) = µ3(p)σ̄1(l2) = µ3(p) G(B) ≈ µ3(p), (3.23)

σ1(l3) = µ3(p),

σ1(l4) = µ3(p)σ̄1(l4) = µ3(p) G(C) ≈ µ3(p).

Note that the Gauss law constraint at the origin does not play any role as G(O) ≈ G(A) G(B) G(C).
The total number of degrees of freedom also match. The initial Z2 gauge theory had 4 links

with 3 Gauss law constraints. In the final picture the 3 gauge non-invariant strings take care

of the 3 Gauss law constraints leaving us with the single gauge invariant loop operator pair

described by {µ1(p), µ3(p)} on the plaquette p.

The single plaquette Z2 lattice gauge theory Hamiltonian (3.4) can now be rewritten in

terms of the new gauge invariant loop operators as:

H ≈ −4 µ3(p)− λ µ1(p) = −
(

λ 4

4 −λ

)
. (3.24)
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Figure 3.6: The Z2 link operator pairs, the physical Z2 loop conjugate pairs {µ1(~n); µ3(~n)} and the
unphysical string conjugate pairs {σ̄1(~n); σ̄3(~n)} for a 2× 2 lattice are shown in (a), (b) and
(c) respectively. The canonical transformations convert 12 link operator pairs on a 2× 2
lattice to 4 loop operator pairs and 8 string operator pairs. We label the loop operators
by their top right corners and the horizontal (vertical) string operators by their right (top)
endpoint. The strings decouple from the physical Hilbert space as σ̄1(~n) ≈ 1 by Gauss law
constraints. The corresponding dual SU(N) loop and SU(N) string operators are shown in
Figure 3.11-a,b respectively.

The two energy eigenvalues of H are ε± = ±4
√(

1 +
(

λ
4

)2
)

.

3.1.3 Z2 canonical transformations on a finite lattice in (2 + 1) D

We now directly write down the general Z2 canonical relations over the entire lattice. The

details of these iterative canonical transformations (analogous to (3.16), (3.18), (3.19a) and

(3.19b)) are given in Appendix A. Note that there are L initial spins (one on every link) with

N Gauss law constraints (one at every site) satisfying the identity:

∏
(x,y)∈Λ

G(x, y) ≡ 1. (3.25)

The above identity again states that simultaneous flipping of all spins around every lat-

tice site is an identity operator because each spin is flipped twice. It reduces the number

of Gauss law constraints from5 N to N − 1. After canonical transformations in Z2 lattice

gauge theory, there are (a) P physical plaquette spins (analogous to {µ1(p); µ3(p)} in the

single plaquette case) shown in Figure 3.6-b and (b) (N − 1) stringy spins (analogous to

{σ̄1(l1); σ̄3(l1)}; {σ̄1(l2); σ̄3(l2)} and {σ̄1(l4); σ̄3(l4)} in the single plaquette case) as every

lattice site away from the origin can be attached to a unique string. This is shown in Fig-

ure 3.6-c. The degrees of freedom before and after the canonical transformations match as

L = P +(N − 1). All (N − 1) strings decouple because of the (N − 1) Gauss law constraints.

5 Note that the identity (3.25) is valid for all abelian lattice gauge theories. In the non-abelian SU(N) case, discussed
in the next section, there is no such reduction. The global SU(N) gauge transformations, corresponding to the
extra Gauss law constraints at the origin Ga(0, 0) = 1, need to be fixed by hand to get the correct number of
physical degrees of freedom (see section 3.2).
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Figure 3.7: The graphical illustration of the non-local relations in the net Z2 canonical transformations:
(a) we show the relations (3.26b) expressing µ3(x, y) as the product of σ1 operators which
are denoted by �. In (b) and (c), we show the relations (3.28b) expressing σ̄1(x, 0) and
σ̄1(x, y 6= 0) respectively as the product of σ1 operators denoted by �. These (σ̄1(x, y))
equal the product of Gauss law operators at sites marked by x in the shaded region. For
the corresponding SU(N) relations, see Figures 3.12-a,b.

The algebraic details of these transformations leading to freezing of all strings are worked

out in detail in Appendix A.

From now onward the P physical plaquette loop operators are labelled by the top right

corners of the corresponding plaquettes as shown in Figure (3.6-a). The vertical (horizontal)

string operators are labelled by the top (right) end points of the corresponding links as

shown in Figure 3.6-b. The same notation will be used to label the dual SU(N) operators in

section 3.2.

3.1.3.1 Physical sector and Z2 loop operators

The final relations between the initial conjugate sets {σ1(x, y; î); σ3(x, y; î)} on every lattice

link (x, y; î) and the final physical conjugate loop operators {µ1(x, y); µ3(x, y)} are (see Ap-

pendix A)

µ1(x, y) = σ3(x− 1, y− 1; 1̂) σ3(x− 1, y− 1; 2̂) σ3(x, y;−2̂)σ3(x, y,−1̂)

≡ σ3(l1)σ3(l2)σ3(l3)σ3(l4), (3.26a)

µ3(x, y) =
Ns−1

∏
y′=y

σ1(x− 1, y′, 1̂). (3.26b)
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In (3.26a) we have defined σ1(x, y;−1̂) ≡ σ1(x− 1, y; 1̂) and σ1(x, y;−2̂) ≡ σ1(x, y− 1; 2̂). The

relations (3.26a) and (3.26b) are the extension of the single plaquette relations (3.19a) to the

entire lattice. They are illustrated in Figure 3.7-a. The canonical commutation relations are

µ1(x, y)µ3(x, y) + µ3(x, y)µ1(x, y) = 0. (3.27)

Further, µ2
3(x, y) = 1, µ2

1(x, y) = 1. Note that the conjugate pairs {σ1, σ3} corresponding to

different plaquettes commute and are independent. Therefore {µ1, µ3} is in the same footing

as {σ1, σ3}. The canonical transformations (3.26a) are important as they define the magnetic field

operators µ1(x, y) as a new fundamental operator. Note that originally the electric field σ1(x, y)

was fundamental and the magnetic field was written in terms of its conjugate magnetic

vector potentials as σ3(l1)σ3(l2)σ3(l3)σ3(l4). After canonical transformations, the magnetic

fields µ1(x, y) are fundamental and their canonical conjugate, called electric scalar potential

µ3(x, y), define the electric field (see (3.31)).

3.1.3.2 Unphysical sector and Z2 string operators

The unphysical string conjugate pair operators are (see Appendix A)

σ̄3(x, 0) = σ3(x− 1, 0, 1̂),

σ̄3(x, y 6= 0) = σ3(x, y− 1, 2̂). (3.28a)

σ̄1(x, 0) =
x−1

∏
x′=0

Ns−1

∏
y′=0
G(x′, y′) ≈ 1,

σ̄1(x, y 6= 0) =
Ns−1

∏
y′=y
G(x, y′) ≈ 1. (3.28b)

These Z2 string operators are analogous to the three Z2 string operators in (3.16), (3.18) and

(3.19b) in the single plaquette case. The relations (3.28a) and (3.28b) are illustrated in Figure

3.7-b and Figure 3.7-c respectively. It is easy to see that in the full gauge theory Hilbert space

all Z2 string operators are mutually conjugate:

σ̄1(x, y)σ̄3(x, y) + σ̄3(x, y)σ̄1(x, y) = 0,

and different string operators located at different lattice sites commute with each others. As

expected, their conjugate electric fields σ̄1(x, y) are entirely in terms of the Z2 Gauss law

operators. Hence these string degrees of freedom are frozen and not dynamical. Further, one
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can check that all strings and plaquette operators are mutually independent and commute

with each other:

[
µ3(x, y), σ̄1(x′, y′)

]
= 0,

[
µ3(x, y), σ̄3(x′, y′)

]
= 0, (3.29)

[
µ1(x, y), σ̄1(x′, y′)

]
= 0,

[
µ1(x, y), σ̄3(x′, y′)

]
= 0.

3.1.3.3 Inverse relations

The inverse relations for the flux operators over the entire lattice are

σ3(x, 0; 1̂) = σ̄3(x + 1, 0),

σ3(x, y; 2̂) = σ̄3(x, y + 1),

σ3(x, y 6= 0; 1̂) =
( y

∏
l=1

σ̄3(x, l)
)( y

∏
q=1

σ̄3(x + 1, y)
)( y

∏
p=1

µ1(x + 1, y)
)

. (3.30)

On the other hand, the conjugate electric field operators are

σ1(x, y; 1̂) = µ3(x + 1, y)µ3(x + 1, y + 1),

σ1(x, y, 2̂) = µ3(x, y + 1)µ3(x + 1, y + 1). (3.31)

In the second relation in (3.31), we have used Gauss laws at (x, l) ; l = y + 1, y + 2, · · · . The

above relations are analogous to the inverse relations (3.22) and (3.23) in the single plaquette

case.

3.1.3.4 Z2 loop dynamics

Within Hp where G(x, y) ≈ 1, the Z2 lattice gauge theory Hamiltonian (3.4) in terms of the

physical loop operators takes the simple nearest neighbour interaction form:

H = − ∑
<p,p′>

µ3(p)µ3(p′)− λ ∑
p

µ1(p) ≡ HE + λHB,

= λ

[
−∑

p
µ1(p)− 1

λ ∑
<p,p′>

µ3(p)µ3(p′)
]

. (3.32)

In (3.32) ∑<p,p′> denotes the sum over the nearest neighbour plaquettes. As expected, after

the canonical transformations the electric and the magnetic field descriptions in terms of

potentials have interchanged. The original fundamental Z2 electric field operator is now in

terms of the (dual) electric scalar potential denoted by µ3(p) and the Z2 magnetic field has

now acquired an independent status. Thus the Z2 gauge theory initially written in terms of

electric field and magnetic vector potential operators {σ1(l); σ3(l)} in (3.4) are now written

in terms of the magnetic field, electric scalar potential operators {µ1(p); µ3(p)} in (3.32).
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Z2 lattice gauge theory SU(N) lattice gauge theory

Gauge Operators Dual/Spin Operators Gauge Operators Dual/Spin Operators

{µ1(m, n); µ3(m, n)}
{
E a
±(m, n); Wαβ(m, n)

}

(Z2 Loops/Z2 Ising spins) (SU(N) Loops/SU(N) spins)

{
σ1(m, n; î); σ3(m, n; î)

} {
Ea
±(m, n; î); Uαβ(m, n; î)

}

{σ̄1(m, n); σ̄3(m, n)}
{
Ea
±(m, n); Tαβ(m, n)

}

(Frozen Z2 Strings) (Frozen SU(N) Strings)

Table 3.1: The basic conjugate operators of the original and the loop approaches in Z2, SU(N) gauge
theories in (2 + 1) dimensions. The duality interpretation is discussed in the next chapter.

Further, the canonical transformations map (2 + 1) dimensional Z2 lattice gauge theory at

coupling λ to a (2 + 1) dimensional Z2 spin model at coupling (1/λ), i.e,

H
Z2
gauge(λ) ≈ λ H

Z2
spin(1/λ).

As mentioned earlier, ≈ emphasizes that this equivalence is only within the physical Hilbert

space Hp. The duality aspects and their generalization to SU(N) lattice gauge theory will be

discussed in detail in the next chapter.

3.2 su(n) lattice gauge theory

In this section, we generalize the Z2 canonical transformations discussed in the previous

section to SU(N) lattice gauge theory. The basic dynamical operators {Ea
±(x, y, î), Uαβ(x, y, î)}

of SU(N) lattice gauge theory are transformed into the following mutually independent

classes of operators:

• SU(N) plaquette loop operators {E a
±(x, y),Wαβ(x, y)}: representing the SU(N) electric

scalar potentials and SU(N) magnetic fields (see Figure 3.11-a),

• SU(N) string operators {Ea
±(x, y),Tαβ(x, y)}: representing the SU(N) electric fields and

SU(N) flux operators of the unphysical string degrees of freedom. These strings isolate

the SU(N) gauge degrees of freedom (see Figure 3.11-b).

The new conjugate operator sets {E a
±(x, y),Wαβ(x, y)} and {Ea

±(x, y),Tαβ(x, y)} are mutu-

ally independent. They retain the same canonical structure as specified by the commutation

relation (2.11). The first set containing the SU(N) plaquette loop operators, represent all

the physical degrees of freedom of SU(N) lattice gauge theory. The second set containing the

string operators represents all the unphysical gauge degrees of freedom. This is analogous to

the Z2 case where the conjugate operators {σ1(x, y, î), σ3(x, y, î)} are canonically transformed
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Figure 3.8: The fundamental SU(N) canonical transformation (3.34) from
{

E+(0), U(1), E−(1)
}

;
{E+(1), U(2), E−(2)} to {E−(1),T(1),E+(1)};

{
E−(1),T(2), E+(2)

}
involved in the con-

struction of a loop formulation of SU(N) gauge theory. The electric fields are denoted by
•.

into the Z2 loop operators {µ1(x, y), µ3(x, y)} and the Z2 string operators {σ̄1(x, y), σ̄3(x, y)}.
We will see that just like in the Z2 case, all the string degrees of freedom are frozen due to

the Gauss law constraints (2.19) at the lattice sites. The correspondence between the initial

and final Z2 and SU(N) conjugate operator pairs before and after canonical transformations

are shown in Table 3.1.

As was done in the Z2 case, we first discuss the fundamental SU(N) canonical transfor-

mation which fuses together 2 adjacent link operators. We then discuss the SU(N) canonical

transformations on a single plaquette before dealing with SU(N) lattice gauge theory on the

entire lattice.

3.2.1 Fundamental SU(N) canonical transformation

Consider 2 neighbouring Kogut-Susskind link conjugate operators {E+(0), U(1), E−(1)} and

{E+(1), U(2), E−(2)} as shown in Figure (3.8). We define a fundamental canonical transfor-

mation from {E+(0), U(1), E−(1)}; {E+(1), U(2), E−(2)} to {E−(1),T(1),E+(1)};
{E−(1),T(2),E+(2)} as follows:

T(1) ≡ U(0), T(2) ≡ U(0) U(1); (3.33)

Ea
+(1) = Ea

−(1) + Ea
+(1), Ea

+(2) = Ea
−(2).

This is illustrated in Figure (3.8). The above transformation preserves commutation relations.

The resulting pairs commute with each other. Therefore, the resulting conjugate pairs of

operators are completely equivalent to the initial pairs. In the above 1 dimensional case, the

Gauss law operator at site 1 is given by

Ga(1) = Ea
−(1) + Ea

+(1) = Ea
+(1). (3.34)
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Therefore, the Gauss law at 1 implies that Ea
+(1) = 0 in the physical Hilbert space. This leads

to the decoupling of the conjugate pair {Ea
±(1),T(1)} just as in the Z2 case.

3.2.2 SU(N) canonical transformations on a single plaquette

We now iterate the above fundamental canonical transformation to construct a loop formu-

lation of SU(N) lattice gauge theory on a single plaquette. We start with a plaquette OABC

with the following Kogut-Susskind SU(N) link flux operators [6–8]:

(
Ea
+(0, 0; 1̂), U(0, 0; 1̂), Ea

−(1, 0; 1̂)
)

on OA,
(
Ea
+(1, 0; 2̂), U(1, 0; 2̂), Ea

−(1, 1; 2̂)
)

on AB,
(
Ea
+(0, 1; 1̂), U(0, 1; 1̂), Ea

−(1, 1; 1̂)
)

on CB,
(
Ea
+(0, 0; 2̂), U(0, 0; 2̂), Ea

−(0, 1; 2̂)
)

on OC.

These link operators and their locations are clearly illustrated on the left hand side of

Figure 3.10-a. As is clear from this Figure, the SU(N) Gauss laws at four corners O, A, B and

C are:

O

Ga(O) Ga(A)

Ga(B)Ga(C)

U(0, 0; 1̂)

Ea
+(0, 0; 1̂) Ea

−(1, 0; 1̂)

A

U
(1
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;2̂
)

E
a +
(1
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;2̂
)

E
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(1
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;2̂
)
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U(0, 1; 1̂)

Ea
+(0, 1; 1̂) Ea

−(1, 1; 1̂)
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(0
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;2̂
)

E
a +
(0
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,2̂
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E
a −
(0
,1
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Figure 3.9: Graphical illustration of SU(N) Gauss law operators Ga(O),Ga(A), Ga(B),Ga(C) at O, A,
B and C for a single plaquette. The Gauss law constraints are given by Ga(O) ≈ 0,Ga(A) ≈
0,Ga(B) ≈ 0,Ga(C) ≈ 0. Unlike Z2 case, they are all independent.

Ga(0, 0) = Ea
+(0, 0; 1̂) + Ea

+(0, 0; 2̂) = 0; Ga(1, 0) = Ea
−(1, 0; 1̂) + Ea

+(1, 0; 2̂) = 0;

Ga(1, 1) = Ea
−(1, 1; 2̂) + Ea

−(1, 1; 1̂) = 0; Ga(0, 1) = Ea
+(0, 1; 1̂) + Ea

−(0, 1; 2̂) = 0.

(3.35)

The canonical transformations are performed in 3 sequential steps as shown in Figure

(3.10-a), (3.10-b) and (3.10-c) respectively. The first canonical transformation fuses U(0, 0; 1̂)

with U(1, 0; 2̂) to define the two new flux operators T[xy](1, 0) and T[y](1, 1):

T[xy](1, 0) ≡ U(0, 0; 1̂), T[y](1, 1) ≡ U(0, 0; 1̂)U(1, 0; 2̂),

Ea
[xy]+(1, 0) = Ea

−(1, 0; 1̂) + Ea
+(1, 0; 2̂), Ea

[y]+(1, 1) = Ea
−(1, 1; 2̂). (3.36)
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Figure 3.10: Three canonical transformations on the four link flux operators of a plaquette OABC
leading to a single physical plaquette loop flux operator Wαβ(1, 1) in (c). The three
right electric fields Ea[xy]+(1, 0), Ea[xy]+(1, 1), Ea[xy]+(0, 1) of the three string flux opera-
tors ending at A, B and C respectively are the Gauss law generators Ga(A), Ga(B) and
Ga(C) respectively. The Gauss law at the origin is: Ga(O) = Ea

+(0, 0; 1̂) + Ea
+(0, 0; 2̂) =

E a
−(1, 1) + E a

+(1, 1) = 0.



3.2 su(n) lattice gauge theory 47

All steps in (3.36) are also illustrated in Figure 3.10-a. The notations used here are as follows.

The subscripts [xy] on the three unphysical flux operators [T[xy](1, 0),T[xy](1, 1),T[xy](0, 1)]

are used to encode the structure of their right electric fields in (3.36), (3.39) and (3.40). These

are sums of the Kogut-Susskind electric fields in x, y directions (denoted by subscript [x, y])

or equivalently Gauss law operators at corners A, B and C respectively. During qualita-

tive discussions we will often suppress these subscripts. Note that the resulting new pairs(
T[xy](1, 0), E[xy]+(1, 0)

)
and

(
T[y](1, 1),Ea

[y]+(1, 1)
)

are canonical and mutually indepen-

dent exactly like the initial Kogut-Susskind pairs on links and satisfy:

[
Ea
[xy]+(1, 0),T[xy](1, 0)

]
= T[xy](1, 0)

(
λa

2

)
,

[
Ea
[y]+(1, 1), T[y](1, 1)

]
= T[y](1, 1)

(
λa

2

)
,

[
Ea
[xy]+(1, 0),T[y](1, 1)

]
= 0,

[
Ea
[y](1, 1),T[xy](1, 0)

]
= 0. (3.37)

From (3.36) the two right string electric fields Ea
[xy]+(1, 0) and Ea

[xy]+(1, 1) also commute with

each other. The left electric fields are given by

Ea
[xy]−(1, 0) ≡ −Rab

(
T[xy](1, 0)

)
Eb
[xy]+(1, 0), Ea

[y]−(1, 1) ≡ −Rab(T[y]) E
b
[y]+(1, 1).

(3.38)

From (3.35) and the third equation in (3.36), it is clear that the string electric field Ea
[xy]+(1, 0)

satisfies

Ea
[xy]+(1, 0) = Ga(1, 0) ≈ 0.

Therefore, the string flux operator T[xy](1, 0) is unphysical as its action on any state takes that

state out of Hp. Therefore, we ignore it henceforth. We now iterate the above canonical trans-

formations with U(0, 0; 1̂), U(1, 0; 2̂) in (3.36) replaced by U(0, 0; 2̂), U(0, 1; 1̂) respectively.

We define:

T[xy](0, 1) ≡ U(0, 1; 2̂), T[x](1, 1) ≡ U(0, 0; 2̂) U(0, 1; 1̂), (3.39)

Ea
[xy]+(0, 1) = Ea

−(0, 1; 2̂) + Ea
+(0, 1; 1̂), Ea

[x]+(1, 1) = Ea
−(1, 1; 1̂).

Again, all steps in (3.39) are illustrated in Figure 3.10-b. The two new sets of string oper-

ators obtained
(
T[xy](0, 1),Ea

[xy]+(0, 1)
)

,
(
T[x](1, 1),Ea

[x]+(1, 1)
)

are canonical and mutually

independent like the previous two sets in (3.37). The left electric fields Ea
[xy]−(0, 1), Ea

[x]−(1, 1)

are defined through parallel transports as in (2.12) or (3.38). As a consequence of Gauss law

(eqn(3.35) and eqn(3.39)) at C:

Ea
[xy]+(0, 1) = Ga(0, 1) ≈ 0.
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Therefore, the string operator T[xy](0, 1) (like T[xy](1, 0)) becomes unphysical. The last sets

of canonical transformations fuse the remaining two strings T[y](1, 1) and T[x](1, 1) to define

the final physical plaquette loop conjugate operators6
(
W(1, 1), E+(1, 1)

)
:

T[xy](1, 1) ≡ T[y](1, 1), W(1, 1) ≡ T[y](1, 1) T†
[x](1, 1), (3.40)

E[xy]+(1, 1) = Ea
[y]+(1, 1) + Ea

[x]+(1, 1), E a
+(1, 1) = Ea

[x]−(1, 1).

The above canonical transformations are illustrated in Figure 3.10-c. In the third equation

in (3.40), the right electric fields Ea
[y]+(1, 1) and Ea

[x]+(1, 1) can be substituted in terms of the

Kogut-Susskind electric fields using (3.36) and (3.39) to get

E[xy]+(1, 1) = Ga(1, 1) ≈ 0.

Therefore, T[xy](1, 1) decouples and

Wαβ ≡ Wαβ(1, 1) ≡
(

U(0, 0; 1̂) U(1, 0; 2̂) U†(0, 1; 1̂) U†(0, 0; 2̂)
)

αβ
(3.41)

emerges as the final physical plaquette loop flux operator. Its right electric field is

E a
+(1, 1) = Ea

[x]−(1, 1) ≡ −Rab

(
T[x](1, 1)

)
Eb
[x]+(1, 1) = −Rab

(
T[x](1, 1)

)
Eb
−(1, 1; 1̂)

= Rab(U(0, 0; 2̂)Eb
+(0, 1; 1̂) = −Rab(U(0, 0; 2̂))Eb

−(0, 1; 2̂) = Ea
+(0, 0; 2̂). (3.42)

In (3.42) we have used Gauss law constraint at C: Ta
+(0, 1) = Ea

+(0, 1; 1̂) + Ea
−(0, 1; 2̂) = 0.

Similarly7 ,

E a
−(1, 1) = Ea

+(0, 0; 1̂). (3.43)

Thus we have converted all link operators into string and loop operators. Note that by con-

struction the canonical structures are strictly maintained at all three steps ((3.36), (3.39) and

(3.40)). All three SU(N) string flux operators and their conjugate electric fields satisfy

[
Ea
[xy]+(x, y),T(x′, y′)

]
= δx,x′δy,y′

(
T(x, y)

λa

2

)
. (3.44)

6 The plaquette loop operatorW(1, 1) is defined at (1, 1) (and not at (0, 0)) because of later convenience when we
deal with canonical transformations on a finite lattice.

7 Defining U1 = U(0, 0; 1̂), U2 = U(1, 0; 2̂), U3 = U(0, 1; 1̂), U4 = U(0, 0; 2̂), W = U1U2U†
3 U†

4 we get:
E a
−(1, 1) ≡ −Rab (W) E b

+(1, 1) = −Rab (W) Eb
+(0, 0; 2̂) = Rab (WU4) Eb

−(0, 1; 2̂) = −Rab(WU4)Eb
+(0, 1; 1̂) =

Rab(WU4U3)Eb
−(1, 1; 1̂) = −Rab (WU4U3) Eb

−(1, 1; 2̂) = Rab
(
WU4U3U†

2
)

Eb
+(1, 0; 2̂) =

−Rab
(
WU4U3U†

2
)

Eb
−(1, 0; 1̂) = Rab

(
WU4U3U†

2 U†
1
)

Eb
+(0, 0; 1̂) = Ea

+(0, 0; 1̂).
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Above (x, y), (x′, y′) = (1, 0), (1, 1), (0, 1). The string electric fields Ea
[xy]+(x, y) at (x, y) sat-

isfy SU(N) algebra and commute if they are at different lattice sites. Under SU(N) gauge

transformations, these string operators transform as:

T[xy](x, y) → Λ(0, 0) T[xy](x, y) Λ†(x, y),

E[xy]+(x, y) → Λ(x, y) E[xy]+(x, y) Λ†(x, y). (3.45)

Therefore, none of the three strings can form any gauge invariant operators at their end

points (0, 1), (1, 1), (0, 1). The SU(N) Gauss laws at A, B, C state this simple fact. Hav-

ing removed the three unphysical strings, we now focus on the plaquette loop operators

(E a
−(1, 1), W(1, 1), E a

+(1, 1)) ≡ (E a
−, W , E a

+). Again by construction, they satisfy the canon-

ical quantization relations:

[E a
+,W ] = −

(
λa

2
W
)

⇒
[
E a
+, E b

+

]
= i f abcE c

+, (3.46)

[E a
−,W ] =

(
W λa

2

)
⇒

[
E a
−, E b

−
]
= i f abcE c

−.

Above E a
− ≡ −Rab(W) E b

+ implying (~E−)2 = (~E+)2 ≡ (~E)2 and [E a
−, E b

+] = 0. They gauge

transform at the origin as:

E∓ → Λ E∓ Λ†, W → Λ W Λ†. (3.47)

We have defined E∓ ≡ ∑(N2−1)
a=1 E a

∓ λa and Λ ≡ Λ(0, 0) denotes the gauge rotation at the

origin. The corresponding unsolved Gauss law constraints in terms of loop electric fields at

the origin are:

Ga(0, 0) = E a
− + E a

+ = Ea
+(0, 0; 1̂) + Ea

+(0, 0; 2̂) ≈ 0. (3.48)

Only global constraints (3.48) need to be imposed to get the physical Hilbert space Hp. Note

that all gauge degrees of freedom away from the origin have been removed in the form of

frozen SU(N) strings: Ea
[xy](x, y) = 0, (x, y) = (1, 0), (1, 1), (0, 1).

3.2.2.1 Inverse relations

It is instructive and useful to invert the canonical transformations (3.36), (3.39) and (3.40) to

write Kogut-Susskind link operators in terms of strings and loop variables. These relations
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also enable us to write the Kogut-Susskind Hamiltonian (3.59) in terms of loop operators

(see 3.83)). It is clear from Figure 3.10-a,b,c that

U(0, 0; 1̂) = T[xy](1, 0), U(1, 0; 2̂) = T†
[xy](1, 0) T[xy](1, 1),

U(0, 0; 2̂) = T[xy](0, 1), U(0, 1; 1̂) = T†
[xy](0, 1) W†(1, 1)T[xy](1, 1). (3.49)

Similarly, the electric field relations in (3.36), (3.39) and (3.40) can also be inverted to write :

Ea
+(0, 0; 1̂) = Ea

[xy]−(1, 0) + Ea
[xy]−(1, 1) + E a

−, Ea
+(0, 0; 2̂) = E a

+ + Ea
[xy]−(0, 1), (3.50)

Ea
+(1, 0; 2̂) = Rab

(
T†
[xy](1, 0)

) (
Eb
[xy]−(1, 1) + E b

−
)

, Ea
+(0, 1; 1̂) = Rab

(
T†
[xy](0, 1)

)
E b
+.

These canonical relations between links and loops have the following interesting features:

• They are consistent with gauge transformations (2.17), (3.45) and (3.47) as well as with

SU(N) algebras of link, string and loop electric fields given in (3.44) and (3.46).

• The canonical commutation relations between SU(N) link flux operators and their link

electric fields also remain intact under the mappings (3.49) and (3.50) from string, loop

to link operators. As an example, it is easy to see that Ea
+(1, 0; 2̂) leaves U(0, 0; 1̂),

U(0, 0; 2̂), U(0, 1; 1̂) unchanged and rotates U(1, 0; 2̂) from the left:

[Ea
+(1, 0; 2̂), U(1, 0; 2̂)] = Rab(T

†
[xy](1, 0))T†

[xy](1, 0)
λb

2
T[xy](1, 0)

︸ ︷︷ ︸
=Rbc(T[xy](1,0)) λc

2

U(1, 0; 2̂) =
λa

2
U(1, 0; 2̂).

All other commutation relations can be directly read off from (3.49) and (3.50).

• No string operators can appear in a gauge invariant operator8. As an example, the

gauge invariant electric field terms in the Kogut-Susskind Hamiltonian are:

(
~E+(0, 0; 1̂)

)2
=
(
~E+(1, 0; 2̂)

)2
=
(
~E+(0, 1; 1̂)

)2
=
(
~E+(0, 0; 2̂)

)2
=
(
~E−
)2

. (3.51)

after putting E[xy]+(x, y) = 0 in (3.50) within Hp. In other words, while expressing

Kogut-Susskind link electric fields in terms of loop electric fields the string flux opera-

tors appear as an overall parallel transport. This is also required for the consistency of

SU(N) gauge transformations.

3.2.2.2 Loop states on a single plaquette lattice.

After the canonical transformations and decoupling of string operators, the basic degrees

of freedom of SU(N) lattice gauge theory lies on plaquettes. Therefore a loop basis can be

8 This is no longer true in the presence of matter fields. String variables no longer decouple and further canonical
transformation steps are necessary to isolate the gauge variant degrees of freedom.
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constructed by diagonalising a complete set of commuting operators on a plaquette. In the

typical case of SU(2) lattice gauge theory, a loop basis is given by diagonalizing E2
− = E2

+ =

E2, E a=3
− and E a=3

+ . Such a basis state |j, m−, m+〉 is characterised by 3 quantum numbers

j, m−, m+.

~E 2 |j, m−, m+〉 = j(j + 1) |j, m−, m+〉, ~E a=3
∓ |j, m−, m+〉 = m∓ |j, m−, m+〉. (3.52)

The states |j m− m+〉 in (3.52) describe loops carrying non-abelian quantized SU(2) loop

electric fluxes. These states form a complete, orthonormal basis:

∑
j,m−,m+

|j m− m+〉 〈j m− m+| = 1 ; 〈j m− m+|j′ m′− m′+〉 = δjj′δm−m′−δm+m′+ .

Under global gauge transformation,

|jm−m+〉 → ∑
m′−,m′+

|jm′−m′+〉D j
m′−m−

(Λ) D j
m′+m+

(Λ†). (3.53)

In (3.53), D j
mm′(Λ) are the Wigner matrices, Λ ≡ Λ(0, 0) denotes the gauge transformation

at the origin. Since, in the single plaquette case, the Gauss law operator is given by Ga =

La = E a
+ + E a

−, it is convenient to construct a coupled basis which diagonalizes ~L2, (~L)a=3.

Therefore, we construct a coupled basis so that the following coupled and complete set of

commuting operators are diagonal:

{
~E 2
− = ~E 2

+ = ~E 2, (~E− + ~E+)2, (~E− + ~E+)a=3
}
≡
{
~E2, (~L)2, (~L)a=3

}
.

The coupled basis states |n l m〉 are related to |j m− m+〉 by Clebsch-Gordan coefficients:

|n l m〉 ≡ ∑
m−,m+

C l,m
jm−,jm+

|j m−m+〉. (3.54)

Above n ≡ 2j + 1 = 1, 2, · · · ; l = 0, 1, · · · , 2j (≡ n− 1); m = −l,−(l − 1), · · · , (l − 1), l.

~E 2 |n l m〉 =
(n2 − 1)

4
|n l m〉,

~L 2 |n l m〉 = l(l + 1) |n l m〉, La=3 |n l m〉 = m |n l m〉. (3.55)

Under the global transformation Λ: |n l m〉 →
l

∑
m̄=−l

Dl
mm̄(Λ)|n l m〉. The |n l m〉 states will

be identified with the hydrogen atom bound states in Chapter 5 (section 5.2). The Gauss law

(3.48) implies that the gauge invariant basis is given by:

|n〉 = |n = 2j + 1 , l = 0 , m = 0〉.
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A dual magnetic (angular) basis diagonalizing all the Wilson loop operators can be con-

structed as follows:

|ΩW(ω, ŵ)〉 = ∑
jm−m+

√
2j + 1
2π2 Dj

m−m+(ω, ŵ) |j m− m+〉 . (3.56)

ΩW (w, ŵ) ≡ w σ + iŵ ·~σ, w2 + ŵ2 = 1 : S3.

Here, (ω, ŵ) is the angle axis characterisation of a point on the SU(2) group manifold S3. The

plaquette loop operators are diagonal in this basis.

Wαβ |ΩW(ω, ŵ)〉 = zαβ |ΩW(ω, ŵ)〉 , (3.57a)

where

zαβ =



(
cos ω

2 − i sin ω
2 cos θ

)
i sin ω

2 sin θe−iφ

−i sin ω
2 sin θe−iφ (

cos ω
2 + i sin ω

2 cos θ
)




αβ

. (3.57b)

Above, (θ, φ) are the angles characterizing the axis ŵ. The above equations (3.57a) and (3.57b)

follows from the properties of Wigner matrices Dj
m−m+ as shown in appendix B. Therefore,

TrW |ΩW(ω, ŵ)〉 = 2 cos
ω

2
|ΩW(ω, ŵ)〉 .

As shown in the appendix (eqn B.8), a completely gauge invariant angular basis on a single

plaquette is given by:

|ω〉 ≡
∫

dΛ|ΩW(ω, ŵ)〉 = ∑
j

χj(ω) |j〉 . (3.58)

Here, |j〉 ≡ |n〉n=2j+1 and χj(ω) =
sin(2j+1) ω

2
sin( ω

2 )
are the SU(2) characters.

3.2.2.3 Loop dynamics on a single plaquette

In this section, we discuss loop dynamics on a single plaquette. We consider SU(N) Kogut-

Susskind Hamiltonian [6, 8] on a single plaquette lattice:

H = g2
4

∑
l=1

~E2(l) +
K
g2

[
2N − Tr

(
U1 U2 U†

3 U†
4 + h.c

)]

≡ HE + HB. (3.59)
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In (3.83), K is a constant and U1 ≡ U(0, 0; 1̂), U2 ≡ U(1, 0; 2̂), U3 ≡ U(0, 1; 1̂), U4 ≡ U(0, 0; 2̂).

Using links to loop relations (3.41) and (3.50), the SU(N) loop Hamiltonian for the single

plaquette is:

H = 4g2~E2 +
K
g2

[
2N − Tr

(
W +W†

)]
. (3.60)

In (3.83), we have ignored all string electric fields. At this stage we specialize to SU(2) case9.

The electric field term is:

HE = g2
4
∑

l=1
~E2(l) = 4g2~E2. (3.61)

The four link magnetic field term takes its simplest possible form:

HB =
1
g2 Tr(U1 U2 U†

3 U†
4 ) =

1
g2 Tr W . (3.62)

The magnetic field term, important in the weak coupling continuum limit, simply creates

and annihilates the fluxes on the plaquette loop:

HB |n〉 =
1
g2 Tr

(
U1 U2 U†

3 U†
4

)
|n〉 =

1
g2 Tr W |n〉 =

1
g2

[
n+ 1〉+ |n− 1〉

]
. (3.63)

We now show that the loop Schrödinger equation easily reduces to Mathieu equation in the

magnetic angular basis defined in eqn. (3.58).

HB |ω〉 =
1
g2 (TrW) |ω〉 = 2

g2 cos
(ω

2

)
|ω〉 . (3.64)

Note that, as shown in appendix B, ω is a gauge invariant angle. We now use the differential

equation of the SU(2) character [115]:

d2χj

dω2 + cot
(ω

2

) dχj(ω)

dω
+ j(j + 1)χj(ω) = 0.

to convert HE in (3.61) into differential operator in ω. Finally the Schrödinger equation

H |ψ〉ε = ε |ψ〉ε in this gauge invariant loop basis is the Mathieu equation:

[ d2

dω2 +
1
4

]
φε(ω) +

κ

4

[
ε− 2κ

(
1− cos

(ω

2

)) ]
φε (ω) = 0. (3.65)

In (3.65) we have defined κ ≡ 1
g2 and φε(ω) ≡ sin ω

2 ψε(ω) where ψε(ω) ≡ 〈ω|ψ〉ε. The

Mathieu equation (3.65) and its discrete solutions has been extensively discussed in the past

in the context of single plaquette lattice gauge theory [41, 42, 80].

9 Similar construction is also possible for SU(N) and involves SU(N) irreducible prepotential operators discussed
in the context of SU(N) lattice gauge theories in [102, 103].
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(x− 1, y − 1)

(x− 1, 0)(0, 0)

SU(N) loop operators: {Ea−(x, y),W(x, y), Ea+(x, y)}
(physical)

Ea+(x, y)

Ea−(x, y)

(a) (b)

SU(N) string operators: {Ea
−(x, y),T(x, y),E

a
+(x, y)}

(unphysical)

(x, y)

(0, 0) (x, 0)

T(x, y)

E
a +
(x
,y
)
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Ga
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)

Ea
−(x, y)

Figure 3.11: The plaquette loop operatorW(x, y) and the string flux operator T(x, y) and their electric
fields E a

∓(x, y) and Ea
∓(x, y) respectively. Note that the electric fields E a

∓(x, y), Ea
∓(x, y)

are located at the initial and final points of the loops and strings respectively.

3.2.3 SU(N) canonical transformations on a finite lattice in 2 + 1 D

In this section, we directly generalize the SU(N) canonical transformations on a single plaque-

tte described in the previous section to a finite lattice. We start with a set of L standard SU(N)

Kogut-Susskind flux and their conjugate electric field operators:
(

Ea
+(n; î), U(n; î), Ea

−(n +

î; î)
)

satisfying (2.11). We construct an iterative series of canonical transformations to trans-

form them into:

• a set of P “physical" SU(N) plaquette loop flux operators and their conjugate loop

electric fields, (
E a
−(n), W(n), E a

+(n)
)

, a = 1, 2, · · · , N2 − 1.

The plaquette loop flux operator W(x, y) is along the path: (0, 0) → (x − 1, 0) →
(x− 1, y− 1)→ (x, y− 1)→ (x, y)→ (x− 1, y)→ (x− 1, 0)→ (0, 0).

• a set of independent (N − 1) “unphysical" SU(N) string flux operators10 and their

conjugate string electric fields,

(
Ea
−(n), T(n), Ea

+(n)
)

, a = 1, 2, · · · , N2 − 1.

The string T(x, y) start at (0, 0) and end at (x, y) following the path (0, 0) → (x, 0) →
(x, y).

10 In the appendix the string operators are denoted by
[
T[xxyy](x, y),Ea

[xxyy]∓(x, y)
]
. The subscript [xxyy] encodes

the Gauss law structures of the string electric field at (x, y). In this section, for the sake of notational convenience,
we have ignored the subscripts and simply denoted them by T(x, y) and Ea

∓(x, y).
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These new loop and string flux operators11 and the location of their electric fields are shown

in Figure 3.11. As is clear from this Figure, the convention chosen for loop and string electric

fields is that E a
−(n)

(
E a
+(n)

)
, Ea
−(n)

(
Ea
+(n)

)
are located at the initial (final) points of the loop

and string flux lines. They satisfy canonical commutation relations amongst themselves. The

degrees of freedom exactly match as L = P + (N − 1). As shown in appendix A (see eqn

(A.19)), the right electric field operators of the string attached to a site n are the Gauss law

generators (2.18) at n:

Ea
+(n) = Ga(n). (3.66)

Therefore, all (N − 1) string flux operators T(n) create unphysical states /∈ Hp and hence

can be ignored without any loss of physics. The most general gauge invariant state can be

written as:

|Ψ〉 = ∑
r1···rP

Ar1···rPTr
(
(W(1))r1(W(2))r2 · · · (W(p))rP

)
|0〉

Above (r1, r2, · · · , rP ) are sets of P integers, Ar1···rP are complex coefficients and |0〉 is the

strong coupling vacuum. The canonical transformations leading to the above new string

& loop flux operators and their conjugate electric fields are explicitly constructed in the

appendix A.

3.2.3.1 Canonical relations

The final (N − 1) string in Figure 3.11-a and (P) loop flux operators in Figure 3.11-b are

related to the initial (L) Kogut-Susskind link operators as (see appendix A for details):

T(x, y) =
x

∏
x′=0

U(x′, 0; 1̂)
y

∏
y′=0

U(x, y′; 2̂),

W(x, y) = T(x− 1, y− 1) Up(x− 1, y− 1) T†(x− 1, y− 1). (3.67)

In (3.67), the strings T(x, y) are defined at all lattice sites away from the origin and the

loop operators W(x, y) are located at x, y = 1, 2, · · · ,Ns − 1. The Kogut-Susskind plaquette

operators are defined as: Up(x, y) = U(x, y; 1̂) U(x + 1, y; 2̂) U†(x + 1, y + 1; 1̂) U†(x, y + 1; 2̂).

11 The canonical transformations and hence the loop and string operators depend on the paths chosen for loops
and strings. We have made a particular choice, shown in Figure 3.11, which lead to duality (see chapter 4)and as
a consequence a simple Hamiltonian in the continuum (g2 → 0) limit.
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T(x, y)

Ea+(x,y)
=

Ga(x,y)

Ea
−(x, y)

(x, y)

(a)

Ea
−(x, y′)

≈ ≈ ≈ ≈
(x, y′)

(x, y)

S
(x

,
y
′ )

W(x, y)

Ea
+(x, y)

(b)

Figure 3.12: Graphical representation of the canonical relations (3.68). The Kogut-Susskind electric
fields are denoted by � and the plaquette loop electric fields are denoted by •. We show
a) string electric field in terms of Kogut-Susskind electric fields and (b) plaquette loop
electric fields E a

+(x, y) in terms of the original Kogut-Susskind link electric fields. In (a)
the 4 � at (x, y) denotes the Gauss law operator at Ga(x, y). In (b) Kogut-Susskind link
electric fields Ea

−(x, y′; 1̂); y′ = y, y + 1 · · ·Ns − 1 are parallel transported by S(x, y, y′) to
give the loop electric field E a

+(x, y).

The conjugate string and plaquette loop electric fields in terms of the initial Kogut-Susskind

link electric fields are (see appendix A for details):

Ea
+(x, y) =

2

∑
i=1

[
Ea
−(x, y; î) + Ea

+(x, y; î)
]
= Ga(x, y) = 0,

E a
+(x, y) = −

Ns−1

∑
y′=y

Rab(S(x, y, y′))Eb
−(x, y′; 1̂). (3.68)

In (3.68), we have defined: S(x, y, y′) ≡ T(x− 1, y) U(x− 1, y; 1̂) ∏
y′

y′′=y U(x, y′′; 2̂) and x 6=
0; y 6= 0. The relations (3.68) between the new string and loop electric fields and old Kogut-

Susskind electric fields are derived in appendix A (see (A.19) and (A.23)) and illustrated

in Figure 3.12-a and Figure 3.12-b respectively. Because of the SU(N) Gauss laws all string

operators, containing gauge degrees of freedom away from the origin, naturally decouple

from the theory. The remaining physical plaquette loop operators can be thought of as a

set of collective coordinates which describe the theory without any redundant loop or local

gauge degrees of freedom. These P SU(N) loop flux operators are all mutually independent

(no SU(N) Mandelstam constraints) and obey the canonical quantization conditions with

their loop electric fields exactly like the original Kogut-Susskind link operators in (2.11).

[
E a
−(x, y),Wαβ(x, y)

]
= −

(
λa

2
W(x, y)

)

αβ

,
[
E a
+(x, y),Wαβ(x, y)

]
=

(
W(x, y)

λa

2

)

αβ

.

(3.69a)
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W(x+ 2, 2)

W(x+ 2, y′)

≈ ≈ ≈ ≈

W(x+ 2, 1)

La(x+ 2, 1){
T(x, 0)

W(x+ 1, 1)

(a)

T
(x
,y
)

W(x+ 1, y)

W(x+ 1, y + 1)

Ea −
(x

+
1
,y

+
1)

Ea+(x+ 1, y)

(b)

W
x
y
(x

,
y
)

W(x, y + 1)

W(x+ 1, y + 2)

W(x+ 1, y + 1)

(c)

Figure 3.13: Graphical representation of the inverse canonical relations (3.72): a) link electric field
Ea
+(x, y = 0; 1̂), (b) Ea

+(x, y 6= 0; 1̂) and (c) E+(x, y; 2̂) in terms of plaquette loop operators
and loop electric field. The • represents plaquette loop electric fields and � represents
Kogut-Susskind link electric fields. All loop electric fields • are parallel transported along
the attached lines to give Kogut-Susskind link operator Ea

+(x, y; î) or � in (3.72). In (a)
∑p L

b(p) gives ∆b
X(x, y = 0) in (3.72), the summations is over the plaquettes in the dotted

region. In (c) we show ∆Y(x, y) where the summation is again over the plaquettes in the
dotted region. The shaded region in (c) represents Wxy(x, y) in the second equation in
(3.72).

[
E a
−(x, y), E b

−(x, y)
]
= i f abcE c

−(x, y),
[
E a
+(x, y), E b

+(x, y)
]
= i f abcE c

+(x, y). (3.69b)

Further, the two electric fields are related through parallel transport and commute:

E a
−(x, y) ≡ −Rab(W†(x, y))E b

+(x, y) =⇒
[
E a
−(x, y), E b

+(x, y)
]
= 0. (3.70)

The quantization relations (3.69a), (3.69b) and (3.70) are exactly similar to the original quan-

tization rules (2.11). Thus the electric field operator Ea(x, y; î) and the magnetic vector po-

tential operator Uαβ(x, y; i) have been replaced by their dual electric scalar potential E a(x, y)

and the dual magnetic field operator Wαβ(x, y). This is similar to Z2 lattice gauge theory

case where {σ1(x, y); σ3(x, y)} get replaced by {µ3(x, y); µ1(x, y)}. We again emphasize that

E a(x, y) is the dual electric scalar potential as it is conjugate to the fundamental magnetic

flux operatorWαβ(x, y). This leads to a duality between the loop formulation and the Kogut-

Susskind link formulation. This duality can be used to define a disorder operator. This is

discussed in detail in the next chapter.
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3.2.3.2 Inverse relations

It is clear from Figure 3.11-a,b that the Kogut-Susskind link flux operators in terms of string

& loop flux operators are:

U(x, y; 1̂) = T†(x, y) W(x + 1, y) W(x + 1, y− 1) · · ·W(x + 1, 1) T(x + 1, y).

U(x, y; 2̂) = T(x, y + 1) T†(x, y). (3.71)

The Kogut-Susskind link electric fields in terms of the loop electric fields are (see appendix

A for details):

Ea
+(x, y; 1̂) = Rab(T

†(x, y))
[
E b
−(x + 1, y + 1) + E b

+(x + 1, y) + δy,0

Ns−1

∑
x̄=x+2

Ns−1

∑̄
y=1

Lb(x̄, ȳ)

︸ ︷︷ ︸
∆b

X(x,y)

]
,

(3.72)

Ea
+(x, y; 2̂) = Rab(T

†(x, y))
[
E b
+(x + 1, y + 1) + Rbc(Wxy)E c

−(x, y + 1) +
Ns−1

∑
ȳ=y+2

Lb(x + 1, ȳ)

︸ ︷︷ ︸
∆b

Y(x,y)

]
.

In (3.72) we have defined the parallel transport:

Rbc(Wxy) ≡ Rbc
(
W(x, 1) W(x, 2) · · ·W(x, y)

)
. (3.73)

and used: E a
±(x, y = 0) ≡ 0, La(x, y) ≡ [E a

−(x, y) + E a
+(x, y)] . The inverse relations (3.72)

and (3.73) are illustrated in Figure 5-a,b,c. On a single plaquette lattice (3.72) reduces to (3.50)

as expected.

3.2.3.3 Loop states on a finite lattice

Like in the single plaquette case, the SU(N) Gauss law does not permit any string excitation

and the (N − 1) string operators become irrelevant. Therefore, all possible SU(N) gauge

invariant operators are made up of the P fundamental plaquette loop operators and their

conjugate electric fields. In other words, the non-trivial problem of SU(N) gauge invariance

over the entire lattice reduces to the problem of residual SU(N) global invariance of 3P
loop operators, all starting and ending at the origin. Further, all 3P loop operators gauge

transform as adjoint matter fields at the origin:

W(p)→ Λ W(p) Λ†, E±(p)→ Λ E±(p) Λ†. (3.74)
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In (3.74), Λ = Λ(0, 0) are the gauge transformations at the origin. This global invariance at

the origin is fixed by the residual (N2 − 1) SU(N) Gauss laws:

Ga(0, 0) =
P
∑
p=1

[
E a
−(p) + E a

+(p)
]
≡
P
∑
p=1

La(p) = 0. (3.75)

We now solve the global Gauss law (3.75). We will use SU(2) gauge theory for illustration.

Generalization to SU(N); N ≥ 3 will be briefly discussed at the end of this section. A basis

in the full Hilbert space of SU(2) lattice gauge theory on a P plaquette lattice diagonalizing

the following complete set of commuting operators (CSCO-A)

Uncoupled basis :





~E 2
1

~E 2
2 · · · ~E 2

P−1
~E 2

P

~L2
1

~L2
2 · · · ~L2

P−1
~L2
P

~La=3
1

~La=3
2 · · · ~La=3

P−1
~La=3
P





. (CSCO− A)

(3.76)

is given by

∣∣∣∣∣∣∣∣∣∣

n1 n2 · · · nP

l1 l2 · · · lP

m1 m2 · · · mP

〉
≡ |n1 l1 m1〉 ⊗ |n2 l2 m2〉 · · · · · · ⊗ |np lp mp〉. (3.77)

Above basis is graphically illustrated in Figure 3.14-a. The state |n l m〉 corresponding to

each plaquette was defined in (3.54). We are interested in constructing the physical Hilbert

space Hp which is the SU(2) invariant subspace of the above direct product Hilbert space.

Under gauge transformation Λ at the origin, all states transform together as:

|np lp mp〉 →
lp

∑
m̄p=−lp

D lp
mpm̄p

(Λ) |np lp m̄p〉 . (3.78)

Therefore, all principal and angular momentum quantum numbers np, lp are already gauge

invariant. it is convenient to represent the states |n l m〉 by tadpoles on every plaquette

as shown in Figure 3.14-a. The tadpole loop at the top represents the flux flowing in a

loop within the plaquette. The vertical stem represents the flux leakage (l, m) through the

plaquette. In order to solve the Gauss law (3.75) we describe the states (3.77) in a coupled
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lP mP
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m12
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l3 m3
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G
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l
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⊗ ⊗ ⊗ ⊗

Figure 3.14: a) Uncoupled and b) Coupled loop (tadpole) basis diagonalizing CSCO-A and CSCO-B
respectively given in (3.76) and (3.79). The global Gauss law is solved by putting the total
angular momentum Ltotal = 0. In (a) and (b) • represents the j-j coupling or contraction of
j flux lines within a plaquette in (3.54) and in (b) ⊗ represents l-l couplings or contraction
of l flux lines between neighbouring plaquettes (see eqn.(3.80)).

basis shown in Figure 3.14-b. We couple~La
1,~La

2, · · · ,~La
P and go to a basis where the following

complete set of commuting operators (CSCO-B) are diagonal:

Coupled basis :





~E 2
1

~E 2
2 · · · ~E 2

P−1
~E 2

P

~L2
1

~L2
2 · · ·~L2

P−1
~L2
P

(~L12)
2 (~L123)

3 · · · (~Ltotal)
2 ~La=3

total





. (CSCO− B)

(3.79)

Note that the total angular momentum is zero implies (L1 + L2 + · · ·+ LP−1)
2 = L2

P (see

Figure 3.14-b). Thus we have traded off P gauge non-invariant magnetic quantum numbers

(m1, m2, · · · , mP ) in (3.77) in terms of (P − 3) gauge invariant eigenvalues of the coupled L

operators shown above. Therefore, in total there are 3(P − 1) members of the complete set

of commuting operators. The resulting SU(2) gauge invariant loop basis on a lattice with P
plaquettes is given by 12:

∣∣∣∣∣∣∣∣∣∣

n1 n2 · · · nP

l1 l2 · · · lP

l12 l123 · · · ltotal = 0

〉
=

{
|n1 l1 m1〉 ⊗ |n2 l2 m2〉 · · · ⊗ |np lp mp〉

}ltotal=0

mtotal=0

.

= |{n} {l} {ll}〉 . (3.80)

12 More explicitly, the states in (3.80) are:

|[n] [l] [ll]〉≡∑
{all m}

{
C l12m12

l1m1;l2m2
C l123m123

l12m12;l3m3
C l1234m1234

l123m123;l4m4
· · ·C ltotal=0,mtotal=0

l12···(p−1)m12···(p−1) ;lpmp

}
∣∣∣∣∣∣∣∣

n1 n2 · · · nP
l1 l2 · · · lP

m1 m2 · · ·mP

〉
.
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The above loop basis will be briefly denoted by |{n} {l} {ll}〉. The symbols {n}, {l} and

{ll} stand for the sets

• (n1, n2, · · · , nP ) : P principal quantum numbers;

• (l1, l2, · · · , lP ) : P angular momentum quantum numbers and

• (l12, l123, · · · , l123···(P−1) = lP , l123···P = 0) : P − 3 coupled angular momentum quantum

numbers respectively.

These 3(P − 1) principal, angular momentum quantum numbers characterizing the loop

basis are gauge invariant as is clear from the gauge transformations (3.78). As expected, this

is also the number of physical degree of freedom in the original Kogut-Susskind formulation.

In fact, in SU(N) Kogut-Susskind lattice gauge theory in terms of link operators, the total

number of physical degrees of freedom Nd
SU(N) is given by the dimension of the quotient

space
[
⊗links SU(N)
⊗sites SU(N)

]
:

Nd
SU(N) = Dim

[⊗links SU(N)

⊗sites SU(N)

]
=
(

N2 − 1
)
(L−N ) . (3.81)

Above, L and N are the numbers of links and sites of space lattice in d dimension.

We now discuss pure SU(N), N ≥ 3 lattice gauge theory. A SU(N) tadpole state over

a plaquette, analogous to the SU(2)⊗ SU(2) state |j m〉 ⊗ |j m′〉 ∼ |n l m〉 in (3.54) and il-

lustrated in Figure 3.14, is characterized by the representations of SU(N) ⊗ SU(N) group.

These representations or equivalently orthonormal SU(N) tadpole states on each plaquette

are labelled by (N2 − 1) loop quantum numbers 13. Therefore, in d = 2 where all P plaque-

tte loops are fundamental and mutually independent, there are (N2 − 1) P loop quantum

numbers. Subtracting out global (N2 − 1) degrees of freedom (or gauge transformations at

the origin), we again see that there are total (N2 − 1)(P − 1) gauge invariant SU(N) loop

quantum numbers. This exactly matches14 with Nd=2
SU(N) in (3.81) as (P − 1) = (L −N ) in

d = 2.

3.2.3.4 Loop Dynamics on finite lattice

In this section, we discuss dynamical issues associated with the SU(N) Kogut-Susskind

Hamiltonian after rewriting it in terms of the new fundamental plaquette loop operators.

13 A SU(N) irreducible representation is characterized by (N− 1) eigenvalues of Casimir operators and 1
2 N(N− 1)

“SU(N) magnetic quantum numbers". As an example, the three “SU(3) magnetic quantum numbers" are the
SU(2) isospin, its third component and the hypercharge. The SU(2)⊗ SU(2) tadpole or hydrogen atom states
|j, m−, m+〉 are now replaced by |p, q, i−, m−, y−, i+, m+, y+〉 where p, q are the common eigenvalues of the two
SU(3) Casimir operators and i∓, m∓, y∓ represent their isospin, magnetic isospin and hypercharge quantum
numbers respectively. These 8 quantum numbers are associated with a SU(3)⊗ SU(3) tadpole diagram. There-
fore, all SU(N) ⊗ SU(N) representations with equal Casimirs or SU(N) tadpole states are characterized by
(N − 1) + N(N − 1) = (N2 − 1) quantum numbers.

14 In d = 2, we have L = 2(Ns − 1)Ns; N = N2
s ; P = (Ns − 1)2. Therefore, L−N = P − 1.



3.2 su(n) lattice gauge theory 62

We show that in terms of these plaquette loop operators the initial SU(N) local gauge in-

variance reduces to global SU(N) invariance and the loop Hamiltonian has a simple weak

coupling g2 → 0 continuum limit. The Kogut-Susskind Hamiltonian [6, 8] is:

H = g2 ∑
l

~E2
l +

K
g2 ∑

p

(
2N − Tr

(
Up + U†

p

))
. (3.82)

In (3.82) K is a constant, l ≡ (x, y; î) denotes a link in î direction, p denotes a plaquette.

The plaquette operator: Up(x, y) = U(x, y; 1̂) U(x + 1, y; 2̂) U†(x + 1, y + 1; 1̂) U†(x, y + 1; 2̂).

defines the magnetic field term around a plaquette p. As mentioned earlier, we choose space

dimension d = 2. Substituting the Kogut-Susskind electric fields in terms of the loop electric

fields in (3.72), we get:

H = ∑
x,y∈Λ

g2

2

{[
~E−(x + 1, y + 1) + ~E+(x + 1, y) + ∆XY(x, y)

]2

+
[
~E+(x + 1, y + 1) + Rbc(Wxy)~E c

−(x, y + 1) + ∆Y(x, y)
]2
}

+
1

2g2

(
2N − (Tr W(x, y) + h.c)

)
≡ g2H̃E +

1
g2 H̃B. (3.83)

In (3.83) all operators vanish when x,y are negative or zero as plaquette loop operators are

labelled by top right corner (see Figure 3.11-a). The operators ∆XY,Y are defined as:

∆a
XY(x, y) ≡ δy,0

Ns−1

∑
x̄=x+1

Ns−1

∑̄
y=1

L(x̄, ȳ), ∆a
Y(x, y) ≡

Ns−1

∑
ȳ=y+1

La(x, ȳ). (3.84)

We have also used the relations: Tr Up(x, y) = Tr
(
T†(x, y) W(x + 1, y + 1) T(x, y)

)
= TrW(x+

1, y + 1). The Hamiltonian (3.83) describes gauge invariant dynamics directly in terms of the

bare essential, fundamental plaquette loop creation and annihilation operators without any

gauge fields. As expected, the unphysical strings do not appear in the loop dynamics. There

are many interesting and novel features of the Kogut-Susskind Hamiltonian (3.82) rewritten

in terms of loop operators (3.83):

• There are no local SU(N) gauge degrees of freedom and at the same time there are no

redundant loop operators. The (N2 − 1) residual SU(N) gauge degrees of freedom in

(3.74) can be removed by working in the coupled hydrogen atom basis (3.80).

• In going from links to loops ((3.82) to (3.83)), all interactions have shifted from the

magnetic field part to the electric field part. Therefore, the interaction strength now is

g2 and not 1
g2 .

HSU(N)
gauge

( 1
g2

)
≈ HSU(N)

spin

(
g2).
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(a)

{
j1 j̄1

1
2

j̄4 j4 ja12

}{
jb12 j̄b12

1
2

j̄1 j1 jb4

}{
jb12 j̄b12

1
2

j̄2 j2 jb1

}

{
j3 j̄3

1
2

j̄2 j2 jc12

}{
jd12 j̄d12

1
2

j̄3 j3 jd2

}{
jd12 j̄d12

1
2

j̄4 j4 jd3

}
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l

(b)

{
j j̄ 1

2
j̄ j l

}

Figure 3.15: SU(2) loop dynamics in (a) prepotential approach in 2+1 dimensions (b) loop formulation
based on canonical transformations clearly illustrating the resulting simplifications. The
matrix elements of the plaquette operators (3.85) and (2.37) are written in terms of 6j
symbols for comparison purpose.

We have used ≈ above to state that this equivalence is only within the physical Hilbert

spaceHp. The above relation is SU(N) analogue of the Z2 result H
Z2
gauge(λ) ≈ H

Z2
spin(λ

−1)

discussed earlier.

• The magnetic field term, dominating in the weak coupling continuum (g2 → 0) limit,

acquires its simplest possible form. It creates and annihilates single electric plaquette

flux loops exactly like in single plaquette case (3.63). Therefore, the loop Hamiltonian

(3.83) can be used to develop a weak coupling gauge invariant loop perturbation theory

near the continuum limit.

• In the tadpole basis (3.80) in SU(2) lattice gauge theory:

〈n̄ l̄ m̄|HB|n l m〉 ≡ K
g2 〈n̄ l̄m̄|TrW|n l m〉 = K

g2
1√
n n̄

δl,l̄δm,m̄ [δn̄,n+1 + δn̄,n−1]

=
K′

g2

{
j j̄ 1

2

j̄ j l

}
. (3.85)

In (3.85), n = 2j + 1 and n̄ = 2 j̄ + 1, K′ = K(−1)(2l+1−n̄−n)
√

n n̄
(n̄+n+2l+1)(n̄+n−2l−1) . In

the second line in (3.85), we have used the explicit expression for a 6j symbol [115]

with a half entry. If we put l = 0 in (3.85), we recover the single plaquette result (3.63).

In fact, the matrix elements (3.85) in the |n l m〉 loop basis are valid in arbitrary d

dimensions. This is in sharp contrast to the magnetic field term in the standard SU(2)
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spin network basis[49] leading to (18-j) Wigner coefficients (2.37, Figure 2.5) in d = 2

and (30-j) Wigner coefficient in d = 3. The comparison of (3.85) and (2.37) makes it

amply clear that |n l m〉 loop basis is much simpler than the spin network basis for any

practical calculation especially in the weak coupling (g2 → 0) continuum limit. This is

graphically depicted in Figure 3.15.

• The non local terms in the Hamiltonian, ∆a
X(x, y), ∆a

Y(x, y) and R(Wxy) get tamed in

the weak coupling limit. In weak coupling g2 → 0 limit, the relations (2.12) imply:

La(x, y) = E a
−(x, y) + E a

+(x, y) ∼ 0 + O(g).

Therefore, ∆a
X(x, y) ∼ 0, ∆a

Y(x, y) ∼ 0. Further, Rab(Wxy) ∼ δab. This leads to a simpli-

fied local effective Hamiltonian Hspin which may describe pure SU(N) gauge theory at

low energies, sufficiently well.

Hspin =
g2

2



P
∑
p=1

4~E 2(p) + ∑
〈p,p′〉

~E−(p) · ~E+(p′)


+

1
2g2

[
2N − (TrW(p) + h.c)

]
+ g3δH

≡ g2

2
H̃′E +

1
2g2 H̃B. (3.86)

In (3.86), ∑<pp′> denotes summation over nearest neighbour plaquette loop electric

fields. The non-localities occur in the higher order terms in the coupling. Therefore,

these terms, collectively denoted by g3 δH in (3.86), can be ignored in the weak cou-

pling limit as a first approximation. The SU(N) gauge theory Hamiltonian in the loop

picture now reduces to SU(N) spin model Hamiltonian with nearest neighbour interac-

tions. This simple spin Hamiltonian has the same global SU(N) symmetry, dynamical

variables as the Hamiltonian in (3.83). Note that the elementary and important 1/g2

magnetic field terms (see (3.85)) are left intact and need to be treated exactly. In fact,

this is an interesting model in its own right to explore confinement and the spectrum

in the weak coupling continuum limit. These issues will be investigated in the future.

3.3 canonical transformations in 3 + 1 d

3.3.1 Z2 lattice gauge theory

The method of constructing a loop formulation of Z2 lattice gauge theory by a series of canon-

ical transformations can be easily generalized to a lattice of any dimensions. To illustrate this,

we will briefly describe the canonical transformations leading to a loop formulation of Z2
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(0, 0, 0)
(a)

(0, 0, 0)
(b)

Figure 3.16: The final operators after Z2 canonical transformations in a 3 dimensional spatial lattice:
(a) plaquette loop operators (b) string operators.

gauge theory on a 3 dimensional spatial lattice. The details of the canonical transformations

will be illustrated on a single cube in Appendix A.

We start with the conjugate pairs {σ1, σ3} on the L = 3(Ns − 1)N2
s links on a lattice with

Ns sites along x,y and z direction. After a series of canonical transformations, we transform

these operators to

1. a) (Ns − 1)2 plaquette operator pairs {µ1(x, y, 0; 3̂), µ3(x, y, 0; 3̂)} corresponding to

the plaquettes in the z = 0 plane.

b) Ns(Ns − 1)2 plaquette operator pairs {µ1(x, y, z; 2̂), µ3(x, y, z; 2̂)} corresponding to

the plaquettes in the XZ planes.2̂ denotes that the plaquettes are in XZ plane (i.e,

perpendicular to the 2̂ direction).

c) Ns(Ns − 1)2 plaquette operator pairs {µ1(x, y, z; 1̂), µ3(x, y, z; 1̂)} corresponding to

the plaquettes in the YZ planes.

2. a) Ns− 1 string operators {σ̄1(x, 0, 0; 1̂), σ̄3(x, 0, 0; 1̂)} corresponding to the links along

the (y = 0, z = 0) line.

b) N2
s (Ns − 1) string operators {σ̄1(x, y, z; 3̂), σ̄3(x, y, z; 3̂)} corresponding to the links

in the 3̂ direction.

c) Ns(Ns − 1) string operators {σ̄1(x, y, 0; 2̂), σ̄3(x, y, 0; 2̂)} corresponding to the links

in the 2̂ direction in the z = 0 plane.

The above operators are illustrated in Figure 3.16. It can be verified that the total number of

plaquette and string operators exactly equals the total number of link operators we started

with.

The construction of the above string and plaquette operators is done through the following

canonical transformation steps.

1. Repeat the canonical transformations corresponding to the 2 dimensional lattice on the

z = 0 plane to get N2
s − 1 string operators and (Ns − 1)2 plaquette operators.
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2. Repeat the plaquette canonical transformations defined in eqn.(3.20) and eqn.(3.21)

along each plaquettes on the XZ and YZ plane starting from the plaquette (x, y,Ns; 1̂)

to (x, y, 1; 1̂) and (x, y,Ns; 2̂) to (x, y, 1; 2̂). This leads to 2Ns(Ns− 1)2 plaquette conjugate

pairs corresponding to all the plaquettes in the YZ and XZ plane.

The details of the above canonical transformations are illustrated on a single plaquette which

contains all the features of the finite lattice construction in appendix A.

The plaquette loop operators when written in terms of link operators are given by:

µ3(x, y, 0; 3̂) =
Ns−1

∏̄
y=y

Ns−1

∏̄
z=1

σ1(x− 1, ȳ, z̄, 1̂),

µ1(x, y, 0; 3̂) = σ3(x− 1, y− 1, 0, 1̂)σ3(x, y− 1, 0, 2̂)σ3(x− 1, y, 0, 1̂)σ3(x− 1, y− 1, 0, 2̂),

µ3(x, y, z; 1̂) =
Ns−1

∏̄
z=z

σ1(x, y− 1, z̄, 2̂),

µ1(x, y, z; 1̂) = σ3(x, y− 1, z− 1, 2̂)σ3(x, y, z− 1, 3̂)σ3(x, y− 1, z, 2̂)σ3(x, y− 1, z− 1, 3̂),

µ3(x, y, z; 2̂) =
Ns−1

∏̄
z=z

σ1(x− 1, y, z̄, 1̂),

µ1(x, y, z; 2̂) = σ3(x− 1, y, z− 1, 1̂)σ3(x, y, z− 1, 3̂)σ3(x− 1, y, z, 1̂)σ3(x− 1, y, z− 1, 3̂).

(3.87)

The string operators in terms of link operators are given by :

σ̄1(x, 0, 0, 1̂) =
Ns−1

∏̄
y=0

Ns−1

∏̄
z=0

σ1(x− 1, ȳ, z̄; 1̂)σ1(x, ȳ, z̄; 2̂)σ1(x− 1, ȳ, z̄; 2̂) =
x−1

∏̄
x=1

Ns−1

∏̄
y=0

Ns−1

∏̄
z=0
G(x̄, ȳ, z̄),

σ̄3(x, y, 0, 2̂) = σ3(x− 1, y, 0, 2̂),

σ̄1(x, y, 0, 2̂) =
Ns−1

∏̄
y=y

Ns−1

∏̄
z=0

σ1(x, y− 1, z̄; 2̂)σ1(x, ȳ, z̄; 1̂) =
Ns−1

∏̄
y=y

Ns−1

∏̄
z=0
G(x, ȳ, z̄), (3.88)

σ̄3(x, y, z, 3̂) = σ3(x, y, z− 1, 3̂),

σ̄1(x, y, z, 3̂) =
Ns−1

∏̄
z=z

σ1(x, y, z̄; 1̂)σ1(x, y, z̄; 2̂)σ1(x− 1, y, z̄; 1̂)σ1(x, y− 1, z̄; 2̂) =
Ns−1

∏̄
z=z
G(x, y, z̄).

(3.89)

As is clear from the eqn. (3.89), the string electric field σ̄1 operators gets frozen to 1 in the

physical Hilbert space Hp due to local Gauss laws. Therefore, string operators decouple just

like in 2 + 1 dimensions. However, in 3 + 1 dimensions unlike 2 + 1 dimensions, not all pla-

quette loops are independent. Canonical transformations automatically lead to all mutually

independent and complete set of loop operators. Therefore, canonical transformations does

not lead to plaquette operators on z = 1, 2 · · · (Ns − 1) planes.
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3.3.2 SU(N) lattice gauge theory

We now briefly discuss canonical transformations leading to a loop formulation of SU(N)

lattice gauge theory in 3 + 1 dimensions. It can be easily generalized to a lattice of any

dimensionality. The series of canonical transformations bypasses the issues of Mandelstam as

well as Bianchi identity constraints[116, 117]. This is not surprising as the number of degrees

of freedom after the canonical transformations equals the number of physical degrees of

freedom modulo a global Gauss law constraints at the origin. This is discussed in section

(3.3.2.3).

We repeat d = 2 canonical transformations on the z = 0 plane and then extent the string

operators T(x, y, z = 0) in the z directions to construct plaquette loops in xz and yz planes

as shown in Figure 3.17. Thus the canonical transformations already convert all horizontal

links on (xy) planes at z 6= 0 in forming plaquette loops in the perpendicular (xz) and

(yz) planes. Therefore, there are no fundamental xy plaquette loops on z = 1, 2, · · · (Ns − 1)

surfaces. These surfaces are shown as shaded planes in Figure 3.17. Therefore, canonical

transformations transform the link operators on a 3 dimensional lattice to the following

operators:

1. (Ns)3 − 1 string operators T(x, y, z) starting from (0, 0, 0) and ending at (x, y, z) 6=
(0, 0, 0). These operators takes the path15 (0, 0, 0)→ (x, 0, 0)→ (x, y, 0)→ (x, y, z). This

is illustrated in Figure 3.17. Their conjugate left(right) electric fields are denoted as

Ea
−(x, y, z)

(
Ea
+(x, y, z)

)
.

2. 2(Ns + 1)(Ns − 1)2 independent plaquette loop operators W(x, y, z, 1̂), W(x, y, z, 2̂),

W(x, y, 0); x, y, z = 1, 2, · · · (Ns − 1). Here, W(x, y, z, î) denotes a plaquette loop opera-

tor on a plane perpendicular to î with (x, y, z) being the top right corner16 of the plaque-

tte. Their conjugate left(right) electric fields are denoted as E a
−(x, y, z, î)

(
E a
+(x, y, z, î)

)
.

3.3.2.1 Canonical relations

The final string and plaquette loop operators mentioned above is related to the initial Kogut-

Susskind link operators as follows:

T(x, y, z) =
x

∏̄
x=0

U(x̄, 0, 0)
y

∏̄
y=0

U(x, ȳ, 0)
z

∏̄
z=0

U(x, y, z̄). (3.90)

15 This is a matter of convention. There exist other series of canonical transformations which leads to string opera-
tors to sites (x, y, z) 6= (0, 0, 0) which follows a different path.

16 The top right corner of a plaquette is defined as the point (x′, y′, z′) on the plaquette with the largest (x′+ y′+ z′).
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W(x, y, z, 1̂) = T(x, y, z)U(x, y, z, 2̂)U(x, y + 1, z, 3̂)U†(x, y, z + 1, 2̂)U†(x, y, z, 3̂),

W(x, y, z, 2̂) = T(x, y, z)U(x, y, z, 1̂)U(x + 1, y, z, 3̂)U†(x, y, z + 1, 1̂)U†(x, y, z, 3̂),

W(x, y, 0, 3̂) = T(x, y, 0)U(x, y, 0, 1̂)U(x + 1, y, 0, 2̂)U†(x, y + 1, 0, 1̂)U†(x, y, 0, 2̂). (3.91)

The conjugate string and plaquette loop right electric fields in terms of Kogut-Susskind

electric fields are :

Ea
+(x, y, z) = Ga(x, y, z),

E a
+(x, y, z, 1̂) = −

Ns−1

∑
z′=z

Rab(Sx(x, y, z, z′))Eb
−(x, y, z′, 1̂),

E a
+(x, y, z, 2̂) = −

Ns−1

∑
z′=z

Rab(Sy(x, y, z, z′))Eb
−(x, y, z′, 2̂), (3.92)

E a
+(x, y, 0, 3̂) = −

Ns−1

∑
z′=z

Rab(Sx(x, y, z, z′))Eb
−(x, y, z′, 1̂)−

Ns−1

∑
y′=y

Rab(S(x, y, y′))Eb
−(x, y′, 0, 1̂).

Above,

Sx(x, y, z, z′) ≡ T(x− 1, y, z)U(x− 1, y, z, 1̂)
z′

∏̄
z=z

U(x, y, z̄, 3̂),

Sy(x, y, z, z′) ≡ T(x, y− 1, z)U(x, y− 1, z, 2̂)
z′

∏̄
z=z

U(x, y, z̄, 3̂),

Sx(x, y, y′) ≡ T(x− 1, y, 0)U(x− 1, y, 0, 1̂)
y′

∏̄
y=y

U(x, ȳ, 0, 2̂).

String electric fields vanishes due to Gauss laws leading to the decoupling of string operators

from the physical Hilbert space. The only xy plaquette created are those on the z = 0 plane.

3.3.2.2 Inverse relations

The link operators in terms of plaquette and string operators are given as follows:

U(x, y, z; 1̂) = T†(x, y, z)
[ z

∏̄
z=1
W†(x + 1, y, z̄, 2̂)

]
T(x + 1, y, z),

U(x, y, z; 2̂) = T†(x, y, z)
[ z

∏̄
z=1
W†(x, y + 1, z̄, 1̂)

]
T(x, y + 1, z),

U(x, y, z; 3̂) = T(x, y, z + 1)T†(x, y, z). (3.93)
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The corresponding conjugate link electric field in terms of plaquette electric field:

Ea
+(x, y, z; 1̂) = Rab(T(x, y, z))

(
E b
−(x + 1, y, z + 1, 2̂) + E b

+(x + 1, y, z, 2̂)

+ δz0

[
E b
−(x + 1, y + 1, 0, 3̂) + E b

+(x + 1, y, 0, 3̂)
]

(3.94)

+ δz0δy0

[ Ns−1

∑̄
z=1

Ns−1

∑̄
y=1

Ns−1

∑
x̄=x+2

{
Lb(x̄, ȳ, z̄, 1̂) + Lb(x̄, ȳ, z̄, 2̂)

}
+

Ns−1

∑̄
y=1

Ns−1

∑
x̄=x+2

Lb(x̄, ȳ, 0, 3̂)
])

.

Ea
+(x, y, z; 2̂) = Rab(T(x, y, z))

(
E b
−(x, y + 1, z + 1, 1̂) + E+(x, y + 1, z, 1̂)

+ δz0

[ Ns−1

∑
ȳ=y+2

Lb(x + 1, ȳ, 0, 3̂) +
Ns−1

∑
ȳ=y+2

Ns−1

∑̄
z=1

{
Lb(x, ȳ, z̄, 1̂) + Lb(x + 1, ȳ, z̄, 2̂)

}

+ E b
+(x + 1, y + 1, 0, 3̂) + Rab

( y

∏̄
y=1
W(x, ȳ, 0, 3̂)

)
E b
−(x, y + 1, 0, 3̂)

])
. (3.95)

Ea
+(x, y, z; 3̂) = Rab(T(x, y, z))

[
Ns−1

∑
z̄=z+2

{
Lb(x, y + 1, z̄, 1̂) + Lb(x + 1, y, z̄, 2̂)

}

+ E b
+(x, y + 1, z + 1, 1̂) + E b

+(x + 1, y, z + 1, 2̂) + Rab
( z

∏
z′=1
W(x− 1, y, z′, 2̂)

)
E b
−(x, y, z + 1, 2̂)

+ Rab
( z

∏
z′=1
W(x, y− 1, z′, 1̂)

)
E b
−(x, y, z + 1, 1̂)

]
. (3.96)

The xy plaquettesW(x, y, z, 3̂); z 6= 0 are not created. This is because they are not indepen-

dent and can be written in terms of the other plaquette variables as follows:

W(x, y, z, 3̂) =
z

∏̄
z=0
W(x, y− 1, z̄, 2̂)

z

∏̄
z=0
W(x, y, z̄, 1̂)

z

∏̄
z=0
W(x, y, z̄, 2̂)

z

∏̄
z=0
W(x− 1, y, z̄, 1̂). (3.97)

3.3.2.3 Bianchi identity on a 3D lattice

The SU(N) Bianchi identity on a lattice [116, 117] is given by

W(b)W(c)W(d)W(e)W( f )W†(g) = 1. (3.98)

Above, W(b),W(c),W(d),W(e),W( f ),W†(g) are the plaquette loop operators along the

faces of a cube, as shown in Figure 3.17.

As explained earlier, the canonical transformation steps do not create the loop operators

corresponding to (xy) plaquette loops at z 6= 0. In fact, these plaquette loops can be written

in terms of the fundamental plaquette loops in (xz) and (yz) planes as shown in eqn.(3.97)
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(0, 0, 0) (b) (0, 0, 0) (c) (0, 0, 0) (d)

(0, 0, 0) (e) (0, 0, 0) (f) (0, 0, 0) (g)

(0, 0, 0)

(x, y, z)

(x̄, ȳ, z̄)

T (x, y, z)

n ≡ (x′, y′, z′)

W(n, 1̂)

W(x̄, ȳ, z̄, 3̂)

W(n− 2̂, 2̂)

(a)

Figure 3.17: (a) Graphical representation of the fundamental plaquette operators and the string oper-
ators obtained by canonical transformations in d = 3. The shaded horizontal plaquettes
are not obtained by canonical transformations as explained in the text. They are also not
independent: the shaded plaquette operator in (g) is the product of the fundamental pla-
quette loop operators in (b), (c), (d), (e), (f) in that order. This is just the SU(N) Bianchi
identity on lattice.
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and illustrated in Figure 3.17-b,c,d,e,f,g. Therefore, the loop operators automatically satisfy

Bianchi identity constraints (3.98). This way the canonical transformations also bypass the

problem of SU(N) Bianchi identity constraints confronted in the loop formulation of SU(N)

lattice gauge theories [116, 117] in any dimension d ≥ 3. In d = 3, we have the number of sites

N = (Ns)
3, number of links L = 3(Ns − 1)N2

s and number of plaquettes P = 3(Ns − 1)2Ns.

The total number of (xy) plaquettes is Pxy ≡ P
3 = (Ns − 1)2Ns. The number of (xy) plaque-

tte at z = 0 plane is Pxy(z = 0) =
Pxy
Ns

= (Ns − 1)2. Therefore, the number of dependent

(xy) plaquettes Pxy(z 6= 0) = Pxy − P(xy)(z = 0) = (Ns − 1)3 ≡ the number of Bianchi

identities. Hence the number of independent SU(N) loop quantum numbers after subtract-

ing (N2 − 1) gauge degrees of freedom at the origin =
(

N2 − 1
) (
P −Pxy(z 6= 0)− 1

)
=

(
N2 − 1

)
(L−N ) = Nd=3

SU(N). This is again an expected result because the canonical trans-

formations used for converting links into (physical) loops & (unphysical) strings can not

introduce any spurious degrees of freedom in any dimension. Therefore, the SU(N) plaque-

tte loop operators are mutually independent and contain complete physical information.

3.3.3 Loop Hilbert space and SU(N) loop dynamics

The construction of a basis of the physical Hilbert space Hp is done essentially as in 2 + 1

dimensions by constructing tadpole states corresponding to the plaquette loop operators con-

structed by canonical transformations and coupling them together to find states satisfying

∑
p
La(p) = 0. The only difference stems from the fact that since canonical transformations do

not create the plaquette operatorsW(x, y, z, 3̂); z 6= 0 , there are no tadpole states correspond-

ing to these plaquettes. The corresponding SU(N) coupled tadpole basis is orthonormal as

well as complete inHp bypassing all non-trivial and notorious SU(N) Mandelstam or Bianchi

identity constraints.

The Hamiltonian of pure SU(N) gauge theory in terms of independent plaquette loop

operators and conjugate electric fields in 3 + 1 dimensions is given by :

H =
g2

2

[
Ea
+(x, y, z, 1̂)Ea

+(x, y, z, 1̂) + Ea
+(x, y, z, 2̂)Ea

+(x, y, z, 2̂) + Ea
+(x, y, z, 3̂)Ea

+(x, y, z, 3̂)
]

+
1

2g2

[
2N − Tr

{
W(x, y, z, 1̂) +W(x, y, z, 2̂) +W(x, y, z, 3̂) + h.c

}]
. (3.99)

Above, Ea
+(x, y, z, 1̂), Ea

+(x, y, z, 2̂), Ea
+(x, y, z, 3̂) and W(x, y, z, 3̂); z 6= 0 is given by equations

(3.94), (3.95), (3.96) and (3.97) respectively. These 4 terms are non local. The essential differ-

ence from the 2 + 1 dimensional case is that here both the electric and magnetic part, HB

and HE, are non-local. However, the magnetic part can be made local by introducing the

W(x, y, z, 3̂); z 6= 0 operators as fundamental operators satisfying the Bianchi identity con-
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straints. As g2 → 0, La u 0 + O(g). Therefore, a useful local, effective Hamiltonian that may

describe SU(N) lattice gauge theory at low energies is given by

H =
g2

2

[
∑

p
E2(p) + ∑

〈p,p′〉
E a
−(p)E a

−(p′)
]
+

1
2g2

[
2N − Tr

{ 3

∑
i=1
W(x, y, z, î) + h.c

}]
.

(3.100)

Above, 〈p, p′〉 denotes that p and p′ are nearest neighboring plaquettes.
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C A N O N I C A L T R A N S F O R M AT I O N S , D U A L I T Y & O R D E R - D I S O R D E R

In this chapter we show that the canonical transformations leading to the loop formula-

tion of SU(N) lattice gauge theory in (2 + 1) dimensions in the previous chapter can also

be interpreted as SU(N) duality transformation. We note that the original Kogut-Susskind

Hamiltonian (3.82) is in terms of SU(N) electric vector fields and their conjugate holonomies

{Ea(l); Uαβ(l)} on each link l. The electric fields satisfy local Gauss law constraints. We now

show that the equivalent SU(N) loop Hamiltonian (3.83) is in terms of the SU(N) magnetic

fields and their conjugate scalar electric potentials. The local Gauss law constraints are triv-

ially solved in the dual representation. All dual (loop) fields are defined on plaquettes and

are scalars in (2 + 1) dimensions. The same interpretation also holds for the much simpler

Z2 lattice gauge theory in (2 + 1) dimensions. The canonical transformations in Z2 lattice

gauge theory solve the Z2 Gauss law constraints leading to loop formulation described by

the Ising model Hamiltonian (3.32). This Ising model is in terms of Z2 magnetic fields and

their conjugate electric scalar potentials. In fact, this is the well known Z2 gauge-spin duality

found by Franz Wegner in 1971 [55]. Wegner was strongly influenced and motivated by the

self duality of Ising model in lower (1+ 1) dimensions found by Kramers and Wannier [118]

in 1941. We show that the SU(N) canonical transformations discussed in the last chapter can

also be used to obtain Kramers-Wannier duality.

In general, a duality transformation relates model at a strong coupling or high tempera-

ture to another model at weak coupling or low temperature. Therefore, they are useful to

understand theories and their phases better using alternative dual descriptions. They often

expose the hidden topological degrees of freedom relevant for determining the properties of

the system [7, 119]. The classic examples are the two dimensional x-y model and compact

abelian lattice gauge theories [119]. Another general and important feature of these dualities

is that the dual theory is expressed in terms of ‘disorder variables’ which are given by a non-

local combination of the original variables. These dual variables have small fluctuations at

regions where the original variables have large fluctuations [120]. Therefore, dual models are

useful in studying the large fluctuation region of the original theory which is usually inac-

cessible by other methods [120]. In gauge theories, phase transitions cannot be characterized

by local order parameters [121]. But, often the dual theories can have local order parameters

which acts as a non-local disorder parameter [56, 122] for the original theories. In fact, such

alternative dual descriptions have been extensively discussed in the past in the context of

abelian [7, 55, 56, 118–137] and non-abelian gauge theories [3, 14, 120, 138–145].
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In this chapter, using canonical transformations discussed in the last chapter, we systemat-

ically obtain Kramers-Wannier as well as Wegner duality in (1+ 1) dimensional Ising model

and (2 + 1) dimensional Ising gauge theory respectively. These Z2 duality transformations

are used to define disorder operators in the corresponding models. These dual descriptions

and results are well known and have been extensively discussed in the review papers [7, 120,

122]. We then generalize these Z2 results to SU(N) lattice gauge theory in (2+ 1) dimensions.

The organization of this chapter is as follows. In section 4.1, working within the Hamilto-

nian formulation, we show that the canonical transformations, discussed in the last chapter,

also provide a systematic way to obtain the old and well known Kramers-Wannier duality

[118] in (1 + 1) dimensional Ising model. We end the section with a discussion on order-

disorder operators. In section 4.2, we then interpret the loop formulations of (2 + 1) dimen-

sional Z2 lattice gauge theory obtained in the last chapter as the dual formulation in terms

of Z2 magnetic fields and their conjugate Z2 electric scalar potential. This is the famous Weg-

ner gauge-spin duality with electric scalar potentials playing the role of Ising spins. Again

order and disorder operators are discussed in this simplest Z2 lattice gauge theory. In section

4.3, we then show that the loop formulation of SU(N) lattice gauge theories is dual to the

Kogut- Susskind formulation of SU(N) lattice gauge theory. This is a non-abelian generalization

of Z2 Wegner’s duality. Further, the SU(N) duality enables us to define a new SU(N) disorder

operator in section 4.3. As expected, it’s construction is a nonabelian generalization of the

disorder operator in Z2 lattice gauge theory.

4.1 ising model & kramers wannier duality

In this section, we construct the canonical transformations leading to the famous Kramers-

Wannier self duality of quantum Ising model in 1 + 1 dimensions. The kinematical variables

of the 1 + 1 dimensional quantum Ising model [56] are {σ1(x), σ3(x)}. In Figure 4.1, these

operators are represented over links of the lattice for visual convenience1. The σ operators

satisfy the following relations:

σ2
1 (x) = 1 ; σ2

3 (x) = 1; σ1(x)σ3(x) = −σ3(x)σ1(x) or [σ1(x), σ3(x)]+ = 0. (4.1)

The (1 + 1)-D Ising model [56] Hamiltonian is

H =
∞

∑
x=0

[
− σ1(x)− λ σ3(x)σ3(x + 1)

]
. (4.2)

We now start the link operator pairs {σ1(x), σ3(x)} on a 1 dimensional lattice and convert

them iteratively into a new (dual) set {µ1(x), µ3(x)} using canonical transformations. This is

1 Each link should be thought of as representing the starting lattice site of the link.
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{σ̄1(0); σ̄3(0)}
={σ1(0);σ3(0)}

{σ1(1);σ3(1)} {σ1(2);σ3(2)}

{µ1(0);µ3(0)}

{σ̄1(1); σ̄3(1)} {σ1(2);σ3(2)}

{µ1(1);µ3(1)}

{σ̄1(2); σ̄3(2)} {σ1(3);σ3(3)}

{µ1(2);µ3(2)}

{σ̄1(3); σ̄3(3)}

Figure 4.1: Kramers-Wannier duality through canonical transformations. The first three steps of dual-
ity or canonical transformations (4.6) are explicitly illustrated.

shown in Figure 4.1. We first perform canonical transformations from the first two conjugate

pairs {σ1(0), σ3(0)}, {σ1(1), σ3(1)} attached to the first two links to a new set of conjugate

pairs {µ1(0), µ3(0)} and {σ̄1(1), σ̄3(1)}:

µ1(0) ≡ σ3(0)σ3(1); σ̄3(1) ≡ σ3(1);

µ3(0) = σ1(0); σ̄1(1) = σ1(0)σ1(1). (4.3)

The canonical transformation (4.3) is illustrated in the first shaded box on the left in Figure

4.1. Note that the two new canonical sets are conjugate and mutually independent.

[µ1(0), µ3(0)]+ = 0, [σ̄1(1), σ̄3(1)]+ = 0,

[µa(0), σ̄b(1)] = 0; a, b = 1, 3. (4.4)

Further,

µ1(0)2 = 1, µ3(0)2 = 1, σ̄1(1)2 = 1, σ̄3(1)2 = 1.

The conjugate pair {σ̄1(1), σ̄3(1)} are the intermediate operators to be traded off with

{µ1(1), µ3(1)} at the next step.

We now repeat the canonical transformation with {σ1(0), σ3(0)}, {σ1(1), σ3(1)} replaced by

{σ̄1(1), σ̄3(1)} and {σ1(2), σ3(2)} to give the conjugate pairs {µ1(1), µ3(1)} and {σ̄1(2), σ̄3(2)}:

µ1(1) = σ̄3(1)σ3(2); σ̄1(2) = σ̄(1)σ1(2);

µ3(1) = σ̄1(1); σ̄3(2) = σ3(2). (4.5)
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This canonical transformation is then iterated all along the 1 dimensional lattice. If we define,

σ̄1(0) ≡ σ1(0) and σ̄3(0) ≡ σ3(0), then the general relations take the form:

µ1(x) ≡ σ̄3(x)σ3(x + 1); σ̄1(x + 1) = σ̄1(x)σ1(x + 1) = µ3(x)σ1(x + 1);

µ3(x) = σ̄1(x); σ̄3(x + 1) = σ3(x + 1). (4.6)

The above canonical transformations iteratively replace the conjugate pair {σ1(x); σ3(x)} or

equivalently {σ̄1(x); σ̄3(x)} by a new conjugate pair {µ1(x); µ3(x)}. This process is graphi-

cally illustrated in Figure 4.1. The above relations lead to

µ3(x) =
x

∏
s=0

σ1(s); µ1(x) = σ3(x + 1)σ3(x). (4.7)

Therefore, µ3(x)µ3(x − 1) = σ1(x) with the convention µ3(x = −1) ≡ 1. It can easily be

checked that the µ variables also satisfy the relations (4.1).

µ2
1(x) = 1 ; µ2

3(x) = 1; µ1(x)µ3(x) = −µ3(x)µ1(x). (4.8)

The Ising model Hamiltonian can now be rewritten in its self-dual form in terms of the dual

conjugate pairs {µ1(x); µ3(x)}:

H =
∞

∑
x=0

[
− µ3(x)µ3(x + 1)− λ µ1(x)

]
= λ

∞

∑
x=0

[
− µ1(x)− 1

λ
µ3(x)µ3(x + 1)

]
. (4.9)

Therefore,

H(σ; λ) = λ−1H(µ; λ−1).

This is the famous Kramers-Wannier self duality.

Since, σ variables and µ variables satisfy the same algebra, the above expression shows

that the high λ behavior of the system is the same as the low λ behavior. In particular, the

energy eigenvalues at different values of coupling are related by E(λ) = λ−1E(λ−1). So, if

we assume that there is a critical value λc of λ where there is a phase transition, the mass

gap G(λ) vanishes at λc. The above expression says that if the mass gap G(λ) vanishes at

λc it should also vanish at λ−1
c . Therefore, if there is a single critical point then, λc = 1.

This is a simple illustration of the usefulness of such dualities in the study of the phase

structure of various systems. Another interesting and important feature of duality is that

it has interchanged the interacting and non interacting parts of the Hamiltonian on going

from the {σ1, σ3} to the dual {µ1, µ3} variables. In other words, duality maps strong coupling

region to the weak coupling region and vice versa.
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〈σ3〉 = 0

〈µ3〉 6= 0

〈σ3〉 6= 0

〈µ3〉 = 0λ = 0 λ = λc = 1 λ = ∞
disordered phase ordered phase

Figure 4.2: Duality and ordered & disordered phases of (1 + 1) dimensional Ising model.

Duality also helps us define the disorder operators. In this simple Ising model case, the

magnetization operator, σ3(x) is the order operator as it’s expectation value measures the

degree of order of the σ3 variables. It is zero for λ < λc and non-zero for λ > λc. This

implies that the λ > λc phase spontaneously breaks the global Z2 symmetry, σ3 → −σ3.

On the other hand, exploiting duality, it is natural to define µ3(x) as a disorder operator

[7, 56, 124]. The vacuum expectation value λ〈0|µ3(x)|0〉λ is the disorder parameter. We also

note that the disorder operator µ3(x̄) ≡ ∏x<x̄ σ1(x) acting on a completely ordered state (all

σ3(x) = +1 or −1), flips all σ3 spins at x < x̄ and creates a kink. Therefore, the resulting kink

state is orthogonal to the original ordered state and the expectation value of the disorder

operator µ3 in an ordered state vanishes:

λ=∞〈0|µ3(x)|0〉
λ=∞ = 0,

λ=∞〈0|σ3(x)|0〉
λ=∞ = 1. (4.10)

On the other hand, at the other end at λ = 0, the dual description of Ising model in (4.9)

implies that it is in ordered state with respect to µ3 spins. All µ3 point in the same direction.

As a consequence, the disorder parameter does not vanish and order parameter vanishes:

λ=0〈0|µ3(x)|0〉
λ=0 = 1,

λ=0〈0|σ3(x)|0〉
λ=0 = 0. (4.11)

The duality relations (4.10), (4.11) are illustrated in Figure 4.2.

4.2 Z2 lattice gauge theory & wegner duality

As mentioned earlier, Franz Wegner generalized Kramers Wannier duality to higher dimen-

sional Ising models in 1971. In particular, he showed that in two space dimensions Z2 lattice

gauge theory can be exactly mapped into a Z2 Ising model describing spin half magnets [55].

This is the earliest and the simplest example of the intriguing gauge-spin duality.

The two essential features of the Wegner duality [55] are

• It eliminates all unphysical gauge degrees of freedom in Z2 lattice gauge theory map-

ping it into Z2 spin model with a Z2 global symmetry. There are no Z2 Gauss law

constraints in the dual Z2 spin model.
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Z2 lattice gauge theory

Z2

Duality/Canonical
transformations

{σ1;σ3}

~n

Local Gauss law : G(~n) =
2∏

i=1

σ1(~n, î) = 1

{µ1;µ3}

Z2 spin model.

No Gauss law constraints

Figure 4.3: Duality between Z2 lattice gauge theory and Z2 (Ising) spin model. The initial and the
final conjugate pairs {σ1; σ3} and {µ1; µ3}, are defined on the links and the plaquettes or
dual sites respectively. The corresponding SU(N) duality is illustrated in Figure 4.6.

• It maps the interacting (non-interacting) terms in the Z2 lattice gauge theory Hamilto-

nian into non-interacting (interacting) terms in the Z2 spin model Hamiltonian result-

ing in the inversion of the coupling constant.

This gauge-spin duality is through the loop description of Z2 lattice gauge theory. In fact,

the dual Z2 spin degrees of freedom are the original Z2 plaquette-loop degrees of freedom

which are gauge invariant, mutually independent as well as complete. As a consequence, the

redundant or unphysical gauge degrees of freedom do not appear in the dual spin model.

The dual spin model, in turn, has a global Z2 symmetry which is physical and completely

independent of the initial Z2 gauge group. This discrete symmetry is spontaneously broken

leading to a phase transition separating ferromagnetic or ordered phase from the paramag-

netic or disordered phase. In fact, the initial motivation to study Z2 gauge-spin duality was

to get better understanding of the phase transition in Z2 lattice gauge theory in terms of the

order-disorder phase transitions in the dual spin model [7, 55, 56, 122]. The Z2 duality trans-

formations show that the confinement and free phases of Z2 lattice gauge theory correspond

to the ordered and disordered phases of the spin model. As in the Ising model case in the

previous section, the dual formulation also leads to construction of a (non-local) disorder

operator for Z2 lattice gauge theory.

We now revisit the Z2 gauge - Z2 spin results obtained in the last chapter (section 3.1) from

a duality perspective. For the sake of convenience, we rewrite some of the equations derived

in the last chapter. The Z2 lattice gauge theory Hamiltonian (3.4) is

H = −∑
l∈Λ

σ1(l)− λ ∑
p∈Λ

σ3(l1)σ3(l2)σ3(l3)σ3(l4) ≡ HE − λHB. (4.12)
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The Z2 Gauss law constraint at every lattice site is

G(n) ≡∏
ln

σ1(ln) = 1, n ∈ Λ. (4.13)

In (3.5), ∏ln represents the product over 4 links (denoted by ln) which share the lattice site n

in two space dimensions. After canonical transformations, the Hamiltonian takes the simple

nearest neighbour interaction form in terms of the physical loop operators (3.32):

H = − ∑
<p,p′>

µ3(p)µ3(p′)− λ ∑
p

µ1(p) ≡ HE + λHB,

= λ

[
−∑

p
µ1(p)− 1

λ ∑
<p,p′>

µ3(p)µ3(p′)
]

. (4.14)

We note that after all the iterative canonical transformations over the entire lattice, the elec-

tric and the magnetic field descriptions in terms of potentials have interchanged. The final

canonical relations are

σ1(l)︸︷︷︸
Z2 electric field

≡ µ3(p)µ3(p′)︸ ︷︷ ︸
Z2 electric scalar potentials

; σ3(l1)σ3(l2)σ3(l3)σ3(l4)︸ ︷︷ ︸
Z2 Magnetic vector potentials

≡ µ1(p)︸ ︷︷ ︸
Z2 Magnetic field

.

(4.15)

In the first relation above, p and p′ denote the two plaquettes sharing the link l. In the second

relation, p denotes the plaquette enclosed by the links l1, l2, l3, l4 in two space dimensions.

We immediately see that the new µ3 operators in (4.15) trivially solve the Z2 Gauss law

constraints 4.13:

G(n) ≡∏
ln

σ1(ln) = (µ3(p1))
2 (µ3(p2))

2(µ3(p3))
2(µ1(p4))

2 ≡ 1. (4.16)

Above, p1, p2, p3, p4 denote the 4 plaquettes surrounding the lattice site n. Note that after all

the canonical transformations over the entire lattice,

• the description in terms of {µ1(p); µ3(p)} has no constraints,

• instead of the fundamental magnetic vector potential σ3(l), the Z2 magnetic field µ1(p)

now acquires an independent status,

• instead of the fundamental Z2 electric field σ1(l) the (dual) Z2 electric scalar potential

µ3(p) solve the Gauss law constraints (4.16) and acquire the independent status,

• the magnetic field and the dual electric scalar potentials {µ1(p), µ3(p)} form a mutually

conjugate pair on each plaquette.
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(
〈Σ(x, y)〉 6= 0

) (
〈Σ(x, y)〉 = 0

)
λ = 0 λ = λc λ = ∞

Disordered phase Ordered phase

Confined phase Deconfined phase

(a) Z2 lattice gauge theory

(
〈µ3〉 6= 0

) (
〈µ3〉 = 0

)
λ = 0 λ = λc λ = ∞

Ordered phase Disordered phase

Ferromagnetic phase Paramagnetic phase

(b) Z2 spin model

Figure 4.4: Duality and order, disorder in (a) (2 + 1) dimensional Z2 lattice gauge theory, (b) (2 + 1)
dimensional Ising model. The confining (λ << 1) and deconfining (λ >> 1) phases of
Z2 lattice gauge theory correspond to the ferromagnetic and paramagnetic phases of the
Ising spin model.

Thus the Z2 gauge theory initially written in terms of electric field and magnetic vector

potential operators {σ1(l); σ3(l)} in (4.12) is now written in terms of the magnetic field, elec-

tric scalar potential operators {µ1(p); µ3(p)} in (4.14). Therefore, the net effect of canonical

transformations on the entire lattice is to produce Wegner duality transformations in (2 + 1)

dimensional Z2 lattice gauge theory. As expected, under duality transformations, the initial

gauge coupling λ goes to spin model coupling (1/λ), i.e,

H
Z2
gauge(λ) ≈ λ H

Z2
spin(1/λ).

We have used ≈ above to emphasizes that this equivalence is only within the physical Hilbert

space Hp. The resulting Z2 spin model (4.14) on an infinite lattice is invariant under the

global Z2 transformation:

µ1(p)→ µ1(p), µ3(p)→ −µ3(p), ∀p ∈ Λ. (4.17)

Its generator GΛ ≡ ∏
p∈Λ

µ1(p) leaves the Hamiltonian (4.14) invariant: GΛHG−1
Λ = H. Unlike

the initial Z2 gauge symmetry of Z2 gauge theory, the global Z2 symmetry of the dual spin

model (4.14) is the symmetry of the spectrum. Being independent of gauge invariance, it al-

lows the Ising spin model (4.14) to be magnetized through spontaneous symmetry breaking

for λ << 1. As a consequence of canonical transformations or duality:

〈
µ1(p)

〉

H
z2
spin(1/λ)

=
〈

σ3(l1)σ3(l2)σ3(l3)σ3(l4)
〉

H
z2
gauge(λ)

〈
µ3(x, y)

〉
Hz2

spin(1/λ)
=

〈
N

∏
y′=y

σ1(x, y′, 1̂)

〉

Hz2
gauge(λ)

(4.18)

The above equations describe the dual relationship between order and disorder in the gauge

and spin systems at different couplings. The first relation above states that at large coupling
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(low temperature) λ >> 1 when the gauge system is in ordered phase,

< µ1(p) >
H

z2
spin(1/λ<<1)

=< σ3(l1)σ3(l2)σ3(l3)σ3(l4) >
H

z2
gauge(λ>>1)

≈ 1,

the dual spin system is at high temperature and in the disordered phase. In other words,

the dual electric scalar potential or the spin values µ3(p) = ±1 are equally probable in the

ground state. This is deconfined phase with Wilson loop following perimeter law [7, 56, 122,

125–129, 144]:

〈W[C]〉 ≡ 〈∏
l∈C

σ3(l)〉 = exp
(
− λ−2 Perimeter(C)

)
, λ >> 1. (4.19)

On the other hand, at small coupling (λ << 1), the spin system is in ordered phase,

< µ3(x, y) >Hz2
spin(1/λ>>1)=

〈
N

∏
y′=y

σ1(x, y′, 1̂)

〉

Hz2
gauge(λ<<1)

≈ 1,

with all electric scalar potentials µ3(p) aligned. The gauge system is now disordered as the

two values of the magnetic vector potentials σ3(l) = ±1 are equally probable in the ground

state. This is the confining phase with the Z2 Wilson loop W[C] around a closed curve C
following the area law [7, 56, 122, 125–129, 144]:

〈W[C]〉 ≡ 〈∏
l∈C

σ3(l)〉 ∼ (λ)Area(C) = exp
(
− |lnλ| Area(C)

)
, λ << 1. (4.20)

The Z2 gauge and Z2 spin model phase mapping is illustrated in Figure 4.4.

The second non-local relation in (4.18) is of particular interest as we generalize it to define

a disorder operator for SU(N) lattice gauge theories in the next section. As µ3(x, y) is an

order parameter for the Ising model and the duality mapping interchanges high and low

temperatures, we define a nonlocal disorder operator Σ(x, y) for Z2 lattice gauge theory as

Σ(x, y) =
N

∏
y′=y

σ1(x, y′, 1̂) ≡ µ3(x, y). (4.21)

Just like in the case of Kramers-Wannier duality [7, 56, 118, 123], the disorder operator Σ(x, y)

in Z2 gauge theory acting on an ordered state creates an infinitely long kink state [7, 56]

which is orthogonal to the original ordered state. Therefore, the expectation value of the

disorder operator in an ordered state is 0. Below the critical point λc, its expectation value is

non-zero. This is the disordered phase and can be understood as because of kink condensa-

tion [7, 124]. We therefore obtain:

〈Σ(x, y)〉 6= 0 λ << 1, 〈Σ(x, y)〉 = 0 λ >> 1. (4.22)
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Σ(x,y)

(x, y)

(a)

≈ ≈ ≈ ≈≈

Σ(x,y)

(x, y)−

−

−

−

(b)

≈ ≈ ≈ ≈≈

Σ(x,y)

Σ(x′,y′)

−

−

−

(x, y)

(x′, y′)

(c)

Figure 4.5: Graphical illustration of Z2 disorder operator creating a vortex in terms of (a) the dual
operator µ3(x, y) and (b) the original σ1 operators which forms an infinitely long string.
(c) illustrates a vortex-antivortex pair. The dark heavy horizontal links across the strings
in (b) and (c) represent the flipping of the link flux operators σ3(x− 1, y′, 1̂); y′ > y by the
disorder operator µ3(x, y). Generalization of Z2 disorder operator to SU(N) lattice gauge
theory is illustrated in Figure 4.7.

The duality between Z2 gauge theory and Ising model and the corresponding phase dia-

grams are shown in Figure 4.4. Note that the disorder operator Σ(x, y) is gauge invariant as

it commutes with the local Gauss law operators G(n) = ∏
ln

σ1(ln) given in (3.5). In order to

generalize (4.21) to SU(N) disorder operators (discussed in the next section), it is convenient

to define Z2 loop electric field E(x, y) as µ3(x, y) ≡ eiπE(x,y). Using the Z2 electric field and

vector potential representation (3.2), we write (4.21) as

Σ(x, y) = exp i
(

π
N

∑
y′=y

E(x, y′; 1̂)
)
≡ exp i

(
π E(x, y)

)
. (4.23)

Using the anticommutation relation between σ1(l) and σ3(l) with the defining relation (4.21):

W[C] Σ(x, y) =
(

eimπ
)

Σ(x, y) W[C]. (4.24)

As C is a closed loop: m = 1 if the point (x, y) is inside C and m = 0 if (x, y) is outside C. This

can be generalized to more complicated curves where m equals the winding number which is

number of times the curve C winds around the plaquette p. The algebra (4.24) is the standard

Wilson-t’Hooft loop algebra for the simplest Z2 lattice gauge theory in (2+ 1)dimensions. We

will generalize the Z2 disorder operator (4.21) or equivalently (4.23) to SU(N) lattice gauge

theory in section 4.3 after discussing SU(N) duality in the next section.

4.3 duality in su(n) lattice gauge theory

Just like in Z2 lattice gauge theory, we now show that the canonical transformations leading

to loop formulation of SU(N) lattice gauge theory in section 3.2 are SU(N) duality trans-
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formations. To keep the discussion simple, we will systematically generalize the Z2 lattice

gauge theory results of the last section to SU(N) lattice gauge theory in this section.

In the Kogut-Susskind formulation, (chromo) electric field operators (~E(l)) were funda-

mental whereas magnetic field operators were composite of the fundamental link operators

(Uαβ(l)). Further, {Ea(l), Uαβ(l)} form conjugate pairs (2.11) on every link l and the Hamil-

tonian (3.59) is

H = g2
4

∑
l=1

~E2(l) +
K
g2

[
2N − Tr

(
U1 U2 U†

3 U†
4 + h.c

)]

≡ HE + HB. (4.25)

The SU(N) Gauss law constraints (2.18) are

Ga(n) =
2

∑
i=1

(
Ea
−(n, î) + Ea

+(n, î)
)
= 0, ∀n, a. (4.26)

On the other hand, in the loop description the Kogut-Susskind Hamiltonian (3.83)

H = ∑
x,y∈Λ

g2

2

{[
~E−(x + 1, y + 1) + ~E+(x + 1, y) + ∆XY(x, y)

]2

+
[
~E+(x + 1, y + 1) + Rbc(W(x, y))~E c

−(x, y + 1) + ∆Y(x, y)
]2
}

+
1

2g2

(
2N − (Tr W(x, y) + h.c)

)
≡ g2H̃E +

1
g2 H̃B. (4.27)

The above expressions (4.25), (4.26) and (4.27) are the SU(N) lattice gauge theory analogs of

the corresponding Z2 expressions (4.12), (4.13) and (4.14) respectively.

We further note that after all SU(N) canonical transformations over the entire lattice, the

original link operators in (4.25) and the loop operators in (4.27) are related as (3.72):

Ea
+(x, y; 1̂) = Rab(T

†(x, y))
[
E b
−(x + 1, y + 1) + E b

+(x + 1, y) + ∆b
X(x, y)

]

Ea
+(x, y; 2̂) = Rab(T

†(x, y))
[
E b
+(x + 1, y + 1) + Rbc(Wxy)E c

−(x, y + 1) + ∆b
Y(x, y)

]
.

U1 U2 U†
3 U†

4 = W(x, y). (4.28)

The left and right electric fields Ea
+(~n, î), Ea

−(~n + î, î) on a link (~n, î) are related through

parallel transport (2.13):

Ea
−(x, y; 1̂) ≡ Rab

(
U†(x− 1, y, 1̂

)
Eb
+(x− 1, y; 1̂),

Ea
−(x, y; 2̂) ≡ Rab

(
U†(x, y− 1, 2̂

)
Ea
+

(
x, y− 1; 2̂

)
. (4.29)
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SU(N) lattice gauge theory

(x, y)

Local Gauss law :

Ga(x, y) =
2∑

i=1

[
Ea

+(x, y, î) + Ea
−(x, y, î)

]
= 0

SU(N)

Duality/Canonical

transformations

{Ea
±;U}

(x, y)

{Ea
±;W}

SU(N) spin model.

Global Gauss law :

Ga(0, 0) =
∑
x,y

[
Ea
+(x, y) + Ea

−(x, y)
]
= 0

Figure 4.6: Duality between SU(N) lattice gauge theory and an SU(N) spin model. Unlike the corre-
sponding Z2 duality in Figure 4.3-a,b, global SU(N) Gauss law constraints at the origin
remain unsolved. The Gauss law constraints at every other point Ga(x, y) ; (x, y) 6= (0, 0)
are trivially solved in the loop/spin picture.

Like in Z2 lattice gauge theory (4.16), in terms of the loop electric fields the SU(N) Gauss law

constraints, away from the origin, become identities. In other words;

Ea
+(x, y; 1̂) + Ea

+(x, y; 2̂) + Ea
−(x, y; 1̂) + Ea

−(x, y; 2̂) ≡ 0. (x, y) ∈ Λ, (x, y) 6= (0, 0). (4.30)

The identities (4.30) are shown in Appendix A (see equation (A.44)). In Appendix A, we also

show (see equation A.46) that in terms of loop electric fields, the Gauss law constraints at

the origin (0, 0) are

Ga(0, 0) ≡ Ea
+(0, 0; 1̂) + Ea

+(0, 0; 2̂) =
Ns−1

∑
x,y=1

(
E a
+(x, y) + E a

−(x, y)
)

. (4.31)

Thus, unlike Wegner’s Z2 gauge theory duality where the dual variables were gauge invari-

ant2, in SU(N) lattice gauge theory, all dual operators transform under the gauge trans-

formations at the origin (3.74). This is the global gauge invariance. The Gauss law con-

straints (4.31) reflects this gauge invariance. More explicitly, in abelian gauge theories the

left electric field (E−(x, y)) and the right electric field (E+(x, y)) of a loop operator differ

by sign (E−(x, y) + E+(x, y) ≡ 0) and (4.31) identically vanishes for each plaquette. The

duality from links to loops or spins in SU(N) lattice gauge theory and the special role of

the Gauss law at the origin are illustrated in Figure 4.6. Note that the conjugate loop op-

erators {Wαβ(x, y); E a
±(x, y)} have the interpretation of dual operators. They are the SU(N)

analogues of the dual pairs {µ1(x, y); µ3(x, y)} in the Z2 lattice gauge theory case. All other

general features of duality extensively discussed in the context of the simplest Z2 lattice

gauge theory are also valid.

2 The global Z2 invariance of the dual Ising model is a real symmetry of the spectrum.
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Σ+
θ (x,y)

(x, y)

(a)

≈ ≈ ≈ ≈≈

Σ+
θ (x,y)

(x, y)θ

θ

θ

θ

(b)

≈ ≈ ≈ ≈≈

Σ+
θ (x,y)

Σ−θ (x
′,y′)

θ

θ

θ

(x, y)

(x′, y′)

(c)

Figure 4.7: Graphical illustration of the disorder operator Σ+
θ (x, y) creating a plaquette vortex

(monopole) in terms of (a) the dual operators, (b) the original Kogut-Susskind link op-
erators but now with infinitely long Dirac string, (c) a vortex-antivortex (monopole-anti-
monopole) pair connected through a finite length Dirac string. The dark heavy horizontal
links across the Dirac strings in (b) and (c) represent rotations of the Kogut-Susskind link
flux operators U(x− 1, y′; 1̂), y′ ≥ y by θ.

SU(N) Disorder Operator

Exploiting duality transformations, we now construct a SU(N) gauge invariant disorder op-

erator which measure the magnetic disorder in the gauge system [14, 64, 128, 144, 146, 147].

This is analogous to the disorder operator in Z2 lattice gauge theory discussed in the last

section. we will focus on a single plaquette p = (x, y) in this section. To keep the arguments

simple, we consider SU(2) lattice gauge theory. The magnetic plaquette flux operator in the

magnetic basis can be written as:

W(x, y) ≡ cos
(

ω(x,y)

2

)
σ0 + i

(
ŵ(x,y) ·~σ

)
sin
(

ω(x,y)

2

)
; ŵ(x,y) · ŵ(x,y) = 1, ∀ (x, y).

(4.32)

In (4.32), ω(x, y) are gauge invariant angles, ŵ(x, y) are the unit vectors in the group mani-

fold S3 and σ0,~σ(≡ σ1, σ2, σ3) are the unit, Pauli matrices. Under global gauge transformation

Λ ≡ Λ(0, 0) in (3.74), (ω, ŵ) transform as:

ω(x, y)→ ω(x, y), ŵa(x, y)→ Rab(Λ) ŵb(x, y). (4.33)

Above, Rab(Λ) are defined in (2.13). We define two unitary operators:

Σ±θ (x, y) ≡ exp i
(

ŵ(x, y) · E±(x, y)
θ

2

)
= exp i

(
Tr (σaW(x, y)) E a

±(x, y)
θ

2

)
, (4.34)
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which are located on a plaquette p ≡ (x, y) as shown in the Figure 4.7-a. They both are gauge

invariant because E a
±(x, y) and ŵ(x, y) gauge transform like vectors as shown in (3.74) and

(4.33). In other words,
[
Ga, Σ±θ (x, y)

]
= 0, where Ga is defined in (3.75). As the left and right

electric scalar potentials are related through (3.70), Σ±θ (x, y) are not independent and satisfy:

Σ+
θ (x, y) Σ−θ (x, y) = Σ−θ (x, y) Σ+

θ (x, y) = I. (4.35)

Above I denotes the unit operator in the physical Hilbert space Hp and Σ−θ = Σ+
−θ . The phys-

ical meaning of the operators Σ±θ (x, y) is simple. The non-abelian electric scalar potentials

E a
±(x, y) are conjugate to the magnetic flux operators Wαβ(x, y). They satisfy the canonical

commutation relations (3.69a). Therefore, the gauge invariant operator Σ±θ (x, y) locally and

continuously changes the magnetic flux on the plaquette p = (x, y) as a function of θ. To

see this explicitly, we consider common eigenstates |ω(x, y), ŵ(x, y)〉 ofWαβ(x, y) on a single

plaquette. These states are explicitly constructed in appendix B. They satisfy:

TrW |ω, ŵ〉 = 2 cos
(ω

2

)
|ω, ŵ〉 . (4.36)

We have ignored the irrelevant plaquette index p ≡ (x, y) in (4.36) as we are dealing with a

single plaquette. It is easy to check:

|ω, ŵ〉±θ ≡ Σ±θ |ω, ŵ〉 = |ω± θ, ŵ〉 , (4.37)

implying,

Tr W |ω, ŵ〉±θ = 2 cos
(

ω± θ

2

)
|ω, ŵ〉±θ . (4.38)

We further define:

Σ2π ≡ Σ+
θ=2π = Σ−θ=2π ; (Σ2π)

2 = I. (4.39)

The equations (4.36) and (4.39) state:

Σ2π (TrW) = − (TrW) Σ2π. (4.40)

We thus recover the standard Wilson-’t Hooft loop Z2 algebra [14, 64, 128, 144, 146, 147] for

SU(2) at θ = 2π. The operator Σ2π is the SU(2) ’t Hooft operator. The plaquette magnetic

flux operators Σ±θ (x, y) in (4.34) can also be written as a non-local sum of Kogut-Susskind

link electric fields along a line and the corresponding parallel transports using (3.68). The

magnetic flux on the plaquette p = (x, y) thus develops an infinite kink or Dirac string in

the original (standard) {Ea(l); U(l)} description. This is similar to the discrete Z2 disorder
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operator Σ(x, y) written in terms of the original electric field operators σ1(x, y′); y′ = y, y +

1, · · ·Ns − 1 in (4.21) and (4.23). The singular Dirac string is shown in Figure 4.7-b. Note that

the disorder operator in the strong coupling (g2 → 0) vacuum |0〉 satisfies:

〈
0|Σ±θ (x, y)|0

〉
= 1, 〈0|TrWC(U)|0〉 = 0,

showing that the strong coupling ground state |0〉 is maximally disordered with respect to

the original magnetic vector potentials. The expectation values of Wilson loops, on the other

hand, are zero. The study of Σ±(θ) across deconfinement transition in SU(2) lattice gauge

theory along with the vacuum correlation functions of 〈Σ±θ (p)Σ∓θ (p′)〉, as |p− p′| → ∞ are

some of the issues yet to be explored. The SU(N) generalization of of the construction (4.34)

using SU(N) group manifolds is also under investigation.



5
S U ( 2 ) L O O P S & H Y D R O G E N AT O M

In this chapter, we show that the gauge invariant physical or loop Hilbert space Hp of pure

SU(2) lattice gauge theory can be completely and most economically realized in terms of the

Wigner coupled bound energy eigenstates |n l m〉 of hydrogen atoms [54]. One hydrogen

atom is assigned to every plaquette of the lattice. The SU(2) global invariance (3.75) implies

that the total angular momenta of all hydrogen atoms vanish. This Wigner coupled hydrogen

atoms basis describe quantized SU(2) loop electric fluxes in terms of (n, l, m) and is orthonor-

mal as well as complete in Hp. Following Fock [148–150], we describe P hydrogen atoms on

their momentum hypersphere S3 (see section 5.2) so that their hidden SU(2)× SU(2) sym-

metries become manifest. We show that the equivalence of the gauge theory and hydrogen

atom Hilbert spaces has its origin in the identification of SU(2) group manifold S3 associated

with each plaquette loop holonomy with the S3 of the corresponding hydrogen atom (see

discussion towards the end of section 5.2).

5.1 hydrogen atom & so(4) symmetry

The hydrogen atom can be elegantly solved using group theory[148–153] which exploits

manifest rotational and hidden Runge Lenz symmetries generated by angular momentum

(a)

H

H

H

H

O

|n1, l1,m1〉 |n2, l2,m2〉

|n3, l3,m3〉|n4, l4,m4〉

Figure 5.1: One hydrogen atom, denoted by •, is assigned to each plaquette. The Wigner coupled
energy eigenstates |np lp mp〉 given in (5.19) with vanishing total angular momenta form
a basis in the physical Hilbert space Hp of pure SU(2) lattice gauge theory.

88



5.1 hydrogen atom & so(4) symmetry 89

(~L) and Laplace Runge Lenz (~A) operators1 respectively. These generators commute with the

hydrogen atom Hamiltonian and satisfy ~L · ~A = 0. This leads to SU(2)⊗ SU(2) symmetry

algebra generated by

~J± ≡
1
2
(~L± ~A), (5.1)

on the bound states of hydrogen atom (E < 0) [151, 152]. Further, the two angular momen-

tum operators satisfy

[
Ja
+, Jb
−
]
= 0, ~J 2

+ = ~J 2
− ≡ ~J 2. (5.2)

As a consequence, the two equivalent complete set of commuting operators (CSCO) are

Uncoupled basis : [(~J+) 2, Jz
+; (~J−)2, Jz

−] ≡ [(~J) 2, Jz
+, Jz

−] : (CSCO− I), (5.3)

Coupled basis : [(~J) 2, (~J+ +~J−)2, (~Jz
+ +~Jz

−)] ≡ [~J 2, ~L2, ~Lz] : (CSCO− I I) (5.4)

Following Wybourne [151, 152], we define :

Ja
− ≡ a†

(
σa

2

)
a; Ja

+ ≡ b†
(

σa

2

)
b. (5.5)

In (5.5) (a†
1, a†

2) and (b†
1 , b†

2) represent SU(2) doublets of Schwinger boson (prepotential) cre-

ation operators, σa (a=1,2,3) are the Pauli matrices. The condition ~J 2
− = ~J 2

+ implies Na = Nb

where Na = a† · a and Nb = b† · b are the total number operators. The orthonormal and

complete basis diagonalizing CSCO-I is given by [151, 152]:

|j = j− = j+, m−, m+〉 = |j, m−〉 ⊗ |j, m+〉; (5.6)

|j− = j, m−〉 ≡
(a†

1)
(j+m−)(a†

2)
(j−m−)

(j + m−)!(j−m−)!
|0〉, |j+ = j, m+〉 ≡

(c†
1)

(j+m+)(c†
2)

(j−m+)

(j + m+)!(j−m+)!
|0〉. (5.7)

Above2, cα ≡ εαβbβ.

1 We follow Wybourne [151] for hydrogen atom discussions. The Runge Lenz vector has been scaled by 1√
−2E

i.e,

~A = 1
2m
√
−2E

[
~p×~L−~L× ~p− k

r~r
]
. Here E and m are the energy and the reduced mass. The operators ~p, ~L, ~r are

the momentum, angular momentum and the position operators respectively[151].
2 Under an SU(2) transformation Λαβ, c†

α transform from the right i.e, c†
α → c†

βΛβα, unlike b†
α which transforms

from the left, b†
α → Λαβb†

β. This is important in the construction of the magnetic basis which diagonalizes Wilson
loops.
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W
α
β
(0
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)

j-j coupling

hydrogen atom

|j,m+〉|j,m−〉

|n, l,m〉
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Ea +
(0
,0
)

Ea
−(0, 0)O A
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n
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=
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loop state |n, l,m〉
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0
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Figure 5.2: A graphical tadpole representation of hydrogen atom states |n l m〉 or equivalently a SU(2)
loop state over a plaquette. The dotted arch represents j+ = j− = j in the j-j coupling (5.8)
which is denoted by •. The tadpole loop represents the SU(2) flux circulating within the
plaquette. The vertical leg of tadpole represents the leakage of the angular momentum
flux (l, m) through the plaquette.

The other equivalent coupled hydrogen atom basis diagonalizing the CSCO-II is given by:

|n l m〉 ≡ ∑
m−,m+

C l,m
jm−,jm+

|j, m−〉 ⊗ |j, m+〉. (5.8)

In (5.8), n ≡ (2j + 1) = 1, 2 · · · ; l = 0, 1, 2, · · · , 2j ≡ (n − 1); m = −l, · · · ,+l; C l,m
jm′,jm̄ are

the Clebsch-Gordan coefficients. The states |j, m−〉 and |j, m+〉 are coupled together using

Clebsch-Gordon coefficients to give the coupled hydrogen atom states |n l m〉. • in Figure 5.2

and Figure 5.3 a,b represents the j-j coupling in eqn.(5.8) . These |n l m〉 states are eigenstates

of J2, L2, Lz with eigenvalues j(j + 1)
(
≡ 1

4 (n
2 − 1)

)
, l(l + 1), m respectively. They are also

the eigenstates of the hydrogen atom Hamiltonian with energy [151, 152] En ∼ −1/n2. The

states |n, l , m〉 are graphically represented by tadpoles as shown in Figure 5.2-b.

5.2 su(2) loop states & hydrogen atom bound states

a. Single plaquette case

We first start with the simple single plaquette case to illustrate the correspondence between

hydrogen bound states and SU(2) loop states. We identify the hydrogen atom angular mo-

mentum ~L, Lenz vector operators ~A (combinations of ~L and ~A to be precise) with the SU(2)

loop electric field operators ~E± of the gauge theory:

Ja
∓ ↔ E a

∓. (5.9)
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Above, Ja
∓ = 1

2 (La ± Aa). This identification further implies:

La (≡ Ja
+ + Ja

−) ↔ La (≡ E a
+ + E a

−). (5.10)

where La are the angular momentum operators of a hydrogen atom and La = E a
+ + E a

− are

the generators of Gauss law (3.48) in a single plaquette case. The SU(2) Gauss law constraint

on a single plaquette and its hydrogen atom analogue is :

Ga(0, 0) = La = E a
− + E a

+ = 0 ↔ La (≡ Ja
+ + Ja

−) = 0. (5.11)

This immediately implies that CSCO-I (see (5.3))
[

J2, Jz
+, Jz
−
]

and CSCO-II(see (5.4))
[

J2, L2, Lz]

of hydrogen atom also characterize lattice gauge theory Hilbert space. CSCO-II is more nat-

ural for gauge theory as the SU(2) Gauss law constraints (5.11) are trivially solved in the

coupled |n, l, m〉 basis diagonalizing CSCO-II by demanding l = m = 0. Therefore, the

spherically symmetric energy eigenstates |n, l = 0, m = 0〉 of hydrogen atom also form

a complete, orthonormal loop basis of SU(2) lattice gauge theory on a single plaquette. In

order to construct these states, it is convenient to use Schwinger boson (prepotential) repre-

sentation of SU(2) loop electric field and flux operators [48, 49]:

E a
− = a†

(
σa

2

)
a; E a

+ = b†
(

σa

2

)
b;

Wαβ =
1√

(N + 1)

(
ã†

α b†
β − aα b̃β

) 1√
(N + 1)

. (5.12)

Above ãα ≡ εαγaγ. Like link electric fields, loop electric fields satisfy (~E−)2 = (~E+)2 (see eqn

(2.14)) implying Na = Nb ≡ N. Above loop basis states |n, l = 0, m = 0〉 can be constructed

in terms of loop prepotentials as follows:

|n〉 ≡ |n, l = 0, m = 0〉 = (k+)
n

√
n!(n + 1)!

|0〉.
∞

∑
n=1
|n〉〈n| = I , 〈m|n〉 = δnm. (5.13)

In (5.13) I is the identity operator in Hp. The loop creation-annihilation and number opera-

tors are defined as:

k+ ≡ a† · b̃†, k− ≡ a · b̃; k0 ≡ 1/2(Na + Nb + 2).

These operators form SU(1, 1) algebra which is discussed in section 5.3 in the context of the

dynamical symmetry group SO(4, 2) of hydrogen atom .
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b. Finite lattice case

We now generalize the above results to a finite lattice. Some equations from the last chapter

are repeated here for ease of presentation. One hydrogen atom is associated with each pla-

quette of the lattice. Just like in the single plaquette case, we identify Ja
∓(p) of the hydrogen

atom associated with each plaquette p with the SU(2) loop electric field E a
∓(p).

Ja
∓(p) ↔ E a

∓(p); p = 1, · · · P . (5.14)

Above, P is the total number of plaquettes on the lattice. As before, this identification implies

La(p) (≡ Ja
+(p) + Ja

−(p)) ↔ La(p) (≡ E a
+(p) + E a

−(p)); p = 1, · · · P . (5.15)

The global SU(2) Gauss law constraints on a finite lattice implies that the total angular mo-

mentum of all the hydrogen atoms is 0 :

Ga(0, 0) = ∑
p
La(p) = 0 ↔ ∑

p
La(p) = 0. (5.16)

Above, the p summation is over all the plaquettes. The above correspondence implies that

SU(2) lattice gauge theory Hilbert space on a lattice with P plaquettes are characterized by

the following Complete Set of Commuting Operators (CSCO):

Uncoupled basis :





~J 2
1

~J 2
2 · · · ~J 2

P−1
~J 2

P

~L2
1

~L2
2 · · · ~L2

P−1
~L2
P

~Lz
1

~Lz
2 · · · ~Lz

P−1
~Lz
P





(CSCO− A) (5.17)

Coupled basis :





~J 2
1

~J 2
2 · · ·~J 2

P−1
~J 2

P

~L2
1

~L2
2 · · ·~L2

P−1
~L2
P

(~L12)
2 (~L123)

3 · · · (~Ltotal)
2 ~Lz

total





. (CSCO− B) (5.18)

Above, (~L1,2,···q)2 ≡ (~L1 +~L2 + · · ·~Lq)2 with eigenvalue l1,2···q(l1,2···q + 1) and q = 2, 3, · · · ,P
and (~Ltotal)

2 ≡ (~L1,2,···P )2. For the special case of P = 4, the uncoupled basis diagonalizing

CSCO-A and the coupled basis diagonalizing CSCO-B are graphically illustrated in Figure

5.3 (a) and (b) respectively. These CSCOs were discussed in the context of SU(2) lattice gauge

theory in eqns (3.76) and (3.79). CSCO-B is more suitable for SU(2) gauge theory as the SU(2)

Gauss law can be trivially solved by demanding that (Ltotal)
2 = Lz

total = 0. Such a gauge

invariant loop basis diagonalizing CSCO-B (see equation (3.79) was already described in
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Figure 5.3: Graphical tadpole representation of [a] Uncoupled hydrogen atom basis diagonalizing
CSCO-A, [b] coupled hydrogen atom basis diagonalizing CSCO-B. The dots • and • rep-
resent jj and ll couplings in (5.8) and (5.20) respectively.

section 3.2.3.3. We now interpret those results in terms of hydrogen atoms. Some of the

equations are repeated for convenience. We draw tadpoles over each of the P plaquettes

and then couple their emerging angular momentum fluxes (lp, mp) with p = 1, · · · ,P in a

sequential manner as in Figure (5.3-b). It corresponds to going from decoupled tadpole basis

diagonalizing CSCO-A to the coupled basis diagonalizing CSCO-B. The resulting orthonor-

mal and complete coupled hydrogen basis describing SU(2) lattice gauge theory is given

by:

∣∣∣∣∣∣∣∣∣∣

n1 n2 · · · nP

l1 l2 · · · lP

l12 l123 · · · l12···P−2

〉
≡
{
|n1 l1 m1〉 ⊗ |n2 l2 m2〉 · · · ⊗ |nP lP mP〉︸ ︷︷ ︸

Wigner coupled states of hydrogen atoms

}ltotal=0

mtotal=0

(5.19)

Above, we have used the fact that l12···P = 0 and therefore, l12···P−1 = l12···P−2. This follows
from the Gauss law (5.16). As an example the loop states over 4 plaquettes in Figure (5.3-b)
are constructed as:
∣∣∣∣∣∣∣∣∣∣

n1 n2 n3 n4

l1 l2 l3 l4

l12

〉
= ∑

m1m2m3m4
m12m123

C l12m12
l1m1,l2m2

C l123m123
l12m12,l3m3

C 0 0
l123m123,l4m4

|n1 l1 m1〉|n2 l2 m2〉 |n3 l3 m3〉 |n4 l4 m4〉.

(5.20)

Above, the |np lp mp〉 ; p = 1, 2, 3, 4 states are coupled through Clebsch-Gordon coeffi-

cients. This is the ll coupling. The • in Figure 5.3-b shows the ll coupling in eqn.(5.20).

The above loop basis (3.80) will be briefly denoted by |[n] [l] [ll]〉. As discussed in sec-

tion 3.2.3.3, the symbols [n]; [l] and [ll] stand for the sets (n1 · · · nP ): P principle quantum

numbers; [l1 · · · lP ]: P angular momentum quantum numbers and (l12, l123, · · · , l123···(P−2)):

(P − 3) coupled angular momentum quantum numbers respectively. Thus the hydrogen
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atom loop basis (5.19) in Hp is labelled by Nd=2
SU(2) = 3(P − 1) gauge invariant quantum

numbers. As expected, this is also the dimension of quotient space Nd=2
SU(2) = dim

[
⊗linksSU(2)
⊗sitesSU(2)

]

Hydrogen atom hypersphere S3:

As shown by Fock [148–150], the SU(2)⊗ SU(2) symmetry for hydrogen bound states (p2
0 ≡

−2E > 0) becomes manifest if we transcribe the hydrogen atom dynamics on a hypersphere

S3 : (q0, ~q; q2
0 +~q 2 = 1) embedded in R4 : (p0, p1, p2, p3) through a stereographic projection:

q0 ≡
(p2

0 − ~p 2)

(p2
0 + ~p 2)

, ~q ≡ 2p0~p
(p2

0 + ~p 2)
, (5.21)

ΩH(q0,~q) ≡ q0σ0 + i~q ·~σ, q2
0 +~q 2 = 1.

Above σ0,~σ are the identity, Pauli matrices respectively. The mapping (5.21) enables us to

transform [148–150] momentum space hydrogen atom Schrodinger equation into the inte-

gral equation of the 4-dimensional spherical harmonics Yn,l,m(ΩH) representing a free par-

ticle on S3. It was later shown by Bargmann [154] that (L1, L2, L3) and (A1, A2, A3) corre-

spond to rotations in (q2q3), (q1q3), (q1q2) and (q0q1), (q0q2), (q0q3) planes respectively mak-

ing SU(2)⊗ SU(2) symmetry of hydrogen atom manifest. We will identify hydrogen atom

S3 on a plaquette p with the SU(2) group manifold S3 associated with the plaquette loop flux

operatorWαβ(p).

Wilson loop hypersphere S3:

We now analyze the equivalence between the Hilbert space of hydrogen atom and SU(2)

lattice gauge theory in the dual magnetic description. We again start with single plaquette

basis |j m− m+〉 in (5.6) and define states on SU(2) group manifold S3 as:

|ΩW〉 =
∞

∑
j=0

+j

∑
m∓=−j

{j} D j
m−m+(ΩW) |j, m−, m+〉. (5.22)

In (5.22) {j} ≡
√

(2j+1)
2π2 , D j

m−m+(ΩW) are the Wigner matrices characterized by SU(2) group

manifold S3:

ΩW (w0, ~w) ≡ w0 σ0 + i~w ·~σ, w2
0 + ~w2 = 1 : S3.
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SU(2) lattice gauge theory hydrogen atom

SU(2) group manifold S3 Momentum space S3

ΩW(ω, ŵ) ΩH(ω, ŵ)

E a
± Ja

±
La = E a

+ + E a
− La = Ja

+ + Ja
−

Aa = E a
+ − E a

− Aa = Ja
− − Ja

−

Table 5.1: The corresponding quantities in SU(2) lattice gauge theory and hydrogen atom

As shown in appendix B, the recursion relations of Wigner matrices show that the orthonor-

mal and complete angular states (5.22) also diagonalize the plaquette loop operatorsWαβ.

Wαβ |ΩW〉 =
(
ΩW (ω0, ~w)

)
αβ
|ΩW〉. (5.23)

Thus the SU(2) matrix ΩW(ω0, ŵ) on S3 describes the SU(2) magnetic fluxes on a plaquette.

Under global SU(2) transformation:

|ΩW〉 → |Λo ΩW Λ†
o〉. (5.24)

The gauge generators L1, L2, L3 in (3.47) rotate (w2w3), (w3w1), (w1w2) planes respectively

leaving w0 (gauge) invariant. Defining “Lenz operators" in lattice gauge theory as Aa ≡ E a
+−

E a
−, we see that (A1,A2,A3) generate rotations in (w0w1), (w0w2), (w0w3) planes respectively.

Therefore, the actions of (La,Aa) on ΩW in gauge theory is exactly same as the actions of

(La, Aa) on ΩH in hydrogen atom. Therefore, we further identify:

ΩH ∼ ΩW ≡ Ω.

The correspondence between quantities in SU(2) lattice gauge theory and hydrogen atom

are shown in table 5.1.

5.3 loop dynamics & dynamical symmetry group so(4 ,2) of hydrogen atom

It is well known in hydrogen atom literature [151, 152] that the operators which takes |n l m〉
to |n′ l′ m′〉 form an SO(4,2) algebra on closure. This is called the dynamical symmetry group

of hydrogen atom. In this section, we will see how this dynamical symmetry group naturally

emerges in SU(2) lattice gauge theory. We will also study its role in describing SU(2) loop

dynamics through the loop Hamiltonian (5.34).
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Lab = εabc (E c
− + E c

+) L45 = − i
2

(
k+ − k−

)
La5 = 1

2 Trσa

(
W (+) −W (−)

)

L56 = k0

La4 = (E a
− − E a

+) L46 = 1
2

(
k+ + k−

)
La6 = i

2 Trσa

(
W (+) +W (−)

)

Table 5.2: All possible 15 SU(2) tensor operators on a plaquette which are U(1) gauge invariant. They
form SO(4,2) algebra. We have defined W (+)

αβ ≡ −ã†
αb†

β andW (−)
αβ ≡ aα b̃β.

We now discuss the structure of a general gauge invariant operator inHp. We first consider

the single plaquette case. Any gauge invariant operator on a single plaquette can be created

out of the loop creation, annihilation (k+, k−) and number operators (k0). They

1. are invariant under U(1) gauge transformations (2.31) :

aα → eiθaα,

2. form SU(1, 1) ⊂ SO(4, 2) algebra

[k−, k+] = 2k0, [k0, k±] = ±k± and

3. generate transitions |n〉 → |n̄〉 within the single plaquette hydrogen atom basis in Hp.

Therefore, the dynamical symmetry group of SU(2) lattice gauge theory on a single plaquette

is given by SU(1,1).

We now generalize the above three results to the entire lattice by constructing an algebra

of U(1) invariant and SU(2) gauge covariant operators. We will then see the action of these

operators on |n, l, m〉 and show that they generate transitions |n, l, m〉 → |n̄, l̄, m̄〉. We then

show that this algebra is an SO(4,2) algebra as is expected from the corresponding result in

hydrogen atom.

We note that all 4P loop prepotential operators
(
a†

α(p), aβ(p)
)

and
(
b†

α(p), bβ(p)
)

of the

theory transform as matter doublets under the global SU(2) gauge transformations. There-

fore, the basic SU(2) tensor operators which are also invariant under U(1) gauge transforma-

tions of prepotentials can be classified3 into the following four classes:

[
a†

α(p)b†
β(p); aα(p) bβ(p); a†

α(p)aβ(p); b†
α(p)bβ(p)

]
p = 1, 2, · · · ,P . (5.25)

These are 16 SU(2) gauge covariant and U(1) gauge invariant operators on every plaquette

of the lattice. The magnitude of the left and the right electric fields on every plaquette being

equal, the number operators on each plaquette satisfy a†(p) · a(p) = b†(p) · b(p) = N̂(p).

3 Like single plaquette case, the remaining quadratic operators: [a†
α(p)a†

β(p), b†
α(p)b†

β(p), a†
α(p)bβ(p)] and their

hermitian conjugates are not invariant under U(1) gauge transformations and therefore ignored.
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Thus their number reduces to 15. These 15 operators on every plaquette, arranged as in

Table 5.2, form SO(4,2) algebra[151] :

[LAB, LCD] = −i (gAC LBD + gAD LCB + gBC LDA + gBD LAC ) . (5.26)

Above, A, B = 1, · · · , 6 and gAB is the metric (−−−−++). The algebra (5.26) can be explic-

itly checked using the prepotential representations of E a
∓ andW∓. Note that the fundamental

loop quantization relations (3.46) are also contained in (5.26).

It is expected that since any gauge invariant operators can be constructed out of the above

SO(4,2) generators, it forms the dynamical symmetry group of SU(2) lattice gauge theory.

This can be seen as follows. Let |ψ〉 be a physical state and Ô be any gauge invariant operator.

Then the state |ψ′〉 ≡ Ô |ψ〉 is also a physical state. As |ψ〉 , |ψ′〉 ∈ Hp, both can be expanded

in the “hydrogen atom loop basis". We, therefore, conclude that any gauge invariant operator

Ô will generate a transition:

|n l m〉 Ô−→ ∑
n̄,l̄,m̄

O
n̄ l̄ m̄

n l m |n̄ l̄ m̄〉 .

Above, O
n̄ l̄ ¯m

n l m are some coefficients depending on the operator Ô.

We now show that any transition from |n, l, m〉 → |n̄, l̄, m̄〉 can be achieved by the SO(4, 2)

generators[151]. The operator L56 acts as a number operator which counts the n value ,

L56|nlm〉 = n|nlm〉. (5.27)

From the SO(4,2) algebra (table 5.2) , [L45, L46] = iL56. Therefore, k± = L45 ∓ iL46 acts as

ladder operators on n since [L56, k±] = ±k±. Similarly, we define L± = L(1) ± L(2) and A± =

A(1) ± A(2).

k+ |n l m〉 =
√
(n + 1)(n + 2) |n + 1 l m〉,

k− |n l m〉 =
√
(n + 1)(n− 1) |n− 1 l m〉,

L(3) |n l m〉 = m |n l m〉,

L± |n l m〉 = ∓ 1√
2

√
(l ∓m)(l ±m + 1) |n l m± 1〉, (5.28)

A(3) |n l m〉 = c1 |n l + 1 m〉 − c2 |n l − 1 m〉, (5.29)

A± |n l m〉 = d1 |n l m± 1〉+ d2 |n l + 1 m± 1〉+ d3 |n l − 1 m± 1〉. (5.30)
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where

c1 =

√
(l −m + 1)(l + m + 1)
(l + 1)(2l + 1)(2l + 3)

〈n l + 1||A||n l〉; c2 = −
√

l2 −m2

l(2l − 1)(2l + 1)
〈n l − 1||A||n l〉;

d1 = ∓
√

(l ∓m)(l ±m + 1)
2l(l + 1)(2l + 1)

〈n l||A||n l〉; d2 =

√
(l ±m + 1)(l ∓m + 2)
2(l + 1)(2l + 1)(2l + 3)

〈n l + 1||A||n l〉;

d3 =

√
(l ∓m)(l ∓m− 1)
2l(2l − 1)(2l + 1)

〈n l − 1||A||n l〉. (5.31)

Since La = 1
2 εabcLbc and Aa = La4, the above equations implies that the operators Lab, La4, L45

and L46 allows us to pass from any loop basis state |np, lp, mp〉 to any other basis state

|n′p, l′p, m′p〉. But, these operators do not close under commutation. Therefore, introducing La5

and La6 for closure, we get the SO(4,2) algebra in table (5.2). Appropriate combination of

the generators La5 and La6 can be used to construct flux creation and annihilation operators

corresponding to bigger Wilson loops. These operators acting on separable states creates

entangled states on the lattice. As an example, a flux creation operator for a 2 plaquette loop

Tr{W+(p1)W+(p2)} is given by

1
2

[(
La5(p1)− iLa6(p1)

)(
La5(p2)− iLa6(p2)

)
−
(
L45(p1)− iL46(p1)

)(
L45(p2)− iL46(p2)

)]
.

The plaquette loop operator and the corresponding electric fields can be written in terms of

SO(4, 2) generators.

Wαβ =
1
2
(TrW)δαβ + Tr(σkW)

(
σk

2

)

αβ

=

( −1√
L56

L46
1√
L56

)
δαβ +

(
2i√
L56

Lk6
1√
L56

)(
σk

2

)

αβ

;

(5.32)

E j
± =

1
2

(
1
2

εcabLab ∓ Lc4

)
. (5.33)

In the above, a, b, c = 1, 2, 3. Since any gauge invariant flux state on the lattice can be created

using the generators of SO(4,2) algebra, the Hamiltonian can be written in terms of these

operators. This is also clear from eqns. (5.32) and (5.33). for eg: The Hamiltonian for the

single plaquette case is given by

H = 4g2E2 − K
g2 TrW = g2 (L56)

2 − K
g2

1√
L56

L46
1√
L56

. (5.34)

The finite plaquette Hamiltonian can also be written in terms of SU(2) invariant combinations

of these SU(2) covariant and U(1) invariant SO(4,2) generators using equations (5.32) and

(5.33). Therefore, SU(2) loop dynamics is governed by the generators of SO(4,2). These results
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Figure 5.4: The SU(2) ground state picture in the hydrogen atom basis (3.80).

can also be appropriately generalized to higher SU(N) group by replacing SU(2) prepotential

operators by SU(N) irreducible prepotential operators discussed in [102, 103].

5.3.0.1 A variational ansatz

The above correspondence between hydrogen atom and SU(2) gauge theory inspires the

following simple variational ansatzes for the ground state |Ψ0〉 and the first excited state

|Ψ1〉 of SU(2) lattice gauge theory:

|Ψ0〉 = eΓ |0〉 , 〈Ψ0|Ψ0〉 = 1,

|Ψ1〉 = Σ+ |Ψ0〉 , 〈Ψ0|Ψ1〉 = 0. (5.35)

In (5.35) Γ and Σ are the SU(2)⊗U(1) gauge invariant operators constructed out of SO(4,2)

generators in the Table 1. It is convenient to write Γ = Γ+ − Γ− where Γ− ≡ (Γ+)
† and

Γ+, Σ+ have the structures:

Γ+ ≡ G1

P
∑
p=1

k+(p) +
P
∑

p1,p2=1
G2(|p1 − p2|)~k+(p1) ·~k+(p2) + · · · ,

Σ+ ≡ F1

P
∑
p=1

k+(p) +
P
∑

p1,p2=1
F2(|p1 − p2|)~k+(p1) ·~k+(p2) + · · · . (5.36)

In the first term above k+(p) is the gauge invariant SU(1, 1) ∈ SO(4, 2) plaquette loop cre-

ation operator. In the second term, we have defined SU(2) adjoint loop flux creation operator
~k+(p) on every plaquette p using SO(4,2) generators in Table 1:

ka
+(p) ≡ La5(p)− iLa6(p) = Tr(σa W(+)), a = 1, 2, 3.

Note that the expansion (5.36) is in terms of number of fundamental loops and not in

terms of coupling constant. In fact, g2 dependence of the structure functions G1, G2, · · ·
and F1, F2, · · · have been completely suppressed. The physical interpretations of (5.35) and

(5.36) are extremely simple. The operator eΓ acting on the strong coupling vacuum in (5.35)
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creates loops of all shapes and sizes in terms of the fundamental loop operators to produce

the ground state |Ψ0〉. The first term k+(p) in (5.36) creates hydrogen atom s-states on pla-

quette p or simple one plaquette loops. These are shown as small circles (tadpoles without

legs) in Figure 5.4. The second term describes doublets of hydrogen atoms with vanishing

total angular momentum. These are shown as two tadpoles joined together in Figure 5.4.

The three hydrogen atom or three tadpole states over three plaquettes (p1, p2, p3) can be cre-

ated by including a term of the form
(
~k+(p1)×~k+(p2)

)
·~k+(p3) in Γ+ and so on and so

forth. As shown in Figure 5.4, the ground state is a soup of all such coupled tadpoles or

coupled hydrogen atom clusters, each with vanishing angular momentum. The first excited

state in (5.36) is obtained by exciting loops in this ground state by a creation operator Σ+.

The sizes of the “hydrogen atom clusters" and their importance depend on the structure

functions G and F which in turn are fixed by the loop Schrödinger equation with Hamilto-

nian (3.86). These qualitative features can be made more precise by putting the ansatz (5.35)

in (3.86). The resulting Schrödinger equation can be analyzed for the structure constants4

(G1, G2, · · · ) and (F1, F2, · · · ) in the complete, orthonormal hydrogen atom loop basis (3.80)

using its dynamical symmetry group SO(4,2) algebra in (5.26).

4 A reasonable assumption is G1 >> G2 >> · · · , F1 >> F2 >> · · · in (5.36). In this case the matrix elements of
δH in (3.86) are small in the states in (5.35): 〈Ψ0| δH |Ψ0〉 ≈ 0 and 〈Ψ1| δH |Ψ1〉 ≈ 0 as [La(p), k∓(p)] = 0 and
La |0〉 = 0.



6
S U M M A RY A N D F U T U R E D I R E C T I O N S

SU(N) Mandelstam constraints were the major stumbling block in the conventional loop for-

mulation of lattice gauge theories near the weak coupling (continuum) limit. In SU(2) lattice

gauge theory, all Mandelstam constraints could be solved by constructing a spin network ba-

sis. As discussed in chapter 2, this introduces new triangular constraints and the dynamics

becomes very complicated. All these issues of over-completeness of loop basis stems from

the fact that there is no systematic method to go from the standard link formulation of Kogut

and Susskind to a loop formulation. In this thesis, we have constructed a series of canonical

transformations from the standard link variables to fundamental plaquette loop variables

and string variables. String variables naturally decouple due to the Gauss law constraints,

leaving behind a loop formulation which is free of local constraints. Since the transforma-

tion is one-one, no new constraints are introduced. This canonical transformation method

of constructing a loop formulation was developed for SU(N) lattice gauge theory in 2+1

and 3+1 dimensions. Also, in the resulting loop basis, the magnetic part of the Hamiltonian,

which is important in the weak coupling limit, takes the simplest possible form. It is a single

plaquette loop holonomy instead of product of 4 link holonomies in the Kogut-Susskind for-

mulation. In the angular momentum description of SU(2) lattice gauge theory, for instance,

the matrix element of TrUp becomes a 6j symbol instead of a 18j symbol. We showed that

the canonical transformation techniques developed in this thesis can also be applied to Z2

Ising model and Z2 lattice gauge theory to obtain old and well known Kramers-Wannier and

Wegner gauge-spin dualities respectively. We further showed that the resulting SU(N) loop

formulation is dual to the link formulation of SU(N) lattice gauge theory due to Kogut and

Susskind. In fact, as discussed in chapter 4, SU(N) duality is a generalization of Wegners

duality between Z2 lattice gauge theory and quantum Ising model in 2+1 dimensions. The

non-local part of the loop/spin Hamiltonian is proportional to atleast g3. Therefore, in the

weak coupling continuum limit, g2 → 0, the non-local terms may be ignored to compute low

energy spectrum. These issues are under investigation.

A gauge invariant loop basis was constructed for SU(2) lattice gauge theory by coupling

together electric fields conjugate to the fundamental plaquette loop operators and diagonal-

izing them. The global gauge invariance is imposed by requiring that the total loop electric

field is 0. This lead to an exact isomorphism between the physical Hilbert space of SU(2)

lattice gauge theory and that of a collection of hydrogen atoms (one for each plaquette) with

no net angular momentum. We also constructed an angular basis which diagonalizes all

101
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Wilson loops. In the above angular basis, the Schrodinger equation for the free part of the

Hamiltonian leads to a Mathieus equation for the single plaquette case.

We now briefly discuss some new future directions. Having reformulated pure SU(N)

gauge theory in terms of loop variables without any local Gauss law, Mandelstam or other

constraints, the natural next step is to solve the Hamiltonian to get the spectrum. We note that

the magnetic part of the loop Hamiltonian does not contain any interactions. This is unlike

the Kogut-Susskind picture where all the interactions are contained in this term. This makes

the loop picture suitable for a weak coupling loop expansion. Many of the the standard

methods of solution like variational method, coupled cluster method etc becomes much

more simpler in the loop formulation. The SU(N) gauge-spin duality should also allow

us to compute the gauge theory spectrum using techniques like tensor networks, Matrix

product states etc which have been extensively used in the context of spin models [155–159]

It is well known [56, 122] that Z2 lattice gauge theory is self dual in 3 + 1 dimensions. The

Hamiltonian of Z2 lattice gauge theory in 3 + 1 dimensions is given by

H = − ∑
links

σ1 − λ ∑
plaquettes

σ3σ3σ3σ3.

Just like in the 2 + 1 case, there is a local Gauss law constraint at each lattice site n. But,

unlike 2+ 1 dimensions, in 3+ 1 dimensions there are Bianchi identities which state that the

product of σ3 operators along the plaquettes which form the faces of a basic cube = 1. A

dual lattice can be defined as follows : The sites of the dual lattice are given by the centre

of each basic cube of the original lattice. Links of dual lattice passes through the plaquettes

of the original lattice. The dual operators {µ1, µ3} lying on the dual lattice can be defined

through the following relations[56, 122]:

µ1 = σ3σ3σ3σ3; σ1 = µ3µ3µ3µ3.

The second equation above can be inverted [56, 122] within the axial gauge to give a non-local

duality relation. The resulting dual Hamiltonian in terms of the µ variable is :

H = λ

(
− ∑

dual links
µ1 −

1
λ ∑

dual plaq
µ3µ3µ3µ3

)
.

Therefore, the dual theory is also a Z2 lattice gauge theory in terms of the µ variables with

an inverted coupling constant 1
λ . The above self duality can be obtained systematically by

a series of canonical transformations. The fundamental link operators in terms of which Z2

lattice gauge theory is described get transformed into fundamental plaquette loop operators

over each plaquette on the lattice. This leads to a dual theory with the fundamental de-

grees of freedom lying on plaquettes (or dual links piercing the plaquettes). Such canonical
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transformations will transform Gauss law constraints on the original lattice in terms of σ

operators to Bianchi identities on the dual lattice in terms of µ operators and vice versa. It

will be interesting to generalize Z2 duality/canonical transformations to SU(N) lattice gauge

theory in (3 + 1) dimensions. It is expected that the roles of SU(N) Gauss law and SU(N)

Bianchi identity constraints will get interchanged under such canonical/duality transforma-

tions. Construction of such a duality should proceed similar to the canonical transformations

described in the thesis. The essential difference being that there would not be any string op-

erators which decouple due to local Gauss laws. These canonical transformations are under

investigation.

The loop formulation also provides a natural framework to study the entanglement en-

tropy in gauge theories. The absence of local SU(N) Gauss laws should help us in defining

entanglement entropy in lattice gauge theories. The entanglement entropy of two compli-

mentary regions in a gauge invariant state suffers from serious obstacles [160, 161] created

by SU(N) Gauss laws at the boundary. In the present formulation the two regions can have

mutually independent hydrogen atom/tadpole basis which are coupled together across the

boundary through a single flux line at the end. The present loop approach may also be inter-

esting in the context of cold atom experiments [162–165]. The hydrogen atom interpretation

of HP and absence of local gauge invariance should bypass the challenging task of imposing

non-trivial and exotic non-abelian Gauss law constraints at every lattice site in the laboratory.

Quantum simulations of SU(2) lattice gauge theory can be realized by trapping hydrogen

like atoms on an optical lattice.

In this thesis, we constructed the loop formulation of pure SU(N) lattice gauge theory

without matter fields. Next step would be to study the inclusion of matter fields into the loop

picture. Again, we start with the Kogut-Susskind picture where matter fields are introduced

on the sites of the lattice. This modifies the Gauss law at each site of the lattice to :

[
d

∑
i=1

Ea
−(n, i) + Ea

+(n, i) + ρa(n)

]
|ψphys〉 = 0.

Above, d is the dimensionality of space and ρa(n) is the color density of matter field at

the site n. This implies that, after the canonical transformations described in the thesis, the

string degrees of freedom no longer decouple. Therefore, further canonical transformations

are needed to isolate the redundant degrees of freedom which decouples from the physical

Hilbert space to solve the local Gauss law constraints. This will be pursued in a future work.
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C A N O N I C A L T R A N S F O R M AT I O N S O N A F I N I T E L AT T I C E

In this appendix, We give the details of canonical transformations and their inverse trans-

formations in 2 + 1D on a finite lattice for Z2 (section A.1) and SU(N) (section A.2) lattice

gauge theory. Canonical transformations in 3 + 1D is illustrated on a single cube in section

A.3 for both Z2 as well as SU(N) lattice gauge theory.

a.1 Z2 lattice gauge theory in 2 + 1 dimensions

a.1.1 From links to loops & strings

In this section, we describe the canonical transformation involved in the construction of the

loop/spin formulation of Z2 lattice gauge theory on a finite lattice. The net canonical trans-

formation leads to the duality relation between the basic operators of Z2 gauge theory and

Ising model in 2 + 1 dimensions. Construction of this duality relation on a single plaquette

was described in section 3.1.2. We now generalize the duality transformation relation to a fi-

nite lattice by iterating the plaquette canonical transformation (C.T) ((3.20),(3.21)) all over the

two dimensional lattice starting from the top left plaquette of the lattice and systematically

repeating it from top to bottom and left to right. We will illustrate this procedure on a 2× 2

lattice which contains all the essential features of the construction on any finite lattice. The

sites of the lattice are labelled as O ≡ (0, 0), A ≡ (0, 1), B ≡ (0, 2), C ≡ (1, 0), D ≡ (1, 1), E ≡
(1, 2), F ≡ (2, 0), G ≡ (2, 1), H ≡ (2, 2) and the plaquettes are numbered from top to bottom

and left to right (see Figure A.1) for convenience. The dual spin operators are constructed

on a 2× 2 lattice in 4 steps.

1. We begin by performing the plaquette canonical transformation (3.20),(3.21) on plaque-

tte 1. The spin conjugate operators {µ1(1); µ3(1)} on plaquette 1 are

µ1(1) ≡ µ1(E) = σ3(A, 1̂)σ3(D, 2̂)σ3(B, 1̂)σ3(A, 2̂),

µ3(1) ≡ µ3(E) = σ1(B, 1̂). (A.1)
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Figure A.1: The ‘plaquette’ canonical transformations involved in the construction of the duality trans-
formation between Z2 lattice gauge theory and Z2 spin model on a 2× 2 lattice. The steps
(a), (b), (c) and (d) are plaquette CTs on plaquettes 1, 2, 3 and 4 respectively. The elec-
tric field σ1(l) corresponding to the vertical and horizontal links are denoted by • and �

respectively.

The redefined link and string operators around plaquette 1 are

σ3[x](D, 2̂) = σ3(D, 2̂), σ1[x](D, 2̂) = σ1(D, 2̂)σ1(B, 1̂)

σ3[x](A, 2̂) = σ3(A, 2̂), σ1[x](A, 2̂) = σ1(A, 2̂)σ1(B, 1̂)

σ3[x](A, 1̂) = σ3(A, 1̂), σ1[x](A, 1̂) = σ1(A, 1̂)σ1(B, 1̂).

Our notation is such that σ3(A, 1̂) denotes the σ3 operator corresponding to the link

which starts at site A and is in the 1̂ direction. The subscript [x] on σ3[x](A, 1̂) indicates

that the electric field σ1(A, 1̂) absorbs the electric field of the vanishing horizontal link

(B, 1̂) to become σ1[x](A, 1̂) during the plaquette canonical transformation. Note that by

our convention, the plaquette or spin operators are labelled by the top right corner of

the plaquette. This plaquette canonical transformation is illustrated in Figure A.1 (a).

As a result of Gauss law at B:

σ1[x](A, 2̂) ≡ G(B) ≈ 1.

Therefore,
{

σ1[x](A, 2̂); σ3[x](A, 2̂)
}
≡ {σ̄1(B); σ̄3(B)} are frozen and hence decouple

from the physical Hilbert space. Again, as in the main text, the string operators are

labelled by their right/top endpoints. We are now left with the conjugate spin opera-
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tors {µ1(1); µ3(1)} and the two link conjugate pair operators
{

σ1[x](D, 2̂); σ3[x](D, 2̂)
}

,
{

σ1[x](A, 1̂); σ3[x](A, 1̂)
}

. These link operators undergo further canonical transforma-

tions.

2. We now iterate the plaquette canonical transformation. on plaquette 2 to construct the

spin or plaquette conjugate operators {µ1(2); µ3(2)} and the link conjugate operators{
σ1[x](C, 2̂); σ3[x](C, 2̂)

}
,
{

σ1[x](O, 1̂); σ3[x](O, 1̂)
}

,
{

σ1[x](O, 2̂); σ3[x](O, 2̂)
}

as illustrated

in Figure A.1-b. The spin operators are

µ1(2) ≡ µ1(D) = σ3(A, 1̂)σ3(O, 2̂)σ3(O, 1̂)σ3(C, 2̂),

µ3(2) ≡ µ3(D) = σ1[x](A, 1̂) = σ1(A, 1̂)σ1(B, 1̂) (A.2)

The redefined link and new string operators around plaquette 2 are

σ3[x](C, 2̂) = σ3(C, 2̂), σ1[x](C, 2̂) = σ1(C, 2̂)σ1[x](A, 1̂) = σ1(C, 2̂)σ1(A, 1̂)σ1(B, 1̂)

σ3[x](O, 1̂) = σ3(O, 1̂), σ1[x](O, 1̂) = σ1(O, 1̂)σ1[x](A, 1̂) = G(O)G(A)G(B) ≈ 1

σ3[x](O, 2̂) = σ3(O, 2̂), σ1[x](O, 2̂) = σ1(O, 2̂)σ1[x](A, 1̂) = G(A)G(B) ≈ 1.

Thus the string conjugate pairs
{

σ1[x](O, 1̂); σ3[x](O, 1̂)
}
≡
{

σ̄1(C); σ̄3(C)
}

and
{

σ1[x](O, 2̂);

σ3[x](O, 2̂)
}
≡
{

σ̄1(A); σ̄3(A)
}

are frozen due to Gauss law at O, A and B.

3. The third step involves iterating the plaquette canonical transformation. on plaquette

3 as shown in Figure A.1(c). This leads to decoupling of
{

σ1[x](G, 2̂); σ3[x](G, 2̂)
}
≡

{
σ̄1(H); σ̄3(H)

}
,
{

σ1[xx](D, 2̂); σ3[xx](D, 2̂)
}
≡
{

σ̄1(E); σ̄3(E)
}

due to the Z2 Gauss laws

at E and H. The canonical transformations on plaquette 3 defining the spins are

µ1(3) ≡ µ1(H) = σ3(E, 1̂)σ3(G, 2̂)σ3(D, 1̂)σ3(D, 2̂),

µ3(3) ≡ µ3(H) = σ3(E, 1̂). (A.3)

The redefined links and strings around plaquette 3 are

σ3[xx](D, 2̂) = σ3[x](D, 2̂) = σ3(D, 2̂), σ1[xx](D, 2̂) = σ1[x](D, 2̂)σ1(E, 1̂) = G(E) ≈ 1

σ3[x](G, 2̂) = σ3(G, 2̂), σ1[x](G, 2̂) = σ1(G, 2̂)σ1(E, 1̂) = G(H) ≈ 1

σ3[x](D, 1̂) = σ3(D, 1̂), σ1[x](D, 1̂) = σ1(D, 1̂)σ1(E, 1̂) (A.4)
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4. Finally, we iterate the plaquette canonical transformation. on plaquette 4 which are

shown in Figure A.1(d). The conjugate spin operators {µ1(4); µ3(4)} on plaquette 4 are

µ1(4) ≡ µ1(G) = σ3(D, 1̂)σ3(F, 2̂)σ3(C, 1̂)σ3(C, 2̂),

µ3(4) ≡ µ3(G) = σ1[x](D, 1̂) = σ1(D, 1̂)σ1(E, 1̂) (A.5)

The remaining string operators are

σ3[xx](C, 2̂) = σ3[x](C, 2̂) = σ3(C, 2̂),

σ1[xx](C, 2̂) = σ1[x](C, 2̂)σ1[x](D, 1̂) = G(D)G(E) ≈ 1

σ3[x](C, 1̂) = σ3(C, 1̂)

σ1[x](C, 1̂) = σ1(C, 1̂)σ1[x](D, 1̂) = G(C)G(O)G(A)G(D)G(B)G(E) ≈ 1

σ3[x](F, 2̂) = σ3(F, 2̂), (A.6)

σ1[x](F, 2̂) = σ1(F, 2̂)σ1[x](D, 1̂) = G(G)G(H) ≈ 1.

Gauss laws at O, A, B, C, D, E, G and H implies that the remaining string operators{
σ1[xx](C, 2̂); σ3[xx](C, 2̂)

}
≡ {σ̄1(D); σ̄3(D)},

{
σ1[x](C, 1̂); σ3[x](C, 1̂)

}
≡ {σ̄1(F); σ̄3(F)}

and
{

σ1[x](F, 2̂); σ3[x](F, 2̂)
}
≡ {σ̄1(G); σ̄3(G)} are frozen. As a result, after the series

of 4 plaquette canonical transformation.s, all the Gauss law constraints are solved.

Only the plaquette/spin variables {µ1(1); µ3(1)} , {µ1(2); µ3(2)} , {µ1(3); µ3(3)} and

{µ1(4); µ3(4)} remains in the physical Hilbert space. This leads to a dual Z2 spin model.

These results can be directly generalized to any finite lattice without any new issues,

to give the duality relations (3.26a),(3.26b), (3.28a)-(3.28b).

a.1.2 From loops & strings to links (Inverse transformations)

In this section we will Invert the above transformations to write down the link operators

{σ1(n, î), σ2(n, î} in terms of the plaquette and string variables,{µ1(p), µ3(p)} and {σ̄1(n, î),

σ̄3(n, î)} respectively. We will consider a 2× 2 lattice and explicitly construct these inverse

relations by inverting the steps 4-1 involved in the construction of the loop formulation

described in the previous section.
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1. We start by inverting step (4) in section A.1.1 by the inverse transformation:[
µ(4), σ[x](F, 2̂), σ[x](C, 1̂), σ[xx](C, 2̂)

]
→
[
σ(F, 2̂), σ(C, 1̂), σ[x](C, 2̂), σ[x](D, 1̂)

]
.

σ3[x](D, 1̂) = µ1(4)σ3[x](F, 2̂)σ3[x](C, 1̂)σ3[xx](C, 2̂) = µ1(4)σ̄3(G)σ̄3(F)σ̄3(D);

σ1[x](D, 1̂) = µ3(4) (A.7)

σ3(F, 2̂) = σ3[x](F, 2̂) = σ̄3(G); σ1(F, 2̂) = σ1[x](F, 2̂)µ3(4) = σ̄1(G)µ3(4)

σ3(C, 1̂) = σ3[x](C, 1̂) = σ̄3(F); σ1(C, 1̂) = σ1[x](C, 1̂)µ3(4) = σ̄1(F)µ3(4)

σ3[x](C, 2̂) = σ3[xx](C, 2̂) = σ̄3(D); σ1[x](C, 2̂) = σ1[xx](C, 2̂)µ3(4) = σ̄1(D)µ3(4)

In the above, the σ without a subscript 1 or 3 denotes the conjugate pair {σ1, σ3}. Same

is true for µ also.

2. Inverting step (3) in section A.1.1 by the inverse transformation :[
µ(3), σ[x](D, 1̂), σ[x](G, 2̂), σ[xx](D, 2̂)

]
→
[
σ(D, 1̂), σ(G, 2̂), σ(E, 1̂), σ[x](D, 2̂)

]
.

σ3(D, 1̂) = σ3[x](D, 1̂) = µ1(4)σ̄3(G)σ̄3(F)σ̄3(D);

σ1(D, 1̂) = σ1[x](D, 1̂)µ3(3) = µ3(4)µ3(4). (A.8)

σ3(G, 2̂) = σ3[x](G, 2̂) = σ̄3(H); σ1(G, 2̂) = σ1[x](G, 2̂)µ3(3) = σ̄1(H)µ3(3).

σ3[x](D, 2̂) = σ3[xx](D, 2̂) = σ̄3(E); σ1[x](D, 2̂) = σ1[xx](D, 2̂)µ3(3) = σ̄1(E)µ3(4).

σ3(E, 1̂) = µ1[3]σ3[x](G, 2̂)σ3[x](D, 1̂)σ3[x](D, 2̂) = µ1(3)σ̄3(H)µ1(4)σ̄3(G)σ̄3(F)σ̄3(D)σ̄3(E);

σ1(E, 1̂) = µ3(3).

3. Inverting step (2) in section A.1.1 by the inverse transformation :[
µ(2), σ[x](C, 2̂), σ[x](O, 1̂), σ[x](O, 2̂)

]
→
[
σ(O, 1̂), σ(O, 2̂), σ(C, 2̂), σ(A, 1̂)

]
.

σ3(O, 1̂) = σ3[x](O, 1̂) = σ̄3(C); σ1(O, 1̂) = σ1[x](O, 1̂)µ3(2) = σ̄1(C)µ3(2).

σ3(O, 2̂) = σ3[x](O, 2̂) = σ̄3(A); σ1(O, 2̂) = σ1[x](O, 2̂)µ3(2) = σ̄1(A)µ3(2).

σ3(C, 2̂) = σ3[x](C, 2̂) = σ̄3(D); σ1(C, 2̂) = σ1[x](C, 2̂)µ3(2) = σ̄1(D)µ3(2).

σ3[x](A, 1̂) = µ1(2)σ3[x](C, 2̂)σ3[x](O, 2̂)σ3[x](O, 1̂) = µ1(2)σ̄3(D)σ̄3(C)σ̄3(A);

σ1[x](A, 1̂) = µ3(2). (A.9)
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4. Inverting step (1) in section A.1.1 by the inverse transformation :[
µ(1), σ[x](D, 2̂), σ[x](A, 1̂), σ[x](A, 2̂)

]
→
[
σ(A, 1̂), σ(D, 2̂), σ(B, 1̂), σ(A, 2̂)

]
.

σ3(A, 1̂) = σ3[x](A, 1̂) = µ1(2)σ̄3(D)σ̄3(C)σ̄3(A);

σ1(A, 1̂) = σ1[x](A, 1̂)µ3(1) = µ3(4)µ3(1).

σ3(O, 2̂) = σ3[x](O, 2̂) = σ̄3(C); σ1(O, 2̂) = σ1[x](O, 2̂)µ3(1) = σ̄1(E)µ3(3)µ3(1).

σ3(B, 1̂) = µ1(1)σ3[x](D, 2̂)σ3[x](A, 1̂)σ3[x](A, 2̂) = µ1(1)σ̄3(E)σ̄3(D)σ̄3(B);

σ1(B, 1̂) = µ3(1).

σ3(A, 2̂) = σ3[x](A, 2̂) = σ̄3(B); σ1(A, 2̂) = σ1[x](A, 2̂)µ3(1) = σ̄1(B)µ3(1).

(A.10)

We now show that the local Gauss laws at all the sites are redundant in terms of the new

dual variables. Consider the 4 links meeting at a site (x, y).

σ1(x, y, 1̂) = µ3(x + 1, y)µ3(x + 1, y + 1)

σ1(x, y, 2̂) = µ3(x, y + 1)µ3(x + 1, y + 1)

σ1(x− 1, y, 1̂) = µ3(x, y + 1)µ3(x, y)

σ1(x, y− 1, 2̂) = µ3(x, y)µ3(x + 1, y)

Therefore, Ga(x, y) = σ1(x, y, 1̂)σ1(x, y, 2̂)σ1(x− 1, y, 1̂)σ1(x, y− 1, 2̂) = 1.

a.2 su(n) lattice gauge theory in 2 + 1 dimensions

a.2.1 From links to loops & strings

In this section, we generalize the three canonical transformations (3.36), (3.39) and (3.40) in

the single plaquette case to the entire lattice in two dimension. We define a comb shaped max-

imal tree with its base along the X axis and make a series of canonical transformations along

the maximal tree to construct the string operators T [x xyy ] (x , y) attached to each lattice site

(x , y) away from the origin. This is similar to the construction of string operators T [xy ] (x , y)

attached to the points A ≡ (1, 0) , B ≡ (1, 1) and C ≡ (0, 1) in the simple single plaquette

example illustrated in Figure 3.10-a,b,c. The gauge covariant loop operatorsW (x , y) are con-

structed by fusing the string operators with the horizontal link operators U (x , y ; 1̂) again

through canonical transformations. As expected, all string operators T [x xyy ] (x , y) decouple

as a consequence of SU(N) Gauss laws G a (x , y) = 0. Thus only the fundamental physical

loop operators are left at the end. The iterative canonical transformations are performed in

6 steps. These 6 steps are also illustrated graphically for the sake of clarity.
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T[x](x, 0) U(x, 0; 1̂)

Ea
[x]+(x, 0) = Ea

−(x, 0; 1̂) Ea
+(x, 0; 1̂) Ea

−(x+ 1, 0; 1̂)

T[xx](x, 0)

T[x](x+ 1, 0)

Ea
[xx]+(x, 0) = Ea

−(x, 0; 1̂) + Ea
+(x, 0; 1̂)

Ea
[x]+(x+ 1, 0) = Ea

−(x+ 1, 0; 1̂)

Figure A.2: Graphical representation of the iterative canonical transformations (A.11). The initial
T[x](x, 0) and the final T[xx](x, 0) string operators at (x, 0) are shown. The string oper-
ator T[x](x + 1, 0) in the third row replaces T[x](x, 0) in the first row in the next iterative
step. All electric fields involved in (A.11) are also shown along with their locations.

a.2.1.1 Strings along x axis

We start by defining iterative canonical transformation along the x axis. They transform the

N link operators U(x, 0; 1̂) into N string operators T[xx](x, 0). These string operators start at

the origin and end at x = 1, 2, · · ·Ns − 1 along the x axis as shown in the Figure A.2. The

canonical transformations are defined iteratively as:

T[x](x + 1, y = 0) ≡ T[x](x, 0) U(x, 0; 1̂), T[xx](x, 0) ≡ T[x](x, 0), (A.11)

Ea
[x]+(x + 1, 0) = Ea

−(x + 1, 0; 1̂), Ea
[xx]+(x, 0) = Ea

−(x, 0; 1̂) + Ea
+(x, 0; 1̂).

Above x = 1, · · · ,Ns − 1 and the starting input for the first equation in (A.11) is T[x](1, 0) ≡
U(1, 0; 1̂). The canonical transformations (A.11) iteratively transform the flux operators

[
T[x](x, 0),

U(x, 0; 1̂)
]

and their electric fields into
[
T[xx](x, 0), T[x](x + 1, 0)

]
and their electric fields as

shown in Figure A.2. At the boundary x = Ns − 1, we define T[xx](Ns − 1, 0) ≡ T[x](N, 0)

for later convenience. As is also clear from Figure A.2, the subscript [xx] on the string flux

operator T[xx](x, 0) encodes the structure of its right electric field Ea
[xx]+(x, 0) in (A.11). More

explicitly, the last equation in (A.11) states that E[xx]+(x, 0) is the sum of two adjacent Kogut-

Susskind electric fields in x direction. Note that if we were in one dimension with open

boundary conditions, the Gauss law (2.18) would imply Ga(x) ≡ Ta
[xx]+(x, 0) = 0; ∀x mak-

ing all string operators T[xx](x, 0) unphysical and irrelevant as expected.

a.2.1.2 Strings along y axis

We now iterate the above canonical transformations to extend T[xx](x, 0) in the y direction to

get T[y](x, y = 1) and the final unphysical and ignorable string operators T[xxy](x, 0) along

the x axis as illustrated in Figure A.3-a:

T[y](x, 1) ≡ T[xx](x, 0) U(x, 0; 2̂), T[xxy](x, 0) ≡ T[xx](x, 0) (A.12)

Ea
[y]+(x, 1) = Ea

−(x, 1; 2̂), Ea
[xxy]+(x, 0) = Ea

[xx]+(x, 0) + Ea
+(x, 0; 2̂).
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T[xx](x, 0)

Ea
[xx]+

(x, 0)

Ea
+(x, 0; 2̂)

U
(x

,0
;2̂

)

Ea
−(x, 1; 2̂)

T[xxy](x, 0)

Ea
[xxy]+

(x, 0)

= Ga(x, 0)

T[y](x, 1)

Ea
[y]+

(x, 1)

Figure A.3: Graphical representation of the canonical transformations: (a) vertical string constructions
at y = 0 in (A.12) and the Gauss law (A.13) at y = 0, (b) iterative vertical string construc-
tions in (A.14) and the string electric field in (A.15).

In (A.12) we have defined T[xx](0, 0) ≡ 1 and T[xx](Ns − 1, 0) ≡ T[x](Ns − 1, 0) as mentioned

above. Substituting Ea
[xx]+(x, 0) from (A.11), we get:

Ea
[xxy]+(x, 0) =

(
Ea
−(x, 0; 1̂) + Ea

+(x, 0; 1̂) + Ea
+(x, 0; 2̂)

)
≡ Ga(x, 0) = 0. (A.13)

Again the subscript [xxy] on the string operator Ta
[xxy](x, 0) denotes that its electric field at

(x, 0) is sum of three Kogut-Susskind electric fields, two in x direction and one in y direction

as in (A.13) and represented by three squares in Figure A.3-a. We ignore T[xxy](x, 0) from

now onwards and repeat the canonical transformations (A.11) to fuse the links in y direction

along the maximal tree at fixed x(= 0, 1, · · ·Ns − 1). For this purpose, we replace T[x](x, 0)

and U(x, 0; 1̂) in (A.11) by T[y](x, y) and U(x, y; 2̂) respectively with y = 1, 2, · · · , (Ns − 1− 1)

and define:

T[y](x, y + 1) ≡ T[y](x, y) U(x, y; 2̂), T[yy](x, y) ≡ T[y](x, y), (A.14)

Ea
[y]+(x, y + 1) = Ea

−(x, y + 1; 2̂), Ea
[yy]+(x, y) = Ea

[y]+(x, y) + Ea
+(x, y; 2̂).

In (A.14), the initial string operator T[y](x, y = 1) is given in (A.12). The transformations

(A.14) are illustrated in Figure A.3-b. Again the subscript [yy] on T[yy](x, y) is to emphasize

that its electric field is sum of two adjacent Kogut-Susskind electric fields in the y direction:

Ea
[yy]+(x, y) = Ea

[y]+(x, y) + Ea
+(x, y; 2̂) = Ea

−(x, y; 2̂) + Ea
+(x, y; 2̂). (A.15)

In (A.15) we have used (A.14) to replace Ea
[y]+(x, y) in terms of Kogut-Susskind electric fields

Ea
−(x, y; 2̂). We again define T[yy](x,Ns − 1) = T[y](x,Ns − 1) at the boundary for notational

convenience.
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a.2.1.3 Plaquette loop operators

In order to remove all local SU(N) gauge or string degrees of freedom and simultane-

ously obtain SU(N) covariant loop flux operators, we now fuse the horizontal link operator

U(x, y 6= 0; 1̂) with T[yy](x, y 6= 0) through the canonical transformations:

T[x](x + 1, y) ≡ T[yy](x, y) U(x, y; 1̂), T[yyx](x, y) = T[yy](x, y) (A.16)

Ea
[x]+(x + 1, y) = Ea

−(x + 1, y; 1̂), Ea
[yyx]+(x, y) = Ea

[yy]+(x, y) + Ea
+(x, y; 1̂)

at x = 0, 1, 2, · · · , (Ns− 1) and y = 1, 2, · · · ,Ns − 1. The above transformations are illustrated

in Figure A.4. Using (A.14), the right electric field of the string flux operator T[yyx](x, y) is:

Ea
[yyx]+ = Ea

[yy]+(x, y) + Ea
+(x, y; 1̂) = Ea

−(x, y; 2̂) + Ea
+(x, y; 2̂) + Ea

+(x, y; 1̂). (A.17)

The initial loop operators (W(x, y), Ea(x, y)) shown in Figure-A.5 are defined as:

W(x, y) ≡ T[x](x, y 6= 0) T†
[yyx](x, y), T[yyxx](x, y) ≡ T[yyx](x, y), (A.18)

Ea
−(x, y) = Ea

[x]−(x, y 6= 0), Ea
[yyxx]+(x, y) = Ea

[x]+(x, y 6= 0) + Ea
[yyx]+(x, y).

Above (W(x, y), Ea
∓(x, y)) are canonically conjugate pairs. We note that the conjugate electric

fields of the string operators T[yyxx] vanishes in Hp as:

Ea
[yyxx]+(x, y) = Ea

[yyx]+(x, y) + Ea
[x]+(x, y 6= 0)

=
(

Ea
−(x, y; 2̂) + Ea

+(x, y; 2̂) + Ea
+(x, y; 1̂) + Ea

−(x, y; 1̂)
)
= Ga(x, y) = 0. (A.19)

In (A.19), we have used (A.16) and (A.17) to replace Ea
[x]+(x, y 6= 0) and Ea

[yyx]+(x, y) respec-

tively in terms of Kogut-Susskind electric fields. The relationship (A.19) solving the SU(N)

Gauss law at (x, y) is graphically illustrated in Figure A.5 and also earlier in Figure 3.12-a.

At this stage all the local gauge degrees of freedom, contained in the string operators

T[yyxx](x, y), have been removed. We now relabel T[yyxx](x, y) as T(x, y) and Ea
[yyxx]±(x, y) as

Ea
±(x, y) for notational simplicity. To simplify the magnetic field terms in the Kogut-Susskind

T[yy](x, y)

Ea
[yy]+(x, y)

U(x, y; 1̂)

Ea
+(x, y; 1̂) Ea

−(x+ 1, y; 1̂)

T[yyx](x, y)

T[x](x+ 1, y 6= 0)

Ea
[yyx]+(x, y)

Ea
[x]+(x+ 1, y 6= 0)

Figure A.4: Graphical representation of the canonical transformation in (A.16).
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T[yyx](x, y)

Ea
[x]−(x, y 6= 0)

Ea
[yyx]+(x, y)

T
[x
](
x
,y

6=
0
)

Ea
[x]+(x, y 6= 0) W (x, y)

Ea
−(x, y)

T[yyxx](x, y)

Ea
[yyxx]+(x,y)

=
Ga(x,y)

Decouples

Figure A.5: Graphical representation of the canonical transformation in (A.18).

Hamiltonian (3.59), we further make the last set of canonical transformations (A.20) which

transform the loop operators (W(x, y), Ea
±(x, y)) in (A.18) into the final plaquette loop oper-

ators (W(x, y), E a
∓(x, y)) as shown in Figure A.6. We define:

W(x, y) ≡W(x, y− 1) W̄†(x, y), W̄(x, y− 1) ≡W(x, y− 1); (A.20)

E a
+(x, y) = Ēa

−(x, y), Ēa
+(x, y− 1) = Ea

+(x, y− 1) + Ēa
+(x, y)

Above [W(x, y), E a
+(x, y)] ,

[
W̄†(x, y), Ēa

+(x, y)
]

are canonically conjugate loop operators and

y = Ns − 1, (Ns − 1), · · · , 1. The canonical transformation is initiated with the boundary op-

erator W̄(x, y = Ns − 1) ≡ W(x, y = Ns − 1) and at the lower boundary W(x, 1) ≡ W̄†(x, 1).

Having constructed plaquette loop operators and conjugate electric fields using the canon-

ical transformations (A.16)-(A.20), we now use these relations to write the plaquette loop

electric fields directly in terms of the Kogut-Susskind link electric fields. Using (A.20),

E a
+(x, y) = Ēa

−(x, y) = −Rab(W̄(x, y))Ēa
+(x, y) = −Rab(W̄(x, y))

{
Eb

+(x, y) + Ēb
+(x, y + 1)

}

(A.21)

W(x, y)

Ea+(x, y)

Ēa
+(x, y − 1)

W̄ (x, y − 1)

W̄ †(x, y)

Ēa
−(x, y)

W (x, y − 1)

Ea +
(x
,y
−

1)

Ēa
+(x, y)

Figure A.6: Graphical representation of the canonical transformation in (A.20).
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Iterating this relation and using the relation Eb
+(x, y′) = −Rbc(W†(x, y′))Ec

−(x, y′), we get

E a
+(x, y) = −Rab(W̄(x, y))

Ns−1

∑
y′=y

Eb
+(x, y′) = −Rab(W(x, y))

Ns−1

∑
y′=y
−Rbc(W†(x, y′))Ec

−(x, y′)

(A.22)

From eqn. (A.18) we have Ec
−(x, y′) = Ec

[x]−(x, y′) = −Rcd(T[x](x, y′)) Ed
[x]+(x, y′) and from

(A.16), Ed
[x]+(x, y′) = Ed

−(x, y′). Therefore,

E a
+(x, y) = −

Ns−1

∑
y′=y

Rab

(
W(x, y)W†(x, y′)T[x](x, y′)

)
Eb
−(x, y′, 1̂) (A.23)

= −
Ns−1

∑
y′=y

Rab

(
T(x− 1, y) U(x− 1, y; 1̂)

y′

∏
y′′=y

U(x, y′′; 2̂)

︸ ︷︷ ︸
S(x,y,y′)

)
Eb
−(x, y′, 1̂) ≡ −

Ns−1

∑
y′=y

Rab
(
S(x, y, y′)

)
Eb
−(x, y′; 1̂).

This is the relation (3.68) in the text which was further graphically illustrated in Figure

3.12-b.

a.2.2 From loops & strings to links (Inverse transformations)

In this part, we systematically write down all Kogut-Susskind link electric fields in terms

of loop flux operators and loop electric fields. We calculate the link electric fields in three

separate cases: a) Ea(x, y = 0; 1̂) shown in Figure 3.13-a, b) Ea(x, y 6= 0; 1̂) shown in Figure

3.13-b and c) Ea(x, y; 2̂) shown in Figure 3.13-c.

a.2.2.1 Case (a): Ea
+(x, 0; 1̂)

Consider the left electric field of a Kogut-Susskind link operator along the x axis, E+(x, 0; 1̂).

From canonical transformation A.11(figure. A.2), we have Eb
[xx]+(x, 0) = Eb

−(x, 0, 1̂)+Eb
+(x, 0; 1̂).

Therefore,

Ea
+(x, 0; 1̂) = −Rab(U(x, 0, 1̂))Eb

−(x + 1, 0, 1̂)

= −Rab(U(x, 0, 1̂))
{
Eb
[xx]+(x + 1, 0)− Eb

+(x + 1, 0; 1̂)
}

(A.24)

Iterating this expression, we obtain

Ea
+(x, 0; 1̂) = Rab

(
T†(x, 0)

) Ns−1

∑
x̄=x+1

−Rbc (T(x̄, 0))Ec
[xx]+(x̄, 0) (A.25)

Above, we have made use of the fact that T†(x, 0)T(x̄, 0) = U(x, 0; 1̂)U(x + 1, 0; 1̂) · · ·U(x̄−
1, 0; 1̂) if x̄ > x. From this expression it is clear that all the ~E[xx]+(x̄, 0); x̄ > x are parallel

transported back to the point (x, 0) to give ~E+(x, 0, 1̂) so that the gauge transformations of
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link and string operators are consistent with (A.25). This is a general trend which will be

seen at each step of canonical transformations.

• ~E[xx]+ → ~E[y]+ → ~E[yy]+

Writing down ~E[xx]+(x̄, 0) in terms of ~E[xxy]+(x̄, 0) and ~E[y]+(x̄, 1) using canonical trans-

formation A.12 shown in Figure A.3-a:

Ea
[xx]+(x̄, 0) = Ea

[xxy]+(x̄, 0)− Ea
+(x̄, 0; 2̂) = Rab

(
U(x̄, 0; 2̂)

)
Eb
−(x̄, 1; 2̂)︸ ︷︷ ︸
Eb
[y]+(x̄,1)

(A.26)

We have used the fact that E[xxy]+(x̄, 0) = 0 by Gauss law A.13 at (x̄, 0). But from (A.14)

and Figure A.3-b:

Ea
[y]+(x̄, 1) = Ea

[yy]+(x̄, 1)− Ea
+(x̄, 1; 2̂) = Ea

[yy]+(x̄, 1) + Rab
(
U(x̄, 1; 2̂)

)
Eb
−(x̄, 2; 2̂)︸ ︷︷ ︸
Eb
[y]+(x̄,2)

= Rab

(
T†(x̄, 1)

) Ns−1

∑̄
y=1

Rbc (T(x̄, ȳ))Ec
[yy]+(x̄, ȳ). (A.27)

Substituting it back into eqn. A.26 for Ea
[xx]+(x̄, 0) and using U(x̄, 0; 2̂)T†(x̄, 1) =

T†(x̄, 0), we get

Ea
[xx]+(x̄, 0) = Rab

(
T†(x̄, 0)

) Ns−1

∑̄
y=1

Rbc (T(x̄, ȳ))Ec
[yy]+(x̄, ȳ). (A.28)

Putting this into eqn. A.25 we get

Ea
+(x, 0; 1̂) = −Rab

(
T†(x, 0)

) Ns−1

∑
x̄=x+1

Ns−1

∑̄
y=1

Rbc (T(x̄, ȳ))Ec
[yy]+(x̄, ȳ) (A.29)

• ~E[yy]+ → ~E[x]+ → ~E±

From canonical transformation (A.16) (Figure A.4) we have Ec
[yyx]+(x̄, ȳ) = Ec

[yy]+(x̄, ȳ)+

Ec
+(x̄, ȳ, 1̂) and Ed

[x]+(x̄ + 1, ȳ) = Ed
−(x̄ + 1, ȳ, 1̂). Therefore,

Ec
[yy]+(x̄, ȳ) = Ec

[yyx]+(x̄, ȳ)− Ec
+(x̄, ȳ, 1̂) = Ec

[yyx]+(x̄, ȳ) + Rcd
(
U(x̄, ȳ, 1̂)

)
Ed
−(x̄ + 1, ȳ, 1̂)︸ ︷︷ ︸
Ed
[x]+(x̄+1,ȳ)

(A.30)

Further, the canonical transformations A.18 (Figure A.5) imply:

Ec
[yyx]+(x̄, ȳ) = Ec

[yyxx]+(x̄, ȳ)− Ec
[x]+(x̄, ȳ) = −Ec

[x]+(x̄, ȳ)
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Here, we have used the fact that Ec
[xxyy]+(x̄, ȳ) = 0 by Gauss law at (x̄, ȳ)(eqn. A.19).

Also, from eqn. (A.18), Ed
[x]−(x̄, ȳ) = Ed

−(x̄, ȳ). Therefore,

Ec
[x]+(x̄, ȳ) = −Rcd(T

†
[x](x̄, ȳ))Ed

[x]−(x̄, ȳ) = −Rcd(T
†
[x](x̄, ȳ))Ed

−(x̄, ȳ) (A.31)

Substituting for ~E[yyx]+,~E[x]+ in eqn. A.30 and using the relation U(x̄, ȳ; 1̂)T†
[x](x̄ +

1, ȳ) = T†(x̄, ȳ),

Ec
[yy]+(x̄, ȳ) = Rcd

(
T†
[x](x̄, ȳ)

)
Ed
−(x̄, ȳ)− Rcd

(
T†(x̄, ȳ)

)
Ed
−(x̄ + 1, ȳ) (A.32)

Putting (A.32) in (A.29) and using the defining relations

T(x̄, ȳ)T†
[x](x̄, ȳ) ≡W†(x̄, ȳ); Eb

+(x̄, ȳ) ≡ −Rbd

(
W†(x̄, ȳ)

)
Ed
−(x̄, ȳ); T(x̄, ȳ)T†(x̄, ȳ) = I,

we get a simple relation:

Ea
+(x, 0; 1̂) = Rab

(
T†(x, 0)

) Ns−1

∑
x̄=x+1

Ns−1

∑̄
y=1

[
Eb

+(x̄, ȳ) + Eb
−(x̄ + 1, ȳ)

]
. (A.33)

• ~E± → ~E±

To write Ea
+(x, 0; 1̂) in terms of the final plaquette loop electric fields E b

±, we first use the

canonical transformation eqn. A.20 (Figure. A.6), Eb
+(x̄, ȳ) = Ēb

+(x̄, ȳ)− Ēb
+(x̄, ȳ + 1),

to write down the first term in the eqn. (A.33)in terms of ~E− as follows:

Ns−1

∑̄
y=1

Eb
+(x̄, ȳ) =

Ns−1

∑̄
y=1

[
Ēb

+(x̄, ȳ)− Ēb
+(x̄, ȳ + 1)

]
= Ēb

+(x̄, 1)

= −Rbc

(
W̄†(x̄, 1)

)
Ēc
−(x̄, 1) = −Rbc (W(x̄, 1)) E c

+(x̄, 1) = E b
−(x̄, 1).

(A.34)

Here, we have used the fact that at the lower boundary, W̄†(x̄, 1) = W(x̄, 1). We
now write down the second term in eqn.(A.33) in terms of ~E±. Again using canonical
transformation eqn.(A.20)(Figure. A.6) as follows:

Eb
−(x̄ + 1, ȳ) = −Rbc(W̄(x̄ + 1, ȳ))Ec

+(x̄ + 1, ȳ) = −Rbc(W̄(x̄ + 1, ȳ)) [Ēc
+(x̄ + 1, ȳ)− Ēc

+(x̄ + 1, ȳ + 1)]

= Ēb
−(x̄ + 1, ȳ)− Rbc

(
W̄(x̄ + 1, ȳ)W̄†(x̄ + 1, ȳ + 1)

)
Ēc
−(x̄ + 1, ȳ + 1)

= Ēb
−(x̄ + 1, ȳ)− Rbc(W(x̄ + 1, ȳ + 1))Ēc

−(x̄ + 1, ȳ + 1)

= E b
+(x̄ + 1, ȳ) + E b

−(x̄ + 1, ȳ + 1) (A.35)
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Putting both the terms back into eqn. A.33 for Ea
+(x, 0; 1̂), we get

Ea
+(x, 0; 1̂) = Rab

(
T†(x, 0)

) Ns−1

∑
x̄=x+1

{
E b
−(x̄, 1) +

Ns−1

∑̄
y=1

[
E b
+(x̄ + 1, ȳ) + E b

−(x̄ + 1, ȳ + 1)
]}

= Rab
(
T†(x, 0)

){
E b
−(x + 1, 1) +

Ns−1

∑
x̄=x+2

Ns−1

∑̄
y=1

Lb(x̄, ȳ)
}

(A.36)

Above, La(x̄, ȳ) ≡ E a
−(x̄, ȳ) + E a

+(x̄, ȳ).

a.2.2.2 Case (b): Ea
+(x, y 6= 0; 1̂)

The canonical transformation (A.16) and Figure A.4 state Eb
[x]+(x, y) = Eb

−(x, y; 1̂). There-

fore,

Ea
+(x, y, 1̂) = −Rab(U(x, y, 1̂)) Eb

−(x + 1, y; 1̂) = −Rab(U(x, y, 1̂)) Eb
[x]+(x + 1, y)

Using the relations (A.31) and (A.35)

Eb
[x]+(x+ 1, y) = −Rbc(T

†
[x](x+ 1, y) Ec

−(x+ 1, y); Ec
−(x+ 1, y) = E c

+(x+ 1, y)+E c
−(x+ 1, y+ 1)

and relation T†(x, y) = U(x, y, 1̂)T†
[x](x + 1, y) , we get

Ea
+(x, y, 1̂) =

[
Rab(U(x, y, 1̂))Rbc(T

†
[x](x + 1, y))

]
Ec
−(x + 1, y) = Rac

(
T†(x, y)

)
Ec
−(x + 1, y)

= Rac

(
T†(x, y)

){
E c
+(x + 1, y) + E c

−(x + 1, y + 1)
}

(A.37)

Clubbing case (a) and case (b) together,

Ea
+(x, y; 1̂) = Rab(T

†(x, y))
(
E b
−(x + 1, y + 1) + E b

+(x + 1, y) + δy,0

Ns−1

∑
x̄=x+2

Ns−1

∑̄
y=1

Lb(x̄, ȳ)
)

.

(A.38)

We have defined E±(x, 0) ≡ 0; E±(0, y) ≡ 0 for notational convenience. The relations (A.36)

were used in (3.72) and (3.83), (3.84) to write down the Kogut-Susskind Hamiltonian in terms

of loop operators.

a.2.2.3 Case (c): E+(x, y; 2̂)

The canonical transformations (A.14) (Figure A.3(b)) state Ec
[y]+(x, y) = Ec

−(x, y, 2̂). There-

fore,

Ea
+(x, y; 2̂) = −Rac

(
U(x, y; 2̂)

)
Ec
−(x, y + 1, 2̂) = −Rac

(
U(x, y; 2̂)

)
Ec
[y]+(x, y + 1)
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Using the relation Ec
[y]+(x, y) = Ec

[yy]+(x, y)− Ec
+(x, y, 2̂) from the canonical transformation

eqn.A.14 (Figure.A.3(b)),

Ea
+(x, y; 2̂) = −Rac(U(x, y, 2̂))

{
Ec
[yy]+(x, y + 1)− Ec

+(x, y + 1, 2̂)
}

= −Rac(U(x, y, 2̂))Ec
[yy]+(x, y + 1)− Rac

(
U(x, y, 2̂)U(x, y + 1, 2̂)

)
Ec
[yy]+(x, y + 2)− · · ·

= −Rab(T
†(x, y))

Ns−1

∑
ȳ=y+1

Rbc (T(x, ȳ)) Ec
[yy]+(x, ȳ) (A.39)

Using eqn.A.32, Ec
[yy]+(x, ȳ) = Rcd

(
T†
[x](x, ȳ)

)
Ed
−(x, ȳ)− Rcd

(
T†(x, ȳ)

)
Ed
−(x + 1, ȳ) and

the expression W†(x, ȳ) = T(x, ȳ)T†
[x](x, ȳ) from eqn. A.18,

Ea
+(x, y; 2̂) = Rab

(
T†(x, y)

) Ns−1

∑
ȳ=y+1

[
−Rbc

(
W†(x, ȳ)

)
Ec
−(x, ȳ) + Eb

−(x + 1, ȳ)
]

. (A.40)

From eqn. A.35, we have Ec
−(x, ȳ) = E c

+(x, ȳ) + E c
−(x, ȳ + 1). Therefore, Eb

−(x + 1, ȳ) =

E b
+(x + 1, ȳ) + E b

−(x + 1, ȳ + 1) and

Ns−1

∑
ȳ=y+1

−Rbc

(
W†(x, ȳ)

)
Ec
−(x, ȳ) =

Ns−1

∑
ȳ=y+1

−Rbc

(
W†(x, ȳ)

) [
E c
+(x, ȳ) + E c

−(x, ȳ + 1)
]

=
Ns−1

∑
ȳ=y+1

Rbc

(
W†(x, ȳ− 1)

)
E c
−(x, ȳ)−

Ns−1

∑
ȳ=y+1

Rbc

(
W†(x, ȳ)

)
E c
−(x, ȳ + 1)

= Rbc

(
W†(x, y)

)
E c
−(x, y + 1) (A.41)

Above, we have used the relations: W†(x, ȳ) = W†(x, ȳ− 1)W(x, ȳ) and Rcd (W(x, ȳ)) E d
+(x, ȳ)

= E c
−(x, ȳ). Putting these two terms back into eqn. (A.40),

Ea
+(x, y; 2̂) = Rab

(
T†(x, y)

){
Rbc

(
W†(x, y)

)
E c
−(x, y + 1) +

Ns−1

∑
ȳ=y+1

[
E b
+(x + 1, ȳ) + E b

−(x + 1, ȳ + 1)
]}

(A.42)

Therefore,

Ea
+(x, y; 2̂) = Rab(T

†(x, y))
(
E b
+(x + 1, y + 1) + Rbc(Wxy(x, y))E c

−(x, y + 1) +
Ns−1

∑
ȳ=y+2

Lb(x + 1, ȳ)
)

(A.43)

Above,Wxy(x, y)) ≡ W(x, 1)W(x, 2) · · ·W(x, y) as defined in (3.73). The relation (A.43) was

stated in (3.72) and used later in (3.83) to get the SU(N) loop Hamiltonian.

Consider the links meeting at a site (x, y). We now show that the local Gauss law at

(x, y) are redundant in terms of the new dual loop operators except when (x, y) = (0, 0)

where it leads to a global Gauss law. We only show explicit calculations for the case when

(x 6= 0, y 6= 0) and (x = 0, y = 0). The cases (x 6= 0, y = 0) and (x = 0, y 6= 0) can be similarly

shown.



A.2 su(n) lattice gauge theory in 2 + 1 dimensions 120

• x 6= 0, y 6= 0. The electric fields when written in terms of the physical loop operators
are given by:

Ea
+(x, y, 1̂) = Rab(T

†(x, y))
[
E b
+(x + 1, y) + E b

−(x + 1, y + 1)
]

︸ ︷︷ ︸
T1

Ea
+(x, y, 2̂) = Rab(T

†(x, y))
[ Ns−1

∑
ȳ=y+2

{E b
+(x + 1, ȳ) + E b

−(x + 1, ȳ)}+ E b
+(x + 1, y + 1)

]

︸ ︷︷ ︸
T2

+

Rab(U
†(x− 1, y; 1̂))T†(x− 1, y)E b

−(x, y + 1)︸ ︷︷ ︸
T3

Ea
−(x, y, 1̂) = −Rab(U

†(x− 1, y; 1̂)T†(x− 1, y)E b
−(x, y + 1)︸ ︷︷ ︸

−T3

+−Rab(U
†(x− 1, y; 1̂)T†(x− 1, y)E b

+(x, y)︸ ︷︷ ︸
−T4

Ea
−(x, y, 2̂) = −Rab(T

†(x, y))
{
E b
+(x + 1, y) + E b

−(x + 1, y + 1)
}

︸ ︷︷ ︸
−T1

+

−Rab(T
†(x, y))

{
E b
+(x + 1, y + 1) +

Ns−1

∑
ȳ=y+2

[
E b
+(x + 1, ȳ) + E b

−(x + 1, ȳ)
] }

︸ ︷︷ ︸
−T2

+

Rab(U
†(x− 1, y, 1̂)T†(x− 1, y))E b

+(x, y)︸ ︷︷ ︸
T4

(A.44)

Therefore, Ga(x, y) = Ea
+(x, y, 1̂) + Ea

+(x, y, 2̂) + Ea
−(x, y, 1̂) + Ea

+(x, y, 2̂) = 0.

• x = 0, y = 0 The electric fields Ea
+(0, 0, 1̂) and Ea

+(0, 0, 2̂) are given by equations (A.38)

and (A.43) respectively.

Ea
+(0, 0, 1̂) = E a

−(1, 1) +
Ns−1

∑̄
x=2

Ns−1

∑̄
y=1

La(x̄, ȳ)

Ea
+(0, 0, 2̂) = E a

+(1, 1) +
Ns−1

∑̄
y=2

La(1, ȳ) (A.45)

Therefore,

Ga(0, 0) = Ea
+(0, 0, 1̂) + Ea

+(0, 0, 2̂) =
Ns−1

∑̄
x=1

Ns−1

∑̄
y=1

La(x̄, ȳ). (A.46)

Therefore, the Gauss law at the origin is not redundant in terms of the loop variables. This

leads to a residual global Gauss law in the loop picture :

Ga|phys〉 =
Ns−1

∑̄
x=1

Ns−1

∑̄
y=1

La(x̄, ȳ)|phys〉 = 0 (A.47)

Above, Ga = Ga(0, 0) and |phys〉 is any state in the physical Hilbert space Hp.
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a.3 canonical transformations in 3 + 1 dimensions

In this section we illustrate Z2 and SU (N ) canonical transformations involved in the con-

struction of a loop formulation on a 3 + 1 D lattice. For simplicity, construction is done

explicitly for a single cube which contains all the features of the finite lattice case.

a.3.1 Z2 lattice gauge theory
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Figure A.7: (a)-(e) shows the plaquette canonical transformation steps involved in the construction of
a loop formulation of Z2 gauge theory on a cube. Just like in the 2D case, the string vari-
ables decouple. (f) shows the final plaquette loop variables that results. The plaquette loop
operator corresponding to the ’roof’ is missing. This solves Bianchi identity constraints
automatically.

In this section, we will describe the canonical transformations involved in the construction

of a loop formulation of Z2 gauge theory on a unit 3 dimensional cube. Without any loss of

generality, we will describe the construction by iterating plaquette canonical transformations

defined in 3.1.2 instead of the fundamental Z2 canonical transformation. For simplicity, sites

of the 3D cube are labelled as : O ≡ (0, 0, 0) ; A ≡ (1, 0, 0) ; B ≡ (1, 0, 1); C ≡ (0, 0, 1);

D ≡ (0, 1, 0); E ≡ (1, 1, 0); F ≡ (1, 1, 1); G ≡ (0, 1, 1). We start with the 12 link operators on

the cube as shown in figure A.7. Our notation is such that σ3(O, 1̂) denotes the σ3 variable

of the link which starts at site O and is in the 1̂ direction. These 12 link conjugate pairs are

then systematically transformed into plaquette operators on the 4 ’vertical walls’ and the
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’floor’ of the cube and 7 string variables along OA, AE, OD, OC, AB, EF, DG in 5 plaquette

canonical transformations defined in (3.20) and (3.21). This is illustrated in the figure A.7.

Just as in 2 + 1 dimensions, these string variables decouple from the physical Hilbert space

Hp due to local Gauss laws at the sites A, E, D, C, B, F, G. The Gauss law at the origin O is

not independent of Gauss laws at these sites and hence is automatically solved.

1. We begin by performing a plaquette canonical transformation on the plaquette OABC.

The plaquette loop conjugate pairs {µ1(B, 3̂); µ3(B, 3̂)} around the plaquette OABC is

given by

µ1(B, 3̂) = σ3(O, 1̂)σ3(A, 3̂)σ3(C, 1̂)σ3(O, 3̂) µ3(B, 3̂) = σ1(C, 1̂) (A.48)

Our notation is such that the plaquette operators {µ1(B, 3̂); µ3(B, 3̂)} corresponds to a

plaquette in the plane perpendicular to the 3̂ direction (xy plane) with the top right corner

site B.1 The string and redefined link operators around plaquette OABC is given by:

σ3[xz](O, 3̂) = σ3(O, 3̂) σ1[xz](O, 3̂) = σ1(O, 3̂)σ1(C, 1̂)

σ3[xz](A, 3̂) = σ3(A, 3̂) σ1[xz](A, 3̂) = σ1(A, 3̂)σ1(C, 1̂)

σ3[xx](O, 1̂) = σ3(O, 1̂) σ1[xx](O, 1̂) = σ1(O, 1̂)σ1(C, 1̂) (A.49)

The subscript [xz] on σ3[xz] denotes that the corresponding conjugate operator σ1[xx] is the

product of link operator σ1 along the x and z direction.

2. The second step involves a plaquette canonical transformation on the plaquette AEFB.

The plaquette loop conjugate operators {µ1(F, 1̂); µ3(F, 1̂)} are given by :

µ1(F, 1̂) = σ3(A, 2̂)σ3(E, 3̂)σ3(B, 2̂)σ3(A, 3̂) µ3(F, 1̂) = σ1(B, 2̂) (A.50)

The string and redefined link operators around plaquette AEFB is given by:

σ3[xzy](A, 3̂) = σ3(A, 3̂) σ1[xzy](A, 3̂) = σ1[xz](A, 3̂)σ1(B, 2̂) = G(B)

σ3[yy] (A, 2̂) = σ3(A, 2̂) σ1[yy] (A, 2̂) = σ1(A, 2̂)σ1(B, 2̂)

σ3[yz] (E, 3̂) = σ3(E, 3̂) σ1[yz] (E, 3̂) = σ1(E, 3̂)σ1(B, 2̂) (A.51)

As a result of the Gauss law at B, the string operators {σ1[xzy](A, 3̂); σ3[xzy](A, 3̂)} ≡
{σ̄1(B, 3̂); σ̄3(B, 3̂)} decouples from the physical Hilbert space. Our notation is such that

1 Top right corner is the point (x,y,z) with the maximum value of (x+y+z) on the plaquette.
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the string operators {σ̄1(B, 3̂); σ̄3(B, 3̂)} are denoted by the end point B of the string and

the direction 3̂ of the string.

3. The third step involves a plaquette canonical transformation along the plaquette DEFG.

The resulting plaquette loop conjugate pairs {µ1(F, 2̂); µ3(F, 2̂)} are given by :

µ1(F, 2̂) = σ3(D, 1̂)σ3[yz](E, 3̂)σ3(G, 1̂)σ3(D, 3̂) µ3(F, 2̂) = σ1(G, 1̂) (A.52)

The redefined link operators and string operators around DEFG are given by :

σ3[xx](D, 1̂) = σ3(D, 1̂) σ1[xx](D, 1̂) = σ1(D, 1̂)σ1(G, 1̂)

σ3[xyz](E, 3̂) = σ3[yz](E, 3̂) σ1[xyz](E, 3̂) = σ1[yz](E, 3̂)σ1(G, 1̂) = G(F)

σ3[xz](D, 3̂) = σ3(D, 3̂) σ1[xz](D, 3̂) = σ1(D, 3̂)σ1(G, 1̂)

As a result of the Gauss law at F, The string operators {σ1[xyz](E, 3̂); σ3[xyz](E, 3̂)} ≡
{σ̄1(F, 3̂); σ̄3(F, 3̂)} decouples from the physical Hilbert space

4. The fourth step involves a plaquette canonical transformation along the plaquette ODGC.

The resulting plaquette loop conjugate pairs {µ1(G, 1̂); µ3(G, 1̂)} are given by :

µ1(G, 1̂) = σ3(O, 2̂)σ3[xz](D, 3̂)σ3(C, 2̂)σ3[xz](O, 3̂) µ3(G, 1̂) = σ1(C, 2̂) (A.53)

The redefined link operators and string operators around ODGC are given by :

σ3[yxz](O, 3̂) = σ3[xz](O, 3̂) σ1[yxz](O, 3̂) = σ1[xz](O, 3̂)σ1(C, 2̂) = G(C)
σ3[yxz](D, 3̂) = σ3[xz](D, 3̂) σ1[yxz](D, 3̂) = σ1[xz](D, 3̂)σ1(C, 2̂) = G(G)

σ3[yy](O, 2̂) = σ3(O, 2̂) σ1[yy](O, 2̂) = σ1(O, 2̂)σ1(C, 2̂) (A.54)

As a result of the Gauss law at C and G, The string operators {σ1[xyz](O, 3̂); σ3[xyz](O, 3̂)} ≡
{σ̄1(C, 3̂); σ̄3(C, 3̂)} and {σ1[xyz](D, 3̂); σ3[xyz](D, 3̂)} ≡ {σ̄1(G, 3̂); σ̄3(G, 3̂)} decouples from

the physical Hilbert space. This completes the construction of the plaquettes along the

’vertical walls’.

5. The final step involves a plaquette canonical transformation along the plaquette OAED.

The resulting plaquette loop conjugate pairs {µ1(E, 3̂); µ3(E, 3̂)} are given by :

µ1(E, 3̂) = σ3[xx](O, 1̂)σ3[yy](A, 2̂)σ3[xx](D, 1̂)σ3[yy](O, 2̂)

µ3(E, 3̂) = σ1[yy](D, 1̂) = σ1(D, 1̂)σ1(G, 1̂) (A.55)
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Figure A.8: (a) SU(N) link operators on a cube and (b) SU(N) plaquette loop operators constructed
after canonical transformations. Strings to each site is not shown for clarity.

The resulting string operators around OAED are given by:

σ3[xxxx](O, 1̂) = σ3[xx](O, 1̂) σ1[xxxx](O, 1̂) = σ1[xx](O, 1̂)σ1[xx](D, 1̂)

= G(O)G(D)G(G)G(C)

σ3[xyy](A, 2̂) = σ3[yy](A, 2̂) σ1[xyy](A, 2̂) = σ1[yy](A, 2̂)σ1[xx](D, 1̂)

= G(E)G(F)

σ3[xyy](O, 2̂) = σ3[yy](O, 2̂) σ1[xyy](O, 2̂) = σ1[yy](O, 2̂)σ1[xx](D, 1̂)

= G(D)G(G)

The string operators {σ1[xxxx](O, 1̂); σ3[xxxx](O, 1̂)} ≡ {σ̄1(A, 1̂); σ̄3(A, 1̂)}, {σ1[xyy](A, 2̂) ;

σ3[xyy](A, 2̂)} ≡ {σ̄1(E, 2̂); σ̄3(E, 2̂)} and {σ1[xyy](O, 2̂); σ3[xyy](O, 2̂)} ≡ {σ̄1(D, 2̂); σ̄3(D, 2̂)}
decouples from the physical Hilbert space, due Gauss laws at O,D,G,C,E,F.

As a result of local Gauss laws at the sites , all the 7 string operators {σ̄1(B, 3̂); σ̄3(B, 3̂)},
{σ̄1(F, 3̂); σ̄3(F, 3̂)}, {σ̄1(C, 3̂), {σ̄1(G, 3̂); σ̄3(G, 3̂)}, {σ̄1(A, 1̂); σ̄3(A, 1̂)}, {σ̄1(E, 2̂); σ̄3(E, 2̂)},
{σ̄1(D, 2̂); σ̄3(D, 2̂)} decouple from the physical Hilbert space, leaving behind the phys-

ical plaquette loop operators {µ1(B, 3̂); µ3(B, 3̂)}, {µ1(F, 1̂); µ3(F, 1̂)}, {µ1(F, 2̂); µ3(F, 2̂)},
{µ1(G, 1̂); µ3(G, 1̂)}, {µ1(E, 3̂); µ3(E, 3̂)}.

a.3.2 SU(N) lattice gauge theory.

In this section, we iterate the fundamental SU(N) canonical transformation to reformulate

SU(N) lattice gauge theory on a single cube in terms of plaquette loop operators. Canonical

transformations transforms the link operators on the unit cube to the following operators:
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1. Physical plaquette loop conjugate operators on the plaquettes corresponding to the 4

’walls’ and the ’floor’ of the cube

2. String operators to each site on the cube except the origin.

These string operators decouple, leaving behind the plaquette loop operators. As before, no

new constraints are introduced. Just like in the Z2 case,the sites of the 3D cube are labelled

as : O ≡ (0, 0, 0) ; A ≡ (1, 0, 0) ; B ≡ (1, 0, 1); C ≡ (0, 0, 1); D ≡ (0, 1, 0); E ≡ (1, 1, 0);

F ≡ (1, 1, 1); G ≡ (0, 1, 1). This is illustrated in figure A.8. The loop formulation of SU(N)

lattice gauge theory on a single cube is achieved in 6 set of canonical transformations as

follows.

1. The first set of canonical transformations involves the construction of the plaquette loop

operators on the XY plaquette OAEDO.

U(12) ≡ U1U2 Ea
+(12) = Ea

−(E, 2̂)

U[xy](1) = U1 Ea
+[xy](1) = Ea

−(A, 1̂) + Ea
+(A, 2̂)

U(43) = U4U3 Ea
+(43) = Ea

−(E, 1̂)

U[xy](4) = U4 Ea
+[xy](4) = Ea

−(D, 2̂) + Ea
+(D, 1̂)

U(1234) = U12U†
43 Ea

+(1234) = Ea
−(43)

U[xy](12) = U12 Ea
+[xy](12) = Ea

+(12) + Ea
+(43) = Ea

−(E, 2̂) + Ea
−(E, 1̂)

2. Second set of canonical transformation involves construction of string operators to each

site.

U(16) = U[xy](1)U6 Ea
+(16) = Ea

+(6)

U[xyz](1) = U[xy](1) = U1 Ea
+[xyz](1) = Ea

+[xy](1) + Ea
+(A, 3̂) = G(A)

U((12)7) = U[xy](12)U7 Ea
+((12)7) = Ea

−(F, 3̂)

U[xyz](12) = U[xy]((12)) Ea
+[xyz]((12)) = Ea

+[xy]((12)) + Ea
+(E, 3̂) = G(E)

U(48) = U[xy](4)U8 Ea
+(48) = Ea

−(G, 3̂)

U[xyz](4) = U[xy](4) Ea
+[xyz](4) = Ea

+[xy](4) + Ea
+(D, 3̂) = G(D)
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3. The third set involves the construction of vertical plaquette ODGCO.

U(5(12)) = U5U12 Ea
+(5(12)) = Ea

+((12))

U[zy](5) = U5 Ea
+[zy](5) = Ea

−(C, 3̂) + Ea
+(C, 2̂)

U(485(12)) = U(48)U†(5(12)) Ea
+(485(12)) = Ea

+(O, 3̂)

U[yz](48) = U(48) Ea
+[yz](48) = Ea

+(48) + Ea
+(5(12))

4. The fourth set involves the construction of vertical plaquette ODGFEDO.

U48(11) = U[yz](48)U11 Ea
+(48(11)) = Ea

−(F, 1̂)

U[xyz](48) = U[yz](48) Ea
+[xyz](48) = Ea

+[yz](48) + Ea
+(G, 1̂)

U127(11)84 = U(127)U†(48(11)) Ea
+(127(11)84) = Ea

−(48(11))

U[xz](127) = U(127) Ea
+[xz](127) = Ea

+((12)7) + Ea
+(48(11))

U437(11)84 = U†(1234)U(127(11)84) Ea
+(437(11)84) = Ea

+(127(11)84)

U[z](1234) = U(1234) Ea
−[z](1234) = Ea

−(1234) + Ea
−(127(11)84)

5. The fifth set involves the construction of vertical plaquette OAEFBAO

U127(10) = U[xz](127)U10 Ea
+(127(10)) = Ea

−(F, 2̂)

U[xyz](127) = U[xz](127) Ea
R[xyz](127) = Ea

+[xz](127) + Ea
−(F, 2̂) = G(F)

U127(10)16 = U(127(10))U(16) Ea
−(127(10)16) = Ea

−(127(10))

U[yz](16) = U(16) Ea
+[yz](16) = Ea

+(16) + Ea
+(127(10))

6. The sixth set involves the construction of vertical plaquette OABCO.

U58 = U[yz](5)U8 Ea
+(58) = Ea

−(G, 3̂)

U[xyz](5) = U[yz](5) Ea
+[xyz](5) = Ea

+[yz](5) + Ea
+(D, 3̂)) = G(C)

U1685 = U[xy](16)U†(58) Ea
+(1685) = Ea

−(58)

U[xyz](16) = U[zy](16) Ea
+[xyz](16) = Ea

+[zy](16) + Ea
+(58) = G(B)

Just like before, all the string operators decouple due to the Gauss laws at A, E, D, B, F,

G, C leaving behind the plaquette loop operators corresponding to the plaquettes OAEDO,

ODGCO, ODGFEDO, OAEFBAO, OABCO. Note that the ’roof’ plaquette OCGFBCO is not

constructed.
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M A G N E T I C B A S I S O F S U ( 2 ) L AT T I C E G A U G E T H E O RY

In this appendix, we show that all Wilson loops are diagonal in the magnetic basis of SU(2)

lattice gauge theory defined in 3.56. We repeat the defining equation 1 for convenience.

|ω, ŵ〉 = ∑
jm−m+

√
2j + 1
2π2 Dj

m−m+(ω, ŵ) |j m− m+〉 = ∑
j,m,m̄,l,µ

√
2j + 1
2π2 Dj

mm̄(ω, ŵ) 〈nlµ|jmm̄〉 |nlµ〉

= ∑
n,l,m

Ynlm(ω, ŵ) |nlm〉 (B.1)

Here, (ω, ŵ) is the angle axis characterisation of a point on S3(SU(2)) and Ynlm(ω, ŵ) are

the hyperspherical harmonics on S3. We have also used the relation [153]:

Ynlm(ω, ŵ) =

√
2j + 1
2π2 Clm

jm−,jm+
Dj

m−m+(ω, ŵ)

The states |ω, ŵ〉 forms a complete, orthonormal basis. The plaquette loop operators are

diagonal in this basis.

Wαβ |ω, ŵ〉 = zαβ |ω, ŵ〉 (B.2)

where

zαβ =



(
cos ω

2 − i sin ω
2 cos θ

)
i sin ω

2 sin θe−iφ

−i sin ω
2 sin θe−iφ (

cos ω
2 + i sin ω

2 cos θ
)




αβ

(B.3)

Above, we have suppressed the plaquette index ofWαβ for simplicity. (B.2) follows from the

properties of Wigner matrices Dj
m−m+ as shown below.

W11 |ω, ŵ〉 = (FN)
[

a1c1 + a†
2c†

2

]
(FN) ∑

j,m−,m+

[j]Dj
m−m+(ω, ŵ) |j, m−, m+〉

= ∑
j,m−,m+

[j]Dj
m−m+(ω, ŵ)

[
1√
2j

√
(j + m−)(j + m+)

1√
2j + 1

∣∣∣j− 1
2

, m− −
1
2

, m+ −
1
2

〉

+
1√

2j + 2

√
(j−m− + 1)(j−m+ + 1)

1√
2j + 1

∣∣∣j + 1
2

, m− −
1
2

, m+ −
1
2

〉]
(B.4)

1 For simplicity, the states |Ω(ω, ŵ)〉 in 3.56 is denoted here as |ω, ŵ〉

127
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Above, FN = 1√
N+1

and [j] =
√

2j+1
2π2 . Putting J ≡ j− 1

2 in the first term and J ≡ j + 1
2 in the

second term and using the following [115] recursion relation for Wigner D matrices
√
(J −m− + 1

2 )(J −m+ + 1
2 )

2J + 1
D(J− 1

2 )
m−m+

(ŵ, ω) +

√
(J + m− + 1

2 )(J + m+ + 1
2 )

2J + 1
D(J+ 1

2 )
m−m+

(ŵ, ω)

=
(

cos
ω

2
− i sin

ω

2
cos θ

)
D J

m− 1
2 m+− 1

2
(ω, ŵ)

Therefore,

W11 |ω, ŵ〉 =
(

cos
ω

2
− i sin

ω

2
cos θ

)
|ω, ŵ〉 = z11 |ω, ŵ〉 (B.5)

similarly, we get

W12 |ω, ŵ〉 = i sin
ω

2
sin θe−iφ |ω, ŵ〉 = z12 |ω, ŵ〉

W21 |ω, ŵ〉 = −i sin
ω

2
sin θeiφ |ω, ŵ〉 = z21 |ω, ŵ〉

W22 |ω, ŵ〉 =
(

cos
ω

2
+ i sin

ω

2
cos θ

)
|ω, ŵ〉 = z22 |ω, ŵ〉 (B.6)

Even though |ω, ŵ〉 forms a complete, orthonormal basis, they are not invariant under global

gauge transformations. Under a global gauge transformation Λ, |ω, ŵ〉 transforms as follows

|ω, ŵ〉Λ = ∑
n,l,m

Ynlm(ω, ŵ)Dl
mm̄(Λ) |nlm̄〉 = ∑

n,l,m
χ

j
l(ω)Ylm(ŵ)Dl

mm̄(Λ) |nlm̄〉

= ∑
n,l,m

χ
j
l(ω)Ylm(ŵΛ)|nlm〉 = |ω, ŵΛ〉 ; j =

(n− 1)
2

. (B.7)

Here, χ
j
l(ω) are generalized SU(2) characters [115] , Ylm(ω, ŵ) are the spherical harmonics

on S2 and ŵΛ denotes rotated ŵ. Thus, under a global gauge transformation Λ, ω is an

invariant angle and ŵ transforms like a vector :

ω → ω; n̂a → Rab(Λ)ŵb

A completely gauge invariant angular basis on a single plaquette can be constructed by

integrating out gauge transformations as follows:

|ω〉 ≡
∫
|ω, ŵΛ〉 dµ(Λ) = ∑

n,l,m

∫
dµ(Λ)Ynlm(ω, ŵ)Dl

mm̄(Λ) |nlm̄〉 (B.8)

= ∑
n

Yn00(ω, ŵ) |n00〉 = ∑
j

χj(ω) |j〉
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Here we have used the identity [115]
∫

dµ(Λ)Dl
mm̄(Λ) = δl0δm0δm̄0 where

∫
dµ(Λ) =

1
4π2

2π∫

0

sin2(
ω

2
)dω

π∫

0

sin θdθ

2π∫

0

dφ

is the Haar measure of SU(2) where the SU(2) group element Λ is characterized by ω, θ, φ.

Also, j = (n− 1)/2 and χj(ω) =
sin(2j+1) ω

2
sin( ω

2 )
are the SU(2) characters. Therefore, for a single

plaquette lattice the gauge invariant states are characterized by the gauge invariant angle ω

as expected.

For a finite lattice, a complete, orthonormal basis is given by the direct product of |ŵ, ω〉
corresponding to each plaquette. All Wilson loops are diagonal in this basis. A completely

gauge invariant magnetic/angular basis can then be constructed by integrating out the gauge

transformations :

|Ω〉 = |ωPi , [Θj]〉 =
∫

dµ(Λ)∏
⊗p
|ωp, ŵp〉Λ =

∫
dµ(Λ)∏

⊗p
|ωp, ŵΛ

p 〉 (B.9)

where [Θj] denotes the set of 2p − 3 independent relative angles between the axes ŵPi ,

where p is the no of plaquettes in the lattice. These angles are invariant with respect to

gauge rotations.

• 2 plaquette lattice On a 2 plaquette lattice the gauge invariant basis states are :

∫
|ω1, ŵΛ

1 〉 |ω2, ŵΛ
2 〉 dµ(Λ) = ∑

n1,l1,m1
n2,l2,m2
m̄1,m̄2

∫
dµ(Λ)

χ
j1
l1
(ω1) Yl1m1(ŵ1) Dl1

m1m̄1
(Λ)

χ
j2
l2

ω2 Yl2m2(ŵ2) Dl2
m2m̄2

(Λ)

∣∣∣∣∣
n1 l1 m̄1

n2 l2 m̄2

〉

= ∑
n1,l1,m1
n2,m̄1

(−1)l1−m1(−1)l1−m̄1
16π2

2l1 + 1
χ

j1
l1
(ω1) Yl1m1(ŵ1)

χ
j2
l2
(ω2) Yl1 −m1(ŵ2)

∣∣∣∣∣
n1 l1 m̄1

n2 l1 − m̄1

〉

= 16π2 ∑
n1,l1n2,m1

C00
lm̄1 l−m̄1

Yl1m1(ŵ1)Yl1 −m1(ŵ2)︸ ︷︷ ︸
Bipolar scalar harmonics

χ
j1
l1
(ω1) χ

j2
l2
(ω2)|n1 l1 n2 l1 0〉 (B.10)

= 4π ∑
n1,l1,

n2

(2l1 + 1) Pl(cosΘ12) χ
j1
l1
(ω1) χ

j2
l2
(ω2) |n1 l1 n2 l1 0〉 ≡ |ω1 ω2 Θ12〉

Here, we have used the relations :

∫
dµ(Λ)Dl1

m1 m̄1
(Λ) Dl2

m2 m̄2
(Λ) = (−1)m̄1−m1

16π2

2l1 + 1
δl1l2 δ−m1 m2 δ−m̄1m̄2 ;

(−1)l−m
√

2l + 1
= C00

lm l−m; ∑
m1

C00
lm̄1 l−m̄1

Yl1m1(ŵ1)Yl1 −m1(ŵ2) =
2l1 + 1

4π
Pl(cosΘ12)
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where Θ12 is the angle between ŵ1 and ŵ2.

• N plaquette The above process can be generalized to N plaquettes which leads to the

following gauge invariant basis on an N plaquette lattice.

|ωPi , [Θij]〉 = k ∑
[n],[l],[ll]

Y[n][l][ll](ω1, · · ·ωp, [Θij]) |[n], [l], [ll]〉 (B.11)

Here, Y[n][l][ll] is the scalar multipolar spherical harmonics [115]. In general, the pro-

cedure of integrating out the gauge transformation projects out the gauge invariant

subspace and is equivalent to finding the subspace with 0 total angular momentum.



C
C A L C U L AT I O N A L M E T H O D S I N T H E L O O P F O R M U L AT I O N

In this appendix, we discuss some calculational methods in the new loop formulation. Since,

the degrees of freedom now lie on the plaquettes instead of the links and the magnetic part

of the Hamiltonian involve a single plaquette holonomy, calculations are much more simpler

in the present loop formulation.

Variational method

In this section, we study the ground state of SU(2) loop Hamiltonian using a ’single’ plaque-

tte variational ansatz. We then compare the results with those obtained from the variational

analysis of the standard Kogut-Susskind formulation [70–72, 74]. Note that after canonical

transformations each plaquette loop is a fundamental degree of freedom. Therefore, gauge

invariant computations in the dual spin model become much simpler. For the ground state

of SU(2) gauge theory, the magnetic fluctuations in a spatial region are almost independent

of fluctuations in another spatial region which is sufficiently far away [17, 62, 63]. So, the

largest contributions to the vacuum state comes from states with little magnetic correlations.

Therefore, we use the following separable state without any spin-spin correlations as our

variational ansatz:

|ψ0〉 = eS/2|0〉; S = α ∑
p

TrW(p).

= ∏
p
|ψ0〉p. (C.1)

Above, |0〉 is the strong coupling vacuum state defined by E a
±(m, n)|0〉 = 0 and α is the

variational parameter. This state (C.1) satisfies Wilson’s area law criterion. We consider a

Wilson loop Tr (WC) along a large space loop C on the lattice and compute its ground state

expectation value: <ψ0|TrWC |ψ0>
〈ψ0|ψ0〉 . In the dual spin model any Wilson loop WC can be written

in terms of the P fundamental loopsWαβ as shown in Figure C.1:

WC =W(p1) W(p2) W(p3) · · · · · ·W(pnc). (C.2)
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C

WC

W(p1)

W(p2)

W(p3)

W(p4)

·

·

·

·

·

W(pnc
)

Figure C.1: A Wilson loop WC can be written as the product of fundamental plaquette loop operators
W(p). WC =W(p1) W(p2) W(p3) · · · · · ·W(pnc). The tails of the fundamental plaquette
loop operators connecting them to the origin (see Figure 3.11-a) are not shown for clarity.

Here p1 is the plaquette operator in the bottom right corner of C and pnc is the plaquette

operator at the left top corner of C. We now show that this state satisfies Wilson’s area law.

The expectation value of TrWC in |ψ0〉 is given by

〈TrWC〉 ≡
〈ψ0|TrWC|ψ0〉
〈ψ0|ψ0〉

=
1

〈ψ0|ψ0〉 ∏
p∈pi

∫
dµ(ωp, ŵp)

〈
0|eSTrz(C)|ωp, ŵp

〉〈
ωp, ŵp|0

〉

=
∏p
∫

dµ(ωp, ŵp) e2α cos ωp/2 2 cos (ω(C)/2)

∏p
∫

dµ(ωp, ŵp) e2α cos(
ωp
2 )

(C.3)

In (C.3),
∫

dµ(ωp, ω̂p) ≡
2π∫
0

4 sin2 ω
2 dω

π∫
0

sin θdθ
2π∫
0

dφ. We have also used the completeness

relation of the |ω, ŵ〉 basis. z(C) is the eigenvalue of WC corresponding to the eigenstate

∏p |ωp, ŵp〉. Since WC = ∏pi
W(pi), z(C) = ∏pi

z(pi) and Trz(C) = 2 cos (ω(C)/2). Here,

ω(C) is the gauge invariant angle characterizing the SU(2) matrix z(C) in its angle axis

representation. Using the expression for the product of 2 SU(2) matrices 1 repeatedly, it is

easy to show that cos(ω(C)/2) = ∏i cos(ωpi /2) + terms which vanish on θ integration2

Therefore,

〈TrWC〉 = 2
(

I2(2α)

I1(2α)

)nc

= 2e−nc ln
(

I1(2α)
I2(2α)

)
(C.5)

1 Product of 2 SU(2) matrices characterized by (ω1, ŵ1) and (ω2, ŵ2) gives an SU(2) matrix characterized by (ω, ŵ)
with

cos
ω

2
= cos

ω1
2

cos
ω2
2
− (ŵ1 · ŵ2) sin

ω1
2

sin
ω2
2

;

ŵ sin
ω

2
= ŵ1 sin

ω1
2

cos
ω2
2

+ ŵ2 sin
ω2
2

cos
ω1
2
− [ŵ1 × ŵ2] sin

ω1
2

sin
ω2
2

. (C.4)

2 The integrand under θ integration contains either sin 2θ or a cos θ, both vanish on θ integration from 0 to π.
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In (C.5), nc is the number of plaquettes in the loop C and Il(2α) is the l-th order modified

Bessel function of the first kind. We have used the relation

Il(2α) =
1
π

π∫

0

e2α cos ω cos lω dω. (C.6)

and the recurrence relation [166]

Il−1(2α)− Il+1(2α) =
2l
2α

Il(2α) (C.7)

to arrive at (C.5). The string tension is given by σT(α) = ln
(

I1(2α)
I2(2α)

)
.

The local effective SU(2) spin model Hamiltonian is

Hspin =
P
∑
p=1

{
4g2~E 2(p) +

1
g2 [2− (TrW(p))]

}
+ g2 ∑

〈p,p′〉

{
~E−(p) · ~E+(p′)

}
. (C.8)

We now calculate α by minimizing

〈Hspin〉 =
〈ψ0|Hspin|ψ0〉
〈ψ0|ψ0〉

.

In order to calculate 〈Hspin〉, we first find the expectation value of E−(p) · E+(p′) and E(p) ·
E(p) ≡ E+(p) · E+(p) ≡ E−(p) · E−(p) in (C.8). First, lets calculate 〈ψ0|E a

−(p)E a
+(P)|ψ0〉. Here,

P is any plaquette.

〈ψ0|E a
−(p)E a

+(P)|ψ0〉 =
〈

0
∣∣∣
(

eS/2E a
−(p)e−S/2

)
eS
(

e−S/2E a
+(P)eS/2

) ∣∣∣0
〉

=
−1
4
〈
ψ0
∣∣[E a
−(p), S

][
E a
+(P), S

]∣∣ψ0
〉

(C.9)

In (C.9), we have used the fact that E±|0〉 = 0. Evaluating 〈ψ0|E a
−(p)E a

+(P)|ψ0〉 in a different

way,

〈ψ0|E a
−(p)E a

+(P)|ψ0〉 =
〈

0
∣∣∣eS/2E a

−(p)eS/2
(

e−S/2E a
+(P)eS/2

) ∣∣∣0
〉

=
1
2
〈
ψ0
∣∣
[
E a
−(p),

[
E a
+(P), S

]]∣∣ψ0
〉
+

1
4
〈
ψ0
∣∣[E a

+(P), S
][
E a
−(p), S

]∣∣ψ0
〉

(C.10)

The equations (C.9) and (C.10) implies:

〈
ψ0
∣∣E−(p) · E+(P)

∣∣ψ0
〉
=

1
4
〈
ψ0
∣∣
[
E a
−(p),

[
E a
+(P), S

]]∣∣ψ0
〉

(C.11)
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The expression in (C.11) vanishes when P 6= p. In particular,

〈ψ0|E−(p) · E+(p′)|ψ0〉 = 0, (C.12)

〈ψ0|E−(p) · E−(p)|ψ0〉 = 3α
16 〈ψ0|TrW(p)|ψ0〉.

Above p, p′ are nearest neighbours. Putting nc = 1 in equation (C.5), 〈TrW(p)〉 = 2I2(2α)
I1(2α)

.

Using the above relations, the expectation value of the effective Hamiltonian Hspin is

〈ψ0|Hspin|ψ0〉
〈ψ0|ψ0〉

= 2P
{(

3α

4
g2 − 1

g2

)
I2(2α)

I1(2α)
+

1
g2

}
. (C.13)

Above, P is the number of plaquettes in the lattice. I2(2α)
I1(2α)

is a monotonously increasing

bounded function of α. It takes values between +1 and −1 with +1 at α → ∞ and −1 at

α → −∞. In the weak coupling limit, g2 → 0, I2(2α)
I1(2α)

should be maximum for the expectation

value of Hspin to be minimum and therefore, α → ∞. But, using the asymptotic form of the

modified Bessel function of the first kind Il(2α),

Il(2α)
α→∞−−−→ e2α

√
2π(2α)

(
1 +

(1− 2l)(1 + 2l)
16α

+ · · ·
)

In the weak coupling limit , I2(2α)
I1(2α)

≈ 1− 3
4α . Hence,

〈ψ0|Hspin|ψ0〉
〈ψ0|ψ0〉

= ∑
p

2
{(

3α

4
g2 − 1

g2

)(
1− 3

4α

)
+

1
g2

}
(C.14)

Minimizing the expectation value in the weak coupling limit, α = 1
g2 . The string tension is

given by σT(
1
g2 ) = ln

(
I1(

1
g2 )/I2(

1
g2 )
)

. This is exactly the result obtained in [70–72] using

variational calculation with the fully disordered ground state and Kogut-Susskind Hamil-

tonian (3.59) which is dual to the full non-local spin Hamiltonian. The general non-local

Hamiltonian H differs from the above effective local spin Hamiltonian Hspin by terms of the

form Rab(W) E a
−(p)E b

+( p̄), where p and p̄ are any 2 plaquettes on the lattice which are at

least 2 lattice spacing away from each other. Above, W is in general the product of many

plaquette loop operators. The expectation value of the full Hamiltonian in the variational

ground state |ψ0〉 reduces to 〈ψ0|Hspin|ψ0〉 as the expectation value of the non-local terms in

|ψ0〉 vanishes. So, the simplified Hamiltonian with nearest neighbour interactions gives the

same variational ground state to the lowest order as the full Hamiltonian.
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c.0.2.1 A tensor networks ansatz

The present loop formulation is tailor-made for tensor network [155–158] and matrix product

state (MPS) [159] ansatzes to explore the interesting and physically relevant part of Hp for

low energy states. This is due to the following two reasons:

• The absence of local non-abelian Gauss laws at every lattice site.

• The presence of (spin type) local hydrogen atom orthonormal basis at every plaquette.

We first briefly discuss matrix product state approach in a simple example of spin chain

with spin s = 1 before directly generalizing it to pure SU(2) lattice gauge theory on a one

dimensional chain of plaquettes. In the case of spin chain with sx = −1, 0,+1 at every lattice

site x = 0, 1, · · · , N, any state can be written as:

|Ψ〉 = ∑
s1,s2···sN=0,±1

Ψ(s1, s2, · · · sN) |s1, s2, · · · sN〉 . (C.15)

The matrix product state method consists of replacing the wave functional by

Ψ(s1, s2, · · · sN) = Tr
(

T(s1)
1 T(s2)

2 · · · T(sN)
N

)
. (C.16)

In (C.16) Ts are D × D matrices where D is the bond length. The matrix elements of Ts

are fixed by minimizing the spin Hamiltonian. In the hydrogen atoms loop basis we have a

similar structure where the three dimensional spin states are replaced by infinite dimensional

quantum states of hydrogen atoms: |s〉 → |n l m〉. The most general state in the hydrogen

atom loop basis can be written as:

|Ψ〉 = ∑
{n}{l}{m}

Ψ




n1 n2 · · · np

l1 l2 · · · lp

m1 m2 · · ·mP




∣∣∣∣∣∣∣∣∣∣

n1 n2 · · · np

l1 l2 · · · lp

m1 m2 · · ·mP

〉
. (C.17)

We now consider SU(2) lattice gauge theory on a chain of P plaquettes as shown in Figure

3.14. A simple tensor network ansatz, like (C.16 for spins, for the ground state wave function

in (C.17) is

Ψ0




n1 n2 · · · np

l1 l2 · · · lp

m1 m2 · · ·mP


 ≡ Tr

[
T(n1l1m1)

1 T(n2l2m2)
2 · · · T(nP lP mP )

P
]
. (C.18)

In (C.18) T(nx lxmx)
x ; x = 1, 2 · · · ,P are P matrices of dimension D× D where D is the bond

length describing correlations between hydrogen atoms. Assuming a bound on the principal

quantum number (e.g., n = 1, 2) and minimizing the energy of the spin model Hamiltonian
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within spherically symmetric s-sector should give a good idea of ground state at least in

the strong coupling region. The method can then be extrapolated systematically towards

weak coupling by extending the range of hydrogen atom principal quantum number on

each plaquette. The global SU(2) Gauss law can also be explicitly implemented through the

following ansatz:

|Ψ〉 = ∑
{n}{l}{ll}

Ψ




n1 n2 · · · np

l1 l2 · · · lp

l12 l123 · · · l12···P−2




∣∣∣∣∣∣∣∣∣∣

n1 n2 · · · np

l1 l2 · · · lp

l1 l12 · · · l12···P−2

〉
. (C.19)

We can now make an explicitly gauge invariant MPS ansatz for the ground state:

Ψ0




n1 n2 · · · np

l1 l2 · · · lp

l12 l123 · · · l12···P−2


 ≡ Tr

[
T

n1

0,l1,l1
(1) T

n2
l1l2l12

(2) T
n3

l12l3l123
(3) · · · T nP

lP lP0(P)
]

. (C.20)

This ansatz is illustrated in Figure 3.14-b. Much more work is required to implement these

ideas on a computer. This will be done in the future.
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