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INTRODUCTION

Quantum Chromodynamics (QCD) was introduced in the 1970s to describe strong interac-
tions. QCD is a non-abelian gauge field theory with quarks and gluons having color charge
as the fundamental fields. But, instead of individual quarks and gluons, only colorless com-
binations of them like baryons and mesons are found in nature. Understanding this phe-
nomena of color confinement has been a major puzzle in theoretical physics for more than
four decades. Despite a huge amount of work [1-19], a complete analytical understanding
still remains elusive. The major reasons for the difficulties in understanding the low energy

features of QCD such as confinement are as follows:

e The perturbative methods which are so successful in quantum electrodynamics fail for
QCD at low energies. This is because the physical coupling constant in QCD becomes
large at low energies. Therefore, non-perturbative techniques are necessary to study

the low energy features of QCD like color confinement and hadron spectrum.

e Gauge symmetry, unlike other physical symmetries such as Poincare symmetry etc.,
is not a real symmetry of nature. It represents redundancies in our description of
nature. These redundancies manifest themselves in the form of spurious gauge degrees
of freedom and local Gauss law constraints on the Hilbert space of the theory. Such

extremely constrained systems are difficult to solve.

In order to solve the first difficulty, Wilson came up with a non-perturbative formulation
of QCD on a space time lattice [5—9, 20—23] in 1974. Space time lattice acts as a regular-
ization scheme providing a natural momentum cutoff proportional to 1/4; where a is the
lattice spacing. The idea was to gain back continuum results by taking a — 0 with a si-
multaneous tuning of the coupling constant. Wilson’s scheme was based on path integral
methods and allowed for Monte Carlo simulations. In 1975, Kogut and Susskind derived a
lattice Hamiltonian [6—-8] in which only space is discretized while time remains continuous.
Theoretically, the two formulations should be equivalent in the continuum limit. However,
they both involve spurious gauge degrees of freedom. In order to deal with the second dif-
ficulty, it is desirable to reformulate gauge theories in terms of gauge invariant operators
and work within the physical Hilbert space H”. In the context of pure gauge theory, Wilson
loops provide such a set of gauge invariant variables. Moreover, even though the elemen-

tary excitations of non-abelian gauge theories at high energies are quarks and gluons [24,
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25], at low energies it is expected that the elementary excitations of pure Yang Mills the-
ory are described in terms of Wilson loops carrying non-abelian fluxes. Therefore, Wilson
loops [5] and not gauge (gluon) fields provide a suitable gauge invariant set of fundamental
dynamical variables to study the low energy behavior of Yang Mills theories. In fact, the
importance of loop formulation in understanding long distance non-perturbative physics of
non-abelian gauge theories has been amply emphasized by Mandelstam [1—3], Wilson [5]
and Yang [4]. However, the early attempts [3-6, 26—46] to describe SU(N) gauge theories
in terms of Wilson loop operators and loop states ran into difficulties due to the fact that
all loops are not mutually independent. They satisfy non-local constraints [3, 26—41, 43-51]
called Mandelstam constraints. In fact, the Mandelstam constraints had been the major stum-
bling block in these formulations. In this thesis, we construct a Wilson loop formulation of
pure SU(N) gauge theory* by systematically reformulating Kogut-Susskind link formulation
[6-8] in terms of independent loop operators by a series of canonical transformations. These
canonical transformations convert the basic link operators and conjugate electric fields of the
Kogut-Susskind approach to independent plaquette loop operators and string operators [52]
and their corresponding conjugate electric fields. The SU(N) conjugate string electric fields
are the local Gauss law operators. Thus, canonical transformations enable us to isolate the
spurious gauge degrees of freedom as strings which are frozen within the physical Hilbert
space due to Gauss law constraints. This leads to a loop description with the plaquette loop
operators and their conjugate electric fields as the fundamental operators. As these canon-
ical transformations are 1 — 1 transformations, no new degrees of freedom are generated
and no new constraints are introduced. Therefore, Mandelstam constraints are trivially by-
passed. The resulting loop formulation has global SU(N) invariance and is dual to the link
formulation. This duality [53, 54] between the link and loop degrees of freedom turns out to
be a SU(N) non-abelian generalization of Wegners duality[55, 56] between Z, lattice gauge
theory and quantum Ising model. In the case of pure SU(2) lattice gauge theory, this loop for-
mulation also allows us to construct a complete isomorphism between the physical Hilbert
space of SU(2) lattice gauge theory and that of a collection of coupled hydrogen atoms with
no net angular momentum [54].

As mentioned above, the main idea of the lattice approach to gauge theories [5-8, 20-23] is
to incorporate a non-perturbative cut-off in the theory in the form of a finite lattice spacing
a. A non zero lattice spacing implies that there is an upper momentum cutoff on the modes
supported by the lattice. The quantum theory which describes the physical world is then
defined as the large volume, continuum limit of a regulated theory with a short distance

(ultraviolet) cut off 2 and a volume (infrared) cutoff L:

1 Throughout the thesis, we work with pure gauge theories without matter fields.
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Quantum Field Theory = lim lim (Lattice Field Theory), ;. (1.1)

a—0 L—o0

When we take the continuum limit, all the physical quantities must approach their physical
values. Usually while working on lattice, all quantities such as lattice mass (m,) or lattice
correlation lengths ({r) are made dimensionless by absorbing appropriate powers® of the

lattice spacing a.

m m Xa = (L~ . (1.2)
L= Tphys LNmL_mphysxa ’ '
where, Mphys is the physical mass. Since, Mphys is finite, the lattice correlation length must

diverge when the lattice spacing a approaches zero. In a statistical mechanical theory, the
divergence of correlation length happens at a critical point and is a signature of second
order phase transition. In renormalization group analysis of lattice gauge theory [57], the
bare coupling is a function of the lattice spacing. Hence to get a continuum limit of a field
theory defined with a lattice cutoff, one needs to find the points in the coupling parameter
space, where the corresponding statistical model reaches the critical point. In Yang Mills
theory, the continuum limit [20] is achieved when the bare coupling ¢ — ¢* = 0. A simple
argument [8, 9] to show this is to observe that ¢* is the bare coupling of the continuum theory.
The bare coupling g is a measure of interaction strength at the cutoff scale = (1/4). When
lattice spacing a — 0, the cutoff scale becomes large and ¢ — ¢*. As Yang Mills theories
are asymptotically free, at large energies the interaction strength approaches 0. Therefore,
g¢* = 0. To make this argument more quantitative, let us consider the beta function defined

as,

Bls) = arg(a). (19

The continuum limit is reached when ¢ approaches a fixed point ¢* in the coupling parame-
ter space and ¢ becomes independent of a. Therefore, (g*) = 0. In the weak coupling limit
of the theory, the perturbative beta function [8] for pure SU(N) gauge theory in 4-dimensions

acquires the form:

B(g) = Bog’ + B18° + O(8). (1.4)

2 In 3+1 dimensional pure Yang Mills theory, the coupling constants are dimensionless and the only dimensionful
quantity on the lattice is the lattice spacing a.
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Above,

11/ N 34/ 1 \?
Bo = 3 (167‘[2) p1 = 3 (167‘[2> . (1.5)

This clearly vanishes at vanishing coupling. Now, integrating the beta function, one obtains

231
e 1

_ A-1(,2 2 2
0= Ah(gB0) ™ xp (~ 53 ) (1+O()) 16
Above, Ay, is the integration constant. It is clear from the above expression that continuum
limit occurs at the weak coupling limit ¢> — 0.

Consider a physical quantity X with mass dimension I. Then X = a~!X;(g) where X
is the corresponding value of X on the lattice. Since, physical quantities has to be cutoff
independent near the continuum limit, we get

ax @) ox|  oxdg _

da - aal " dg da (1.7)
a=0 8

X __
% =0

Using the definition of beta function and the expression for X, we get, IX — B(g)
B

Solving the differential equation, X = ¢ (Ayy)" where Ay = %(,Bogz)zﬁéezﬁogz is a cutoff

independent mass parameter which sets the scale [8, 9] for QCD. Near the continuum, the g

dependence of X is completely fixed by the beta function through the above relation. There-

fore, in order to approach the continuum limit in 3+1 dimensions, all physical quantities

must approach the above scaling behavior.

1.1 KOGUT SUSSKIND APPROACH

The Hamiltonian approach to lattice gauge theory involves formulating gauge theory on a
spatial lattice while keeping the time direction continuous. This approach was pioneered by
Kogut and Susskind in [6]. The Hamiltonian formulation is intuitively appealing as one di-
rectly deals with the construction and study of the physical gauge invariant Hilbert space in
terms of the fundamental operators of the theory. The questions regarding the hadron spec-
trum [58], mass gap [59], glueball spectrum [60, 61] etc are much more directly posed in a
Hamiltonian framework. Inspite of these advantages, the major trends in lattice gauge theory
have mostly favored the Euclidean approach. This is because, numerical Monte Carlo sim-
ulations are easily implementable in Euclidean path-integral formalism. Such Monte-Carlo
studies of lattice gauge theories yield numbers to be directly checked with particle data. But,
the Monte Carlo technique is entirely numerical making analytical understanding difficult at

times. On the other hand, the Hamiltonian approach, in principle, allows us to directly com-
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pute the physical spectrum non-perturbatively by diagonalizing the lattice Hamiltonian. This
is unlike the Euclidean path integral approach where it has to be extracted from the correla-
tion functions. However, in practice, it is very difficult to diagonalize the Hamiltonian with
sufficient accuracy. Therefore, practical calculation methods of diagonalization even for pure
gauge theory on a finite lattice involve a severe truncation of the infinite dimensional Hilbert
space to some finite dimension. Inappropriate truncation schemes violates continuum limit
and physical quantities do not show correct scaling behavior. Truncations are done under
various approximation schemes. The simplest and the oldest approximation scheme is the
strong coupling expansion [6-8, 58-68] where an expansion is made around g — oc. Strong
coupling expansion allows us to compute the low energy spectrum by truncating the infinite
dimensional physical loop Hilbert space to a finite dimensional loop Hilbert space spanned
by loop states of small lengths and carrying small fluxes [see section 2.1]. However, these
results are completely unphysical because, as shown by (1.6), the continuum limit of lattice
gauge theory lies infinitely far away at the weak coupling (¢ — 0) end. The efforts to ex-
trapolate the strong coupling results to the weak coupling region by Pade approximants etc
did not lead to any conclusive results. The other popular variational [69—74] methods in the
Hamiltonian lattice gauge theory also involve trial ground state wavefunctions and hence the
success of this method strongly depends on the choice of proper variational ansatz. More-
over, they sample a very small part of the full gauge invariant Hilbert space. The Hamilto-
nian approach has also been exploited to develop other non-perturbative methods such as
t-expansions [75, 76], plaquette expansion [77] and coupled cluster method [78-80]. Monte
Carlo techniques have also been developed to study the spectrum of the lattice gauge theory
Hamiltonian [81-83]. There are also renormalization group improved approaches [84] where
the original Kogut-Susskind Hamiltonian is modified by including distant lattice sites/links
interactions in order to minimize the discretization error and to get closer to the continuum
limit. As mentioned above, all these methods, though non-perturbative, chop off the gauge
invariant Hilbert space and improper truncation schemes create problems in the weak cou-
pling limit. In order to proceed, we therefore need a complete characterization of the physical
Hilbert space of SU(N) lattice gauge theory.

The redundant gauge degrees of freedom make it necessary to impose local Gauss law
constraints on the solutions. Hence, it is desirable to remove these irrelevant or unphysical
degrees of freedom from the theory. Within the Hamiltonian framework, where one is in-
terested in the Hilbert space of the theory, the gauge redundancy increases its dimension
considerably. For an SU(N) gauge theory on lattice, each link of the lattice carries an SU(N)
link operator which contains N? — 1 degrees of freedom. However, there exists SU(N) gauge
invariance at each lattice site which corresponds to N> — 1 Gauss law constraints at each site.

Hence, the actual dimension of the physical Hilbert space in SU(N) lattice gauge theory, is
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the dimension of the quotient space ®ji;sSU(N)/ ®sites SU(N). On a d dimensional cubic
lattice with periodic boundary condition, the number of links £ = d(Ns; — 1) and the num-
ber of sites is V' = (N — 1)d, where N; is the number of sites along any direction. Therefore,
the dimension of physical Hilbert space per lattice site is exactly (N? —1)(d — 1). Now, there
are two ways to proceed (a) one can fix the gauge to cut down the gauge degrees of freedom
or (b) one can work with only gauge invariant or physical degrees of freedom. In the past
few decades there have been a number of approaches proposed to reformulate SU(N) Yang
Mills theories [3-6, 26—51] directly in terms of loops or gauge invariant variables both in the
continuum and on the lattice. All these approaches attempt to solve the non-abelian Gauss
laws by first reformulating the theory in terms of operators which transform covariantly
under gauge transformations and then exploiting this gauge covariance to define gauge in-
variant operators and gauge invariant states. In one of the earliest approaches [85], a polar
decomposition of the covariant electric fields was used to solve the SU(2) Gauss law con-
straints. However, the resulting magnetic field term in the SU(2) gauge theory Hamiltonian
is technically involved and difficult to work with. Also such a polar decomposition for SU(3)
or higher SU(N) gauge group is not clear. In approaches motivated by gravity [47, 86—92], a
gauge invariant metric or dreilbein tensor is constructed out of the covariant SU(2) electric
or magnetic field. The problem with such approaches is the exact equivalence between the
initial and final (gauge invariant) coordinates is not simple. Further, the gauge group SU(2)
plays a very special role and generalization of these ideas to SU(N) gauge theories is not
straightforward. In Nair-Karabali [93-95] approach the SU(N) vector potentials enable us to
define gauge covariant matrices leading to gauge invariant coordinates in 2 + 1 dimensions,
which are then quantized to analyze the theory directly in the physical Hilbert space H?.

But, direct generalization to higher dimensions is difficult.

1.2 LOOP APPROACH AND MANDELSTAM CONSTRAINTS

An old and obvious choice for the gauge covariant operators [3-6, 26—41, 43—49, 51] in any
dimension is the set of all possible holonomies around closed loops. These loop operators
transform covariantly under gauge transformations, commute amongst themselves and their
traces (Wilson loop operators) are gauge invariant. In fact, lattice formulation is tailor made
for loop formulation of gauge theories. This is because in lattice formulation of gauge theo-
ries the basic variables are the link operators or equivalently holonomies and not the gluon
fields like in the continuum. The loop operators are given by the product of these link op-
erators sequentially along closed loops. In fact, the loop studies in Yang Mills theory also
inspired people to utilize the loop approach to quantize gravity. This was made possible by

Ashtekar’s introduction of gauge theory like variables for canonical gravity, namely, a con-
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nection and its canonically conjugate “electric field” with internal SU(2) degrees of freedom
[96]. This approach to gauge theory eventually lead to a new non-perturbative quantiza-
tion of canonical gravity [96—99] known as loop quantum gravity. This again has renewed
interests in reformulating lattice gauge theories in terms of loops [33—36, 99, 100] in recent

years.

The Mandelstam Constraints

In SU(N) lattice gauge theories, one easily obtains a gauge invariant (Wilson) loop basis
of the physical Hilbert space H” by applying all possible SU(N) Wilson loop operators on
the gauge invariant strong coupling vacuum [3-6, 2641, 43—49] . However, this simple con-
struction again over describes lattice gauge theories. Now the over-description is because all
possible Wilson loop operators are not mutually independent but satisfy constraints known
as Mandelstam constraints [3-6, 26—41, 43—49]. They reflect the structure of the gauge group
in the form of a set of relations between the loop states of the theory. More precisely, the
Mandelstam constraints allow us to express products of Wilson loops in terms of the sum
of the products of a number of loops implying that all loop states in the theory are not
mutually independent (see section 2.2 for quantitative discussion). These identities were first
introduced by Mandelstam for the gauge group O(3) [1, 3]. Extension to GL(N) was achieved
by Giles [45].

The Mandelstam constraints are difficult to solve as they involve arbitrarily large number
of non-local loop states of all shapes and sizes. On the other hand, the solutions of the
Mandelstam constraints are of significance not only for writing non-abelian gauge theories
without any spurious loop degrees of freedom but also for computing the Hamiltonian
spectrum in the weak coupling limit. This is because unlike strong coupling limit (g> — c0),
near the weak coupling or continuum (¢ — 0) limit loop states of arbitrary large sizes and
fluxes become relevant [43, 48, 49]. These constraints become more and more complicated for
higher N and higher dimensions. Therefore, they are the major obstacles in loop approaches
to gauge theories. In fact, as also mentioned in [26], the loop approach advantages of solving
the non-abelian Gauss law constraints become far less appealing due to the presence of
these non-local Mandelstam constraints. In general, a common and widespread belief is that
loop formulations of gauge theories, though aesthetically appealing, are seldom practically
rewarding due to technical difficulties like the Mandelstam constraints. The work in this
thesis directly addresses these issues (see section 1.3).

In the simplest SU(2) lattice gauge theory case the Mandelstam constraints can be exactly
solved in arbitrary dimension using the prepotential approach [48-51, 101-106] (see section

2.3 for quantitative discussion) The resulting gauge invariant (loop) basis, also known as
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the spin network basis, is orthonormal as well as complete. Thus, there are no redundant
loop states or SU(2) Mandelstam constraints. The loop basis [48] is characterized by a set of
angular momentum quantum numbers. However, the corresponding loop Schrédinger equa-
tion involves higher Wigner coefficients (eg; 18-j and 30-j Wigner symbols for 2+1 and 3+1
dimensions respectively) and is extremely complicated to solve. Further, there are numerous
(angular momentum) triangular constraints at each lattice site and local abelian constraints
on each link [48-51, 101-106]. All these issues make the prepotential approach less viable
for any practical calculation even for the simplest SU(2) case. Also, this approach, when gen-
eralized to SU(3) or higher SU(N) lattice gauge theories, further suffer from the problem
of multiplicities involved with SU(N) representations [101-104] for N > 3. In an alternate
approach [33-36] to solve SU(2) Mandelstam constraints in 2+1 dimensions, a set of inde-
pendent loops were chosen which were then used to construct arbitrary loops. But, this
formalism does not describe loop-loop interactions and the dynamics cannot be studied due

to the lack of a systematic transition from the links to the loops.

1.3 CANONICAL TRANSFORMATIONS, LOOPS AND GAUGE-SPIN DUALITY

Inspite of extensive research in the past [3-6, 26—41, 43-51], a systematic way of transition
from the standard Kogut-Susskind link formulation of pure SU(N) gauge theory to a loop
formulation in terms of fundamental loop operators and loop states is still missing in the
literature. In this thesis, we construct canonical transformations which allows us to system-
atically reformulate pure SU(N) Kogut-Susskind Hamiltonian lattice gauge theories [6] in
terms of a set of fundamental loop operators and loop electric fields[52—-54]. We start with
the standard Kogut-Susskind Hamiltonian formulation of SU(N) lattice gauge theory where
the fundamental operators are the link operators and its conjugate electric fields. We obtain
[52] fundamental loop operators by glueing the standard Kogut-Susskind link operators
along certain loops over the entire lattice through iterative canonical transformations. These
loop operators are independent and any gauge invariant operator can be written in terms of
them. The canonical transformations also produce a set of SU(N) string flux operators and
their conjugate electric fields. The relation between the initial Kogut-Susskind SU(N) link
operators and conjugate electric fields and the final physical SU(N) loop, unphysical string
operators and their corresponding conjugate electric fields are explicitly worked out in detail
in a self consistent manner in this thesis. We show that as a consequence of SU(N) Gauss
laws, all string degrees of freedom become cyclic or unphysical and decouple, leaving only
the physical and mutually independent loop degrees of freedom. As the final loop formula-

tion and the initial Kogut-Susskind link formulation are related through a series of canonical
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transformations, no extra loop degrees of freedom are generated and hence the problem of
Mandelstam constraints is completely evaded for all SU(N) lattice gauge theories.

The resulting loop formulation has the following features:

1. This loop formulation is free of local Gauss law, Mandelstam as well as Bianchi identity

constraints.

2. The SU(N) Kogut-Susskind Hamiltonian, written in terms of the fundamental loop
operators and conjugate electric fields, has SU(N) global gauge invariance. There are
no gauge fields. Number of physical degrees of freedom exactly matches the number
of loop degrees of freedom modulo a global SU(N) Gauss law corresponding to global
SU(N) invariance. Complete and orthonormal electric as well as a dual magnetic loop

bases satisfying the global SU(N) gauge invariance are constructed (see chapter 3).

3. The resulting loop formulation [52, 53] is shown to be dual to the Kogut-Susskind
link formulation of SU(N) lattice gauge theory. This duality is the generalization of
Wegners duality [7, 55, 56] between Z, lattice gauge theory and quantum Ising model.

4. Loop or physical Hilbert Space H” of pure SU(2) lattice gauge theory [54] is completely
and most economically realised in terms of Hilbert space of Wigner coupled hydrogen
atoms. One hydrogen atom is assigned to every plaquette of the lattice. A complete
orthonormal description of the Wilson loop basis in H? is obtained by all possible
angular momentum Wigner couplings of hydrogen atom energy eigenstates |n [ m)
describing electric fluxes on the loops in SU(2) lattice gauge theory. SU(2) global in-
variance implies that the total angular momentum of all Hydrogen atoms vanish. Also,
the Hamiltonian is written in terms of the generators of dynamical symmetry group of

Hydrogen atom, SO(4,2) (see chapter 4).

OVERVIEW OF THE THESIS

The overview of the thesis is as follows (also see the flow chart in Figure 1.1). In chapter
2, We start with a brief review of Kogut-Susskind Hamiltonian formulation. This is done
for completeness as well as fixing the notations to be used through out the thesis. We then
discuss the Wilson loop formulation of gauge theories and the issue of Mandelstam con-
straints. As mentioned earlier, the SU(N) Mandelstam constraints are the major obstacle in
the loop formulation of gauge theories. This is followed by a discussion of the prepotential
approach where Mandelstam constraints are made local and solved. However, new trian-
gular (inequality) constraints involving angular momenta pop up and the loop dynamics

becomes extremely complicated.
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Z; L.G.T SU(N) L.G.T
Z> canonical transformations SU(N) canonical transformations
Z> Loops & Z, Strings SU(N) Loops & SU(N) Strings
Z3 Gauss law constraints SU(N) Gauss law constraints
(Z2 strings are frozen) (SU(N) strings are frozen)
Z5 Loops describing SU(N) Loops describing
Z5 Ising (spin) model SU(N) spin model

Figure 1.1: Outline of the thesis. Canonical transformations are constructed which lead to a loop

formulation of Z, as well as SU(N) lattice gauge theory in (2+1) and (3+1) dimensions.

The loop formulation also helps us in constructing an exact isomorphism between the
loop Hilbert space of SU(2) lattice gauge theory and the Hilbert space of Wigner coupled
hydrogen atoms with no net angular momentum.

10
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The main motivation behind the thesis is to construct a loop formulation free of Mandel-
stam constraints, triangular constraints which is suitable for studying SU(N) loop dynamics
in the weak coupling limit. Such a loop formulation is constructed in chapter 3. As illustrated
in Figure 1.1, we construct canonical transformations which systematically transform the link
operators of standard Kogut-Susskind formulation into loop operators and string operators.
The string operators naturally decouple from the physical Hilbert space due to Gauss law
constraints leaving behind a loop formulation of SU(N) lattice gauge theory. These canoni-
cal transformations are first constructed for the simple case of abelian Z, gauge theory and
then for the more involved SU(N) gauge theory in 2+1 followed by 3+1 dimensional lattice.

In chapter 4, we show that in 2 + 1 dimensions, the loop formulation of Z, gauge the-
ory constructed through canonical transformations is exactly equivalent to a quantum Ising
model within the gauge invariant Hilbert space. This is the well known Wegner’s duality.
We then generalize this duality to SU(N) lattice gauge theory. This duality is then used to
construct a disorder operator for SU(N) lattice gauge theoies.

In chapter 5, we focus on the loop formulation of SU(2) lattice gauge theory and construct
an exact isomorphism between the loop Hilbert space of SU(2) lattice gauge theory and
that of a collection of coupled hydrogen atoms with no net angular momentum. We also
discuss the connection between gauge theory dynamics and the dynamical symmetry group
SO(4,2) of hydrogen atom. A variational ansatz for the ground state and the first excited
state motivated by this hydrogen atom correspondence is also given.

In chapter 6, We conclude by discussing possible extensions and applications of the loop
formulation developed in this thesis. The basic outline of the thesis is summarized in Figure
1.1.

The technical details of the canonical transformations on a finite lattice and the construc-
tion of the magnetic basis of SU(2) lattice gauge theory are described in appendix A and
appendix B respectively. Appendix C describes some calculational methods in the loop for-

mulation.

11



HAMILTONIAN FORMULATION OF SU(N) LATTICE GAUGE THEORY

In this chapter, we will briefly review Kogut-Susskind Hamiltonian formulation [6-8] of
pure SU(N) lattice gauge theory. We also briefly discuss the prepotential approach to the
loop formulation [48-50] of pure SU(2) lattice gauge theory. Apart from the purpose of
completeness, it will serve us in introducing the notations and conventions which will be
used in the rest of the thesis. The various issues and problems involved in each of the
formulations and the motivation behind the work described in chapters 3, 4 and 5 will also
be discussed.

In section 2.1, we start with a brief review of the Kogut-Susskind link formulation of pure
SU(N) gauge theory on a lattice. In section 2.2, we briefly discuss the issues involved in
constructing a loop approach with the set of all Wilson loops. The problem of Mandelstam
constraints [3-6, 26—41, 43—49]. is emphasized. In section 2.3, we discuss how SU(2) Mandel-
stam constraints can be solved with in the prepotential formulation. We then briefly describe
the various issues involved in the loop dynamics in terms of prepotentials in section 2.4. We
conclude this chapter by briefly discussing the generalization of the prepotential formulation
to SU(N) gauge theory and the associated problems.

Throughout the thesis, lattice sites and links will be denoted by n and (n,7) (or (n,i)
where 1 is the unit vector along the direction of the link. We often use ! and p for the link

and plaquette index for convenience.

2.1 KOGUT-SUSSKIND LINK FORMULATION & GAUSS LAW CONSTRAINTS

We now briefly review the lattice formulation of the Hamiltonian pure Yang Mills theory [6,
8] due to Kogut and Susskind. The Hamiltonian formulation of SU(N) lattice gauge theory
is realized on a space lattice with continuous time.

Let’s start with the continuum Lagrangian formulation of SU(N) gauge theory which is
based on gauge field A, = Afl)\“, where A%qa =1,--- ,N? — 1 are the generators of SU(N)
algebra in the fundamental representation satisfying Tr (A"A?) = 15". The Lagrangian is

given by

L= ;/d3x Tr(FuwF*"). (2.1)

12
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Above, F,, = 9, A, — 0, A, +ig[A,, A)] is the field strength and g is the coupling constant.
There is an internal (color) space at each space time point. Local gauge transformations
are basis transformation on this internal space. One can define an operator U(x1, x2) which
‘parallel transports” a vector in the internal space at x; to the internal space at x, along a
path C.

zngp x)dxt
Uc(xl,xg) = Pce M . (2.2)

Above, Pc denotes the path ordered product along curve C. This is necessary as A, at dif-
ferent points do not commute. The parallel transport operator in general depends upon the
path C. SU(N) gauge theory can be formulated on a space time lattice using the parallel
transport operator. We consider a hyper cubical space time lattice with lattice spacing a. We
define lattice gauge fields A, (%) at the midpoint ¥ of each link where A, (%) is the average
value of the continuum gauge field A, along the link in the direction u. A link operator

corresponding to a link starting at site 7 along the direction 7 is defined as

Xt
ig [ Ap(x)dxt
U(n,i) = P’ xf 0 = /%84T, (2.3)

The link operators has the following properties:
U(n,1) U'(n,i) =Z, U'(n,1)U(n,i) =1, [U(ni)| =T (2.4)

Above, Z is an N x N identity operator and |U| = detU. Consider the product of link

operators along a plaquette (say, in the 12 plane) on the lattice. It is given by

umz — eiagAl(x,yfa/Z)eiugAz(x+a/2,y)efiugA1(x,y+u/2)efiugAz(xfu/Z,y)
— eiag(Al(x,y)—VzAl (a/Z)eiag(Al(x,y)-i—VlAz(a/Z)e—iag(Al(x,y)+V2A1(a/2)e—iag(Az(x,y)—VlAz(a/Z)

_ pir’gFito(a®) (2.5)

Above, we have defined VoA (x,y) = Al(x’w?;/z%)_m(x’y) and V1Ax(x,y) = AZ(Ha/é’/y%)_Al(x’y).

These expression reduces to continuum partial derivatives under the limit a — 0. Similarly,

link operators along a general plaquette in the yv plane is given by Up = el 8Fw (@) Now,
TrU, is given by
;2 48 2

=Tr(1 fa gZF;%V ). (2.6)

13
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Above, we have used the fact that TrF,, = Tr(Fj;,A") = 0. Since, TrUp is not Hermitian, we

define the lattice Lagrangian® as
1 t
= g ;21\1 — Tr[Up — Up].

Above, the summation is over space time plaquettes. This Lagrangian reduces to the stan-
dard continuum Lagrangian 2.1 under a naive continuum limit. Since, we are interested in
the Hamiltonian formulation, temporal gauge Ay = 0, is chosen so that the link operators
corresponding to the links along the time direction are 1 and continuum limit is performed

along the time direction. This leads to the following Lagrangian [8, 40]:

_ T

L= lzk; gTr (utu) + IZ fag? (2N = (MU 1)} (2.7)
piaq

Above, the summation is over spatial links and spatial plaquettes. U, is the product of link

operators around a spatial plaquette. Above, we have suppressed the (1,1) index for simplic-

ity. The conjugate momentum of U,z (7, 1) and U;ﬂ(n, 1) is given by I1,5(n,1) = J? (U;ﬁ(n, 1))

and IT! g respectively. Quantization is achieved by imposing the following canonical quanti-

zation condition:

[Uwp(n,1),T1,5(m, )] = i64y0p58ii0mn- (2.8)
The Hamiltonian is
H= ZiTr<U*u>—ZL{2N—(Tru +c)} (2.9)
e 487 T 4ag’ P '
ptaq

It is convenient to formulate the theory in terms of lie algebra valued conjugate fields. To

this effect, conjugate electric fields are defined [8] as

E% (n,1) = —i 4g2 [Tr (U*nﬂ U(n,i) — hc)}
E* (n+1,1) = 4g2 [Tr <l'l(n,ﬂzll*(n,i) — h.c)} : (2.10)

The quantization conditions (2.8) imply :

B8 ) Ui )] = = (% Ul = [ D] =B )

PN

[E% (n,7), Uyp(n —1,1)] = (u(n—i,i)/\;)“ﬁ = B2 (n,d), B2 (n,1)] = if™E< (n, ).

(2.11)

1 The higher order terms in (2.6) are irrelevant [8, 57] in the renormalization group sense.
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In (2.11), f™¢ are the SU(N) structure constants. Therefore, E_(n,i) and E(n,i) are the
generators of left and right gauge transformations. They are related to each other by the

following relation

E (n+41,i) = —U'(n,0)E; (n,))U(n,i). (2.12)
In other words,
E* (n+1i,i) = =Ry (Ut (1,1))EY (n,1). (2.13)
where :
Rap(U(n, 7)) = %Tr (A”U(n,mbu*(n,ﬂ) . (2.14)

is a rotation matrix with RTR = RRT = 1. Note that the relation (2.12) is consistent with the

commutation relations (2.11) and shows that E_(n,7) and E. (m,]) mutually commute:

[Ez (n,1), E% (m, ]ﬂ = 0.

From (2.12) it follows that they satisfy the kinematical constraint:

3 3

Y EY(n,i)E%(n,i) = Y E“(n+1,i)E" (n+1,1) = E*(n,i), V(n,1). (2.15)
a=1 a=1

ensuring that their magnitudes are equal. Using eqn. (2.10), it can be shown that (E1)? =

Y ELEL = ;—iTr(UJrU). The Hamiltonian (2.9), when written in terms of the link operators

a

and electric fields, become

2
8 r2 1
H= SE(I)— Y — {2N — (TrU, + h.c) }
l%s 4a ;%14ag2 P
= Hg + Hp. (2.16)

In (2.16) TrU, reduces to B”B” on continuum limit, where B” is along the direction perpen-
dicular to the plaquette p. Therefore, the above Hamiltonian (2.16) reduces to the continuum
Hamiltonian under a naive continuum limit. The SU(N) gauge transformations rotates the

link operator and the electric fields in the following way:
E+(n,i) — A(n)E<(n,D)AT(n), U(n,i) — A(n)U(n,i)A(n+1). (2.17)

The commutation relations (2.11) along with the gauge transformations (2.17) imply that
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< (n;2)

E4(msi)  Umi) E%(n+4i)

L 2
o =o
*3&

L 2

n n+i E%(n;1)

SU(N) Gauss Law at n = (z,y) :

d
Go(n) = . E%(n;i) + E%(n;1) = 0
i=1

(a) (b)

Figure 2.1: The location of the left and right electric fields E (1;1) and E_(n + ;1) : (a) on a link (1;1),

(b) around a lattice site n = (x,y). The SU(N) Gauss law is also pictorially shown in (b).

the generators of SU(N) gauge transformations at any lattice site n are:

d
=Y (E°(n,1) + E5(n,1)), Vn,a. (2.18)
=1

The corresponding Gauss law constraints® are

ga(n)hbphys> =0. (2.19)

at all lattice sites 7, [¢,1,,s) being any state in the physical Hilbert space H* of gauge theory.

Hence, the canonical variables {Ei(n, D, U(n, D} are not free and are constrained by (2.18).

The Gauss law constraints are illustrated in Figure 2.1(b).
In the strong coupling limit g> — oo, Hr dominates. Since, Hg is a Casimir of SU(N), the
spectrum of Hf is discrete. Strong coupling vacuum state |0) is defined as the state which is

annihilated by all the electric fields:
E% (n,1) [0) = E* (n+1,i) [0) = 0. (2.20)

Since, E3]|0) = 0, |0) is the vacuum state in the strong coupling limit. Also, |0) is gauge

invariant as G*(1)|0) = 0. The quantization rules (2.11) show that the link operators U,z (1, )

acting on the strong coupling vacuum (2.20) create SU(N) fluxes on the links. As an example,

using (2.11):

2(n, 1) (Ungl0)) = % (N2 = 1) (Ugl0)). (2.21)

Since the strong coupling Hamiltonian does not couple different links, it is clear that the

eigenvectors of Hamiltonian are simply the product of U corresponding to different links

Hamiltonian formulation is not equivalent to the Lagrangian formulation unless the Gauss law constraints are
imposed. This is because the Lagrangian formulation has Gauss law as an equation of motion while Hamiltonian
formulation doesn’t and therefore has to be imposed as a constraint on the states.
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acting on the strong coupling vacuum |0). But, Gauss law constraint (2.18), implies that
the lowest energy physical (gauge invariant) excitation involves the trace of the product of
4 links around the smallest loop on a lattice which is a plaquette. It has an energy given
by 4 (%) Therefore, there is a clear mass gap in the spectrum. Consider a static quark-
antiquark pair at sites x and y respectively3. The potential energy is defined as the energy of

the lowest gauge invariant excitation. This state is obviously given by exciting the shortest

path of links connecting the quark-antiquark pair. The potential energy is given by L (NZZN* 1 ) ,
where L is the distance between the points x and y. Since, the potential energy depends
linearly on the distance between the quark and antiquark, the force is independent of the
distance. This leads to confinement. Therefore, strong coupling limit clearly has confinement
and mass gap. However, as discussed in the previous chapter, the lattice is coarse grained
when ¢? is large and therefore far away from the physical continuum limit. There have been
numerous attempts in the beginning to reach the continuum limit through strong coupling
expansion [6-8, 58-68] starting from the strong coupling limit g¢> — oo. In the Hamiltonian
formulation, this involves solving Hg exactly and Hp in perturbation theory. For example,

the first correction [6] to the strong coupling vacuum state |0) of Hr due to Hp is given by

1 4

l1) = Hy Hg|0) = 3ag? Y. <Trllp + h.c> 0). (2.22)
p

Above, U, represents the product of link operators along a plaquette and the summation is

over the plaquettes on the lattice. The first order correction to the vacuum energy [6] is

-2

Above, V gives the volume of space. In the above two equations, we have used the ex-

-1
0E=(0|Hp — H

pressions for the first order corrections to strong coupling vacuum state and energy in the
standard Rayleigh-Schrodinger perturbation theory. We have also used the fact that the eigen-
value of Hf corresponding to the strong coupling vacuum state is 0. The higher corrections
involve larger loops carrying larger fluxes suppressed by higher powers of the coupling
constant g%. A systematic expansion in 1/¢* can be constructed starting with the exact con-
fining solution at ¢ — co. It was expected that these results could be extrapolated to the
continuum limit which lies at g — 0. The success of this method crucially depend upon the
requirement of analyticity in the entire region, g> € (0, o). it runs into difficulties in the in-
termediate coupling region due to roughening* transition [107-110]. Further, when ¢? — 0,
large loops and loops carrying large fluxes becomes relevant. Therefore, it is desirable to

reformulate the theory directly in terms of mutually independent loop operators. It is also

For simplicity, we consider x and y to be on the same line
Roughening transition does not lead to deconfinement as string tension does not vanish. However, it makes the
strong coupling expansion results unreliable.
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2.2 WILSON LOOP FORMULATION & MANDELSTAM CONSTRAINTS

clear from eqn. (2.22) that even though the basic quantized degrees of freedom in the Kogut-
Susskind formulation are defined on links, the actual gauge invariant physical excitations of

a pure gauge theory are in the form of loops.

2.2 WILSON LOOP FORMULATION & MANDELSTAM CONSTRAINTS

The physical observables and physical states of a gauge theory should be gauge invariant
and satisfy Gauss law constraints. Therefore, it is useful to remove the gauge redundan-
cies by formulating the theory in terms of a set of gauge invariant Wilson loops, W(I') =
Tr(PelFfAiXm), where A; is the gauge connection and I is an oriented, closed loop. It was
shown in [45] that the set of all Wilson loops contains all the gauge invariant information
contained in a gauge theory.

In lattice gauge theory, a manifestly gauge invariant geometrical basis in the physical

Hilbert space is given by the set of all possible Wilson loop states
1) = W(D)[0), (2:23)

where, W(T') is the product of link operators along any oriented, closed loop I' and |0) is the
strong coupling vacuum. The problem with the above loop basis is that it is overcomplete.
The Mandelstam constraints [3-6, 26—41, 43—49] amongst the various loop states express
this overcompleteness of the Wilson loop basis. The Mandelstam constraints are relations

between Wilson loops which reflect the structure of the gauge group.

Mandelstam constraints on a lattice

For an SU(N) gauge theory on a lattice, there are (N? — 1) degrees of freedom on each link
and (N2 — 1) Gauss law constraints on each site. Therefore, the number of gauge invariant
degrees of freedom is given by the dimension of the quotient space ®jisSU(N)/ Qsites
SU(N). On a d dimensional lattice with N; sites and N; — 1 links along any direction and

open boundary condition, it is given by
Nag = (N2 = 1) [£ = N = (N2 = 1) [d(Ns = 1) (Ns)** = (N)?] .

Above, £ and N represents the total no of links and sites on the lattice. But, there is an
infinite number of Wilson loops even on a finite lattice. Therefore, the Wilson loop basis is
clearly over-complete. A classical equivalence theorem [45] states that once the Mandelstam
constraints are solved, the number of independent loop variables left would equal the num-

ber of physical degrees of freedom. Therefore, the extra loop degrees of freedom have to be
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2.2 WILSON LOOP FORMULATION & MANDELSTAM CONSTRAINTS

a
- = a
" - ¢ |n + cn

Figure 2.2: Simplest example of Mandelstam constraints for SU(2) gauge theory on a 2 dimensional
spatial lattice.

removed by imposing the Mandelstam constraints. The origin of Mandelstam constraints can
be traced back to the identities satisfied by the traces of SU(N) matrices. For concreteness,
we consider SU(2) gauge theory on a 2 dimensional lattice for illustrating the Mandelstam
constraints. In order to describe a simple example of Mandelstam constraints, let’s consider
2 plaquettes A and B touching each other at a common lattice site n as shown in the Figure

2.2. The corresponding Wilson loop operators satisfy [33-36]
(TrUa) (TrUp) = Tr(UaUg) + Tr(UaUg").

The above relation is a trivial identity involving any two SU(2) matrices U4 and Ug. It
can be easily checked by writing the SU(2) matrices in the following representation: Ux =
Xo1 + iX,0", where ¢“ are the pauli matrices, Xo, X, are real and satisfy Xg + X% + X% +
X2 + X2 = 1. Therefore, Uy = Aol +iA,0%, Ug = Byl + iByo? and Tr(UaUp) = 2A0By —
2A,B,, Tr(LIAUgl) = 2A0Bo +2A,B,, (TrUy)(TrUg) = 4AoBy. This leads to the above iden-
tity. The above operator identity implies the following relation between the corresponding

loop states:

1) = (Trla)(TrUg)[0), |72) = Tr(Ualg)[0), [73) = Tr(Ualy")[0)
71) = [72) + 73). (2:24)
Thus, the loop states |y1),|72), |73) are linearly dependent. The Mandelstam constraints be-
come more and more complicated when larger loops and loops of large fluxes are involved.

To appreciate this better, let’s consider most general loop states involving only these 2 pla-

quettes A and B [48, 49]:

INa, Np) = (Tru, )N (Trup) N2 |0)
= (Tru,)Na 1 (Trup)Ne 1 (TT(UAUB) + Tr(UAU§1)> 0)

= (TN (T2 (Tr(Ual) + Tr(UaUG")) [0

N .
= (TrU 4 )Na=Nmin (TyUg ) Ne—Nnin (Tr(UAUB) + Tr(uAugl)) |0),
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2.3 PREPOTENTIAL FORMULATION & MANDELSTAM CONSTRAINTS

where Njy, Np are two arbitrary integers giving the fluxes over the plaquettes A and B and
Nyin =Minimum (N4, Ng). Thus, the above expression gives 2N,,;,, + 1 different linearly de-
pendent loop states. The number of loop states and the constraints between them increases
with the SU(2) flux value N,,;,. Adding more plaquettes gives more complicated loop states
as well as Mandelstam constraints. It is also clear that this problem becomes worse in higher
dimensions and higher gauge groups. As mentioned earlier, in the strong coupling (¢? — o0)
expansion technique, in low orders of perturbation theory, one deals with only a finite num-
ber of small loops with small fluxes. Therefore, Mandelstam constraints can be easily solved
using Gram-Schmidt orthogonalisation techniques. But, in going to the weak coupling con-
tinuum limit (¢> — 0), large loops with large fluxes becomes important and Mandelstam
constraints becomes more and more involved. Therefore, one is confronted with the prob-
lem of finding a complete set of linearly independent loop states amongst loop states of all
shapes, sizes and carrying arbitrary fluxes and touching/crossing each other at arbitrary lat-
tice sites. One way of solving these constraints is to use prepotentials [48-51, 101-106]. The

prepotential formulation and the issues involved in it are discussed in the next section.

2.3 PREPOTENTIAL FORMULATION & MANDELSTAM CONSTRAINTS

In this section, we briefly describe the prepotential formulation of SU(N) lattice gauge theory.
The Mandelstam constraints can be solved in the prepotential formulation. In this formula-
tion [48-51, 101-106], the basic link operators and conjugate electric fields are replaced by
harmonic oscillator n-tuplets called prepotentials. These prepotential operators form an al-
ternate set of variables of the theory. Both the Hamiltonian and the constraints are rewritten
in terms of prepotentials. For simplicity we choose SU(2) lattice theory [48—50] for illustra-
tions. Generalization to SU(N) prepotentials [101-106] will be briefly discussed towards the
end of the chapter.

As discussed in section 2.1, two electric fields are associated with each link of the lattice
which are related through a rotation. We define SU(2) prepotential operators a'(n,i; L) and
at(n,i;R) and associate it with left and right end of the link (1,7). Using the Schwinger
boson construction [111] of the angular momentum algebra, the left and the right electric

fields on a link (n,1) can be written as:

~

a
Left electric fields: E‘i(n,ﬂ = aJr(n, i L)%a(n, i; L), (2.25)

a
Right electric fields: E* (n+1,i) =a'(n,i; R)%a(n, I;R).

In (2.25), a,(n, f;l) and a (n, i1 ) are the doublets of harmonic oscillator creation and anni-

hilation operators with I = L,R,a = 1,2. Like Eﬁ(n,ﬂ and E” (n + f,i), the locations of
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l, L]
n @ ®n+1
E¢ (n,i) E?(n+1,1)

Figure 2.3: The left and right electric fields and the corresponding prepotentials in SU(2) lattice gauge
theory. We have denoted a'(n,i,L) and a'(n,i, R) by a’(L) and at(R) respectively.

a(n,i,L),a*(n,i,L) and a(n,1,R),a’(n,1,R) are on the left and the right of the link (1,1). As
we mostly work on a given link, we suppress the link indices and denote a(n,i,L) and
at(n,i,R) by a*(L) and a*(R) respectively. This is clearly illustrated in Figure 2.3. Note that
the relations (2.25) imply that the strong coupling vacuum (2.20) is also the harmonic os-
cillator vacuum. Under SU(2) gauge transformation, the prepotential harmonic oscillators

transform as SU(2) doublets:

at(L) = af(L) (AD) e al(R) = af(R) (AR)"
a*(L) = (AL)*gaP(L),  a*(R) = (Agr)"s aP(R). (2.26)

One can also define @™ = e"‘ﬂaE and 4, = eaﬁaﬁ which under SU(2) transformation trans-
form like a* and a respectively. Here, €,4 is a completely antisymmetric Levi Cevita ten-
sor (€11 = ex = 0,e1p = —ep1 = 1). The kinematical constraint (2.15), E% (n, f)E‘i(n,D =
E* (n+1,i)E~ (n+ i i), implies that the number of harmonic oscillators at the left end of a

link equals the number at the right end [48, 49]. L.e,
N, = Np; N,=a"-q, N, =0b"-b. (2.27)

Above, we have defined a(n, i,L) = a and a(n, f,R) = b. The equations (2.25) defines the
left and right electric fields in terms of the prepotentials. To establish complete equivalence,
we now write down the link operators explicitly in terms of the prepotentials. From SU(2)
gauge transformations of the link operator in (2.11),(2.17) and SU(2) gauge transformations

(2.26) and the constraint (2.27) of the prepotentials [48-51, 101-106],

(a,,j)ﬁ — ﬁ;b:g) % (2.28)

(K +1) (N +1)

Uyp =

Above, N = a' - a = b" - b is the number operator. In (2.28), we have suppressed the location
of the link (n,7) and defined the left and right prepotentials as a and b respectively, for ease
of notation. Since prepotentials are doublets, the link operator is a 2 x 2 matrix and must
be SU(2) valued. The prepotentials decouple the left and right part of a link which are only

connected by the number operator constraint (2.27). This is clear in the explicit matrix form
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2.3 PREPOTENTIAL FORMULATION & MANDELSTAM CONSTRAINTS

[48, 49] of the link operator written as the product of the left part Uy and the right part Ug

as:

1 aw ew ) dE® d® ) 1
U= ———— —— = U Ug. (2.29)
VI —atr) w@) |\ @) —aw | VR ’
up Ur

and satisfies UTU = UU' = 1. Moreover using (2.29) one can show explicitly that,
[Usg, U] = [ua,;, u;ﬁ} — 0. (2.30)
Further, in terms of prepotential operators we have an additional U(1) gauge invariance:
al(n,i) — eig(”'aal(n, i), bi(n41,i) — e’ie(”'ﬂbl(n +1,1). (2.31)

Therefore, we have gone from the standard SU(2) link operator, electric field description to an
equivalent description in terms of harmonic oscillator prepotential operators with enlarged

SU(2) x U(1) gauge invariance.

2
aT[n,Q]
- aT[n,i] 1
3 aT[n,g] []n
aT[n,ZL]
4

Figure 2.4: 2d prepotential doublets a*(n, D ;i=1,2,-+-2d around a site n is shown for d = 2.

Any site on a d dimensional lattice, has 2d prepotential doublets corresponding to the 2d
links emanating from the site. The d extra Schwinger bosons are defined as a(n,d +i) =
b(n —i,i) for simplicity. This is illustrated in Figure 2.4. SU(2) invariant operators can be

constructed by anti symmetrizing pairs of different prepotential doublets.

Lij(n) = eaﬁa}(n,ﬂag(n,ﬂ =a'(n,i)-d"(n,)); i,j=1,2---2d, i <. (2.32)
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We have 2/C, = d(2d — 1) such invariant ‘intertwining’ operators around any site. Thus, an

SU(2) invariant basis at the site n is given by

24
7 li' n
I(n)) = T (Lij(n)) i )\0>; lij(n) € Z, ; Lij=1. (2.33)
ij=1
j>i

The constraint (2.27) implies that the number of harmonic oscillators at the left end of
a link equals that at the right end. Therefore, SU(2) x U(1) invariant states are the loop
states. In fact, any loop state equals [] |I(1)) with the corresponding lij(n) given by reading
off the number of flux lines going frIZ)m ith direction to the jth direction. Also, given Zij(n)
satisfying the U(1) constraint (2.27), we can write down a unique loop state corresponding
to it. Therefore, Wilson loops can be locally characterised by N; =(number of intertwining
operators)—(number of U(1) constraints)= d(2d — 1) —d = 2d(d — 1) integers per site. But,
number of physical degrees of freedom per site is 3(d — 1). Therefore, the above loop basis
is overcomplete. The extra redundant loop degrees of freedom is due to the Mandelstam
constraints [48, 49]. The Mandelstam constraints can be cast in a local form [48, 49] using
the prepotentials. For example, the simple Mandelstam constraints discussed in (2.24) and
illustrated in Figure 2.2 can be written in terms of 4 prepotentials corresponding to the links

meeting at the site n (see fig 2.2) a,b,c,d as follows:
(a™-b")(c"-d")|0) = (a-")(b" - d")[0) + (aT - d") (b - T)]0). (2:34)

The Mandelstam constriants can be elegantly solved in the prepotential formalism using

the representation theory of angular momentum algebra. Let us denote the 2d (left or right)

electric fields at site n by J# = al[n, 1] (%ﬂ) p agln, 1]. The Gauss law operator at a site n is just
49

the sum of all the electric fields at n :
d s : o A
G*(n) = Yatln] (G ) sl = Fu
i=1 2 ap

Since L;j(n) are SU(2) invariants, they commute with the Gauss law operator. I(n)) are

common eigenstates of [J;]2 and [J(n,1)]? with eigenvalues 0 and j(n,1) - j(n,1); j(n,i) =
2d
1Y Ix(n). In order to solve the Mandelstam constraints, we notice that there are many
k#i=1

different values of /;; which gives the same flux j(n, f). These degenerate states [48, 49] are
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the states related by Mandelstam constraints. Therefore, in order to solve Mandelstam con-

straints, we demand that the loop basis states be eigenstates of the following operators

BB s
L N2 N L . 2
i = (]1 +]2) , i = (]1 +]z+]3) Sy, ]%z...(zde) = (h + o+ "]2;171) :
(2.35)

Above, we have used the fact that i, , = 0 by Gauss law to put ]122“.2(1 =0 and ]122“,2 i1 =
]%2.“251_2 with in the physical Hilbert space. The resulting ‘spin network’ basis |1, 2, - - - , jod;
2,123, e (2d-1) = j24) which solves Mandelstam as well as Gauss law constraints
are characterized by 4d — 3 quantum numbers. These basis states satisfy the triangular con-

straints:

12 (k=1) = Jk| < jizek < Jizeeeer) ks k=23, (2d = 1). (2.36)

For instance, in 2 + 1 dimensions, the required gauge invariant basis states at sites 1 are eigen-
states of J?(n) = E% (n,1),J3(n) = E%(n,2),J3(n) = E3(n,1),J3(n) = E2(n,2),]%,(n) = (1 +
J2)* = J54(n) = (Js + Ja)* with the eigenvalues ji () (ji(n) + 1), j2 (1) (j2(n) + 1), ja () (ja (1) +
1),ja(n)(ja(n) +1), j12(n) (j12(n) + 1) and can be written as |j1, j2, j3, ja, j12)n- But, the U(1) con-
straint (2.27) implies that j;(n) = j3(n + 1), ja(n) = ju(n +2); Vn. Therefore, a complete basis
on a finite lattice can be labelled by choosing 2 of the quantum numbers among j1, j2, 3, j4
at each site. We choose ji, j» as those quantum numbers. Therefore, the resulting spin net-
work basis is given by |j1, j2, j12) at each site. ji, j, j12 are related by the triangular constraints:
lj1 — j2| < jiz < |j1 + j2|- But these triangular constraints are very difficult to impose on the

Schrodinger> equation.

2.4 THE LOOP DYNAMICS & WIGNER COEFFICIENTS

To discuss dynamics of loops, we consider the Hamiltonian of pure SU(2) lattice gauge theory

given by (3.59):
H=Y &) - Y -~ {211,
—4a ’ ~ 2ag? Pl

Above U, = U(n,1)U(n +1,j)Ut(n+j,i)U'(n,j) is the plaquette operator, ¥ is over all the
P

plaquettes on the lattice. The loop (spin network) states |ji, j2, j12) diagonalize the electric

term E2(n,1) in the Hamiltonian with eigenvalues j(n,1) (j(n,1) + 1). Therefore, the electric

With out imposing triangular constraints on the Schrodinger equation, dynamics might take a state which satis-
fies triangular constraints to states which do not.

24



2.4 THE LOOP DYNAMICS & WIGNER COEFFICIENTS

Figure 2.5: 18j ribbon diagram representing SU(2) loop dynamics[48, 49] in d=2 in the loop basis
given in (2.37). The interior (exterior) edge carries the initial(final) angular momenta and
the six bridges carry the angular momenta that doesn’t change under the action of TrU,.
The comparison with dynamics in the loop formulation constructed in this thesis is made
in Figure. 3.15.

part just counts the electric flux. The magnetic part of the Hamiltonian, TrU,, changes the
electric flux over the corresponding plaquette. TrlU, when written in terms of prepotential
using (2.28) has 16 terms and its matrix element in the loop basis is given by complicated
higher Wigner 3-nj coefficients. For example, in 2+1 dimensions, the matrix element [41, 48,

49, 112] of TrU, is given by an 18] Wigner coefficients:

it 35 ) |75, 75, 752
d c
a b

7%, 5%, 312) 137, 58, 32)

Figure 2.6: Spin network basis states on a plaquette abcd.

i Ja it J3 J2 i

+ . Nubcd . . . . . . :
<]abcd’Truabcd|]abcd> = gZ ]?2 ]g ]g ]EZ ]ij ]Z E(Sﬁ,j,i%

1
g2

Ji ja i j3 J2 7

18j coefficient of the second kind

(237)

~

Above, |juea) = |fi, 3, fi2) ® |11, 13, 112) ® 5, 5, i) @ |1, 3, jy) where a = n, b = n +1,
c=n+i+j d=n+]are the 4 corners of a plaquette and U, is the plaquette loop
operator. This is illustrated in the Figure 2.6. We also define j; = j4, o = j5, j3s = S, ja = ji

4 - -
for convenience. Also, in (2.37), Nyped = T1 \/(2]'1- +1)(2j;i +1)(2j12+1)(212+1). In3+1
i=1
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dimensions, the matrix elements of the plaquette operator [48, 49] is given by a 30-j Wigner

coefficient. Therefore, loop dynamics is complicated in the prepotential formulation.

SU(N) prepotentials

Since, SU(N) group is of rank (N — 1), we require (N — 1) fundamental irreducible represen-
tations to construct an arbitrary representation of SU(N). Therefore, an SU(N) generalization
of the prepotential formulation requires (N — 1) prepotential n-plets at each site of the lattice.
However, a straight forward generalization of SU(N) prepotentials for N > 3 runs into prob-
lems. This is because the Hilbert space created by these prepotentials are not isomorphic to
the Hilbert space of SU(N) irreps. The origin of this problem is the existence of certain SU(N)
invariants which can be constructed for N > 3. Any two states which differ by the overall
presence of such invariants will transform in the same way under SU(N) gauge transforma-
tion. This leads to the problem of multiplicity [102, 103, 113, 114] which in turn makes the
formulation of SU(N) (N > 3) much more involved compared to SU(2). For concreteness, let
us consider the Schwinger boson representation for SU(3) explicitly. Being a rank two group,
two prepotential triplets, namely the a} € 3 and b™ € 3* are necessary at each end of a link
to construct all possible irreps of SU(3). For example, the SU(3) electric fields are related to

the prepotentials as:

a ja
Left electric fields:  E3(l) = <a+(l,L)/\2a(l,L) + b*(l,L)éb(l,L)) :
A2 A2
Right electric fields: E%(I) = <u+(l,R)2a(z,R) + b*(z,R)zb(l,R)> . (2.38)
Above, A? are the Gellmann matrices and A = —AT. But, a™ - b' as well as a - b are SU(3)

invariant. Hence any irrep |R) of SU(3) should be identified with |R, p) for any p, where,

[Rp)= (a'-b")" |R). (2.39)
H,—/
SU(3) singlet

for p = 0,1,2,...,00. Note that, this degeneracy problem did not exist for SU(2) as there
is only one (2 = 2*) fundamental representation of SU(2). The degree of degeneracy in-
creases with N for gauge group SU(N) leading to more and more complicated prepotential

representation of SU(N).
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This multiplicity problem can be solved by constructing irreducible prepotential operators

for SU(N) [102, 103]. For example, in SU(3) case, the irreducible prepotentials are given by :

W(L) = af(L)+ Fke(L)b(L),  AY(R) = af(R) + Fr k+(R)bu(R),
B™(L) = b™(L)+ Fky(L)a"(L), B™(R)=0b"™(R)+ Fk,(R)a“(R). (2.40)

In (2.40), A} (L/R) and B**(L/R) are Irreducible SU(3) triplets and anti-triplets respectively.
ki (s) =a'(s)-b'(s), k_(s) = a(s) - b(s); s = L, R. The factors F; and Fg are given by:

1 F 1
N(L)+M(L)+1’ R="N(R) £ M(R) +1° (2.41)

Fp = —

In (2.41), N(s) = a*(s) -a(s), M(s) = b'(s) -b(s); s = L,R. Note that in terms of SU(3)

irreducible prepotentials, the degenerate states (2.39) do not exist as :
AY(L) - BH(L)|0), =0, AY(R) - B'(R)|0)z = 0. (2.42)
The link operators in terms of these irreducible Schwinger Bosons are given by:
U3 = B™(L)y A(R) + A*(L)8Bg(R) + (B(L) A A*(L))“ (A(R) A B+(R))ﬁ. (2.43)

where, n= 77L77R19 = QLQR,5 = 5L5R:

1 1 -
"B B VAD - AD T VADABD) BOAAD)

1 1 1
R AR AR T VBR F® N VAR AFR) BR AAR)

(2.44)

The SU(N) Mandelstam constraints can be cast into a local form using these irreducible
SU(N) prepotentials similar to the SU(2) case discussed in the previous section. But this
becomes more and more involved for higher SU(N) groups. The loop dynamics becomes
more and more complicated in the prepotential formulation, when we go to higher dimen-
sions and higher gauge groups. Therefore, even though the Mandelstam constraints are
solved in the prepotential approach, the triangular constraints and the complicated loop dy-
namics make it difficult to make further progress. These issues are solved in this thesis by
constructing a loop formulation of SU(N) lattice gauge theory through a series of canoni-
cal transformation from the Kogut-Susskind link operators and the conjugate electric fields.
Canonical transformations allows us to bypass the problem of Mandelstam constraints as
well as triangular constraints. Further, the new loop formulation allows us to construct a

electric loop basis where the matrix elements of the plaquette operators in 2 4+ 1 dimensions
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reduce to a 6j symbol (see section 3.2.3.4) as opposed to the 18;j symbol in Figure 2.5. Further,
unlike the prepotential approach, it remains a 6j symbol in any dimensions in the new loop

formulation.



CANONICAL TRANSFORMATIONS, GAUSS LAW CONSTRAINTS &
LOOP FORMULATION

In this chapter, we construct a series of canonical transformations to reformulate pure SU(N)
gauge theory on a lattice in terms of loops [52-54]. The canonical transformations help us in
systematically isolating the local gauge degrees of freedom readily. We illustrate these ideas
in the context of the simplest Z; lattice gauge theory before generalizing it to SU(N) lattice
gauge theory. As mentioned earlier, the canonical transformations acting on Kogut-Susskind

link operators, produce the following two types of mutually independent operators:

e plaquette loop operators and their conjugate electric fields corresponding to P plaque-

ttes on the lattice.

e string operators and their conjugate electric fields corresponding to N sites on the

lattice.

These string operators naturally decouple from the theory due to the local Gauss law con-
straints leading to a loop formulation based on the mutually independent fundamental pla-
quette loop operators. Since canonical transformations are 1 — 1 mappings, no new degrees
of freedom or constraints are introduced in the process. This helps us in bypassing the diffi-
cult problem of local Mandelstam constraints discussed in section 2.2 and 2.3. The ideas are
first illustrated in the case of simplest Z; lattice gauge theory in (2 + 1) dimensions.

The plan of this chapter is as follows. In section 3.1, we construct the canonical transfor-
mations leading to the loop formulation of Z, lattice gauge theory in 2 + 1 dimensions. In
section 3.2, we generalize these Z, results to SU(N) lattice gauge theory. In both the cases,
we first discuss the single plaquette case and then discuss the finite lattice case. The 3 + 1
dimensional case is discussed in section 3.3.

Throughout this chapter, we describe gauge theories on finite 2 and 3 dimensional spatial
lattices A with V sites, £ links and P plaquettes. Sites on a 2 dimensional and 3 dimensional
lattice are denoted by (x,y) and (x,y,z) respectively with x,y,z = 0,1,--- Ny — 1 where N;
is the number of sites in any direction. On a d dimensional lattice with open boundary
conditions, N = (Ns)9¢, £ = d(Ns — 1)(Ns)?~! and P = 9Co(Ns — 1)%(N;)9~2. We will often
use p =1,2,---,P as a plaquette index without specifying their locations. We often denote

a generic plaquette by p and link by /.
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3.1 Z2 LATTICE GAUGE THEORY

3.1 Zz LATTICE GAUGE THEORY

The dynamical variables in 3 dimensional Z, lattice gauge theory [7, 55, 56] are the Z;
conjugate spin operators {01 (1); 03(1)} on the link I € A. The quantization rules amongst

these conjugate pairs on every link [ are

[o1(1),05(1)] . = 01(1) o3(1) + o3(1) 01 (1) = 0. (3.1)

They further satisfy: 03(1)> = ¢1(I)?> = 1. The operators on different links are mutually in-
dependent and commute among themselves. We also define electric field E(/) and magnetic

vector potential A(]) of Z, lattice gauge theories as:
oi(l) = e7ED, (1) = A0, (3-2)

Above E(I) = (0,1) and A(l) = (0, ). From now onwards, we will call o (I) and o3(]) as
the Z, electric field and Z, magnetic vector potential. This will also help us in establishing
a correspondence between Z; lattice gauge theory and SU(N) lattice gauge theory in later
sections. A basis of the two dimensional Hilbert space on each link [ is chosen to be the

eigenstates of 03(!) : |&£,1) . On this basis, 01(!) acts as a spin flip operator:
() |+, D) =+|+D, a1 =I[F1) (33)
The 7, lattice gauge theory Hamiltonian [8, 56] is given by

H=— Z o (l)—A Z o3(l1)o3(lx)o3(13)03(ly) = He + AHp. (3-4)
leA pPEA

In (3.4), 03(l1)03(l2)os(I3)03(ls) represents the product of 03 operators along the four links
of a plaquette and the sum over p in the second term in (3.4) is over all plaquettes. The
parameter A > 0 is the Z, lattice gauge theory coupling constant. The first term Hg and the
second term Hp in (3.4) represent the Z, electric and magnetic field operators respectively.
Note that the electric field operator o7 (1) is fundamental while the latter is a composite of the
Z, magnetic vector potential operators 03(!) around a plaquette. After a series of canonical
transformations, the above characterization of electric, magnetic field will be reversed. More
explicitly, the dynamics will be described by the Hamiltonian (3.4) rewritten in terms of the
fundamental magnetic field (the second term) and the electric field operator (the first term)
will be composite of the dual electric scalar potentials (see (3.31) and (3.32)). The Hamiltonian
(3.4) remains invariant if all 4 spins attached to the 4 links emanating from a site n are flipped

simultaneously. This symmetry operation is implemented by the Gauss law" operator G(n)
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{o1(l3); 03(I3)}

g1 (ln1)

{o1(la),03(la)}
{o1(l2);03(l2)}

g1 (ln4)

{o1(tn); os(l)} Zs Gauss Law at n = (z,y) :

d
ga(n) = ,l;llgl(ln’) = 1

(a) (b)

Figure 3.1: (a) represents the 4 conjugate pairs on the 4 links. (b) represents the Z, Gauss law operator
defined at lattice site 7 in eqn. (3.5). 4 represents the electric field operators o7.

at lattice site n,
G(n) = Hal(ln) ,ne A (3.5)
In

In (3.5) [1;, represents the product over 4 links (denoted by /,;) which share the lattice site n

in two space dimensions. More explicitly, the local Z, gauge transformations at site n are

o (1) — g_l(n)al(l)g(n) =0 (l), VIeENA,
o3(ln) — gil(”)a?)(ln)g(”) = —03(ln), (3.6)
H— G '(n)HG(n) =H.

Thus, under a gauge transformation at site 7, the 4 link flux operator o3(I,) on the 4 links /,,

sharing the lattice site n change sign. All other 03(!) remain invariant. Since the Hamiltonian

remains invariant, this implies that total magnetization (Y"03(n,7)) = 0 and there are no
n,i

local order parameters. The physical Hilbert space H” consists of the states |¢f,;,s) satisfying

the Gauss law constraints:

G(n) |¢phys> = ’¢phys> or G(n) =1 Vn € A. (3.7)

In other words, G(n) are unit operators within the physical Hilbert space #?. Through out
the thesis, all operator identities valid only when acting on states within H? are expressed
by ~ sign.

We now define the canonical transformations involved in the construction of a loop for-
mulation of Z, lattice gauge theory in (2 + 1) dimensions. As mentioned in the beginning,

the canonical transformations convert all Z, conjugate pair operators (Z, electric fields, con-

We call this operator ‘Gauss law operator’ at n instead of }_ E(I,) by an abuse of notation. This notation is

convenient in the case of Z, lattice gauge theory
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{o1(l1), 03(11)} {o1(l2),03(l2)}

0161) a1(l2)

{012)(11) = 01(1)01(12), 031 (1) = 03(11)}

UII](ll)
{o111(l2) = 01(l), 0312 (lh2) = 03(l1)o3(l2)

3[x
01[;1;]'(112)

Figure 3.2: The fundamental canonical transformation involving 2 neighboring link operators. This
canonical transformation is repeated to construct loop and string operators on the entire
lattice. The 07 (11), 01(l2) operators are denoted by 4 and e respectively.

jugate magnetic vector potentials) on links (see Figure 3.6-a) into the following two distinct

and mutually independent classes of operators (see Figure 3.6-a,b,c) :

1. Zp plaquette loop operators: representing the Z, magnetic fields and its conjugate electric

scalar potentials over plaquettes (see Figure 3.6-b),

2. Zj string operators: representing the Z, electric fields and the Z; flux operators of the
unphysical string degrees of freedom. These strings isolate all Z, gauge degrees of

freedom (see Figure 3.6-c).

The first set, containing Z, plaquette loop operators, are all possible and mutually inde-
pendent physical (gauge invariant) degrees of freedom of the Z, lattice gauge theory. The
corresponding physical Hilbert space is denoted by H”. The second complimentary set, con-
taining Z, string operators, represents all possible unphysical gauge degrees of freedom.
As expected, all strings are frozen due to the Z, Gauss law constraints at lattice sites. Note
that no gauge fixing is needed at any stage. We now work out the Z, canonical transformations

systematically.

3.1.1  The fundamental Z, canonical transformation

We start by defining the fundamental canonical transformation on a pair of neighboring link
operators. The loop formulation is then constructed by iterating this fundamental canonical
transformation. Consider the operators {4 (1), 03(l1)} and {01(l2),03(l2) } lying on 2 consec-
utive links /1, [, as shown in Figure 3.2. We define a fundamental canonical transformation

to construct the new operators {07y (1), 031 (1) } and {07 (h2), 031 (l12) } as follows

a3 () = o3(l1), T3y (h2) = 03(l1)o3(l);
o1 () = o1(l)or (), o1z (h2) = o1 (lh). (3.8)

This is illustrated in Figure 3.2. The subscript [x] on o3,/(/1) is used to emphasize that this

operator defined on the link /; encodes the information about the extension in x direction.
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3.1 Z2 LATTICE GAUGE THEORY

This is clear as its electric field oy}, (I1)(= 01(l1)01(l2)) includes the electric field of link .

The above transformation preserves canonical quantization relations.

[@[ﬂ(li)ﬁs[x](li)h =0 i=112. (3.9)

Above, (A, B]+ = AB + BA. Further,
The new operators are independent as they mutually commute:

[01[34(11),01[,4(112)} =0, {UB[x](ll)/oé[x](llZ)} =0
[‘73[96](11)"71&}(112)} =0, {Ul[x](ll)ra?;[x]au)} = 0. (3.11)

The first 3 commutators in (3.11) are trivial. The fourth commutator is

(01(11)(71(12)) ((73(11)0'3(12)) — ((73(11)0'3(12)) ((71(11)(71(12)) = 0.

because of the anti-commutation relation (3.1). Note that it is essential to define the conjugate
operator oy[,)(I1) with a ¢1(I2) in eqn.(3.8) for the fourth commutator to be zero. This is again
emphasized? by the subscript [x]. Therefore, these new link operators provides a completely
equivalent description. In the above one dimensional case , the Gauss law operator (3.5) at

site n becomes

G(n) = o1(l)or(l2) = oy (1) (3-12)

The Gauss law (3.7) at site n implies that oy, (/1) = 1 within the physical Hilbert space. There-
fore, the {0qy)(l1), 031x)(l1)} operators are frozen and decouple from the physical Hilbert
space. This simple feature holds for the Z, and SU(N) lattice gauge theories in any dimen-

sions as discussed in the following sections.

3.1.2  Zp Canonical transformations on a single plaquette

In this section, we iterate the above fundamental canonical transformation to construct the
loop formulation of Z, lattice gauge theory on a single plaquette. As the canonical trans-

formations are iterative in nature, this simple example contains all essential ingredients re-

We emphasize this nomenclature in this simple context of Z, lattice gauge theory as similar subscripts will be
used in the context of canonical transformations in SU(N) lattice gauge theory
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G(C) = a1(l3)o1(la) G(B) = o1(l2)o1(13)

C ———e—

o1(l3)

o1(la)
[ ]
o1(l2)
sy
S
-«
=
Q
S
Q
Q
Il
—

G(0) = o1(l)o1(la) G(A) = o1(li)or(l2)
Figure 3.3: The four Gauss law operators G(O), G(A), G(B), G(C) at the sites O,A,B,C respectively for
a single plaquette. The Gauss law constraints (3.7) imply that within the physical Hilbert

(3.
space: G(O) = 1,G(A) ~ 1,G(B) ~ 1 and G(C) ~ 1. These four Gauss law operators are
not independent and are related by (3.14).

quired to understand the finite lattice case. The four links OA, AB, BC, CO will be denoted

by Iy, 12,13, 14 respectively. The Hamiltonian is

H = Z —0'1(1) —A03(11)0'3(12)0'(Z3)0'(l4).
1=lIq,1,13,14

In this simplest case, there are four Z, gauge transformation or equivalently Gauss law

operators (3.5) at each of the four corners O, A, B and C:

Q(O) = Q(0,0) = 0’1(14)0’1(11) ~ 1, Q(A) = g(l, 0) = 0’1(11)0’1(12) ~ 1,
Q(B) = g(l,l) = 0'1(12)0'1(13) ~ 1, Q(C) = Q(O,l) = 0'1(13)0'1(14) ~ 1. (313)

G(0) G(A) G(B) G(C) = 1. (3-14)

The above identity states the obvious result that a simultaneous flippings at all 4 sites has no
effect. This is because of the abelian3 nature of the gauge group. We now start with the four

initial conjugate pairs on links /1,5, I3 and I4:

{o1(h);os(h)}, {o1(l); o3(l2) }, {o1(ls);o5(l3) }, {o1(la); 03(ls) }. (3.15)

Using canonical transformations we define four new but equivalent conjugate pairs. The first

three string conjugate pairs:

{o1(h);05(h) }, {71(l); 03(l2) }, {01(la); 05 (1a) }

3 The SU(N) case will be discussed in section 3.2.

34



3.1 Z2 LATTICE GAUGE THEORY

{o1(13); 03(13)} {o1(l32); 03(132)}
- -~ — <
3 5 3
= = = 5
Se = — e =4 g
B < o
= \N; (a) = = 2
S S b ) ) E /
U do1(lh);03(1) 17 “U {o1(l1);o3(l1)} ==

(@) * A *
132); l
{o1(la2); oa(lan)} {o1(I321); 03(I321)}
—_————

& =
- ® — ° e
= () 3 g
S = é
T {or(l);os(la)} = )

—_——

{51 (l1) = G(A)G(B); 5:5(11)}
—_—

{o1(ls21);03(I321) } {11(p); p3(p)}
—_—— A
- 3
s S 9 Physical
S (c) NS
by AN Loop Operator
— —

Figure 3.4: The Z, canonical transformations (3.16), (3.18), (3.19a) and (3.19b) are pictorially illus-
trated in (a), (b) and (c) respectively. The ¢ and e represent the electric fields of the initial
horizontal and vertical links respectively.

describe the collective excitations on the links OA, AB, BC and shown in Figures 3.4-b,a,c
respectively. The remaining collective excitations over the plaquette or the loop p = OABC

are described by
{m(p);us(p)}

and shown in Figure 3.4-c.

The advantage of working with the new canonically equivalent set is that in the physical
Hilbert space H?, the string electric fields are frozen to the value +1 as a consequence of the
three mutually independent Gauss law constraints G(A), G(B) and G(C). Therefore, there
is no dynamics associated with the three strings. Also, strings appear in the Hamiltonian
only through their electric fields o7 (l1),01(l2) and o1(l3). In other words, string degrees of
freedom completely decouple from HF. We are thus left with the final physical Z, loop
conjugate operators {1 (p); u3(p)} which are explicitly Z, gauge invariant.
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3.1 Z2 LATTICE GAUGE THEORY

To demonstrate the above results, we start with the initial link operators {7 (l3);03(13)}

and {01(12);03(l2) } as shown in Fig. (3.4)-a. We glue them canonically as follows:

(7'3(12) = 0'3(12), 0'3(132) = 0'3(13)0'3(12);

%] (lz) = 0’1(13)0’1(12), o] (132) =0 (13) (316)

The canonical transformations (3.16) are illustrated in Fig. 3.4-a. After the transformations,
the two new but equivalent canonical sets {71(l2) = G(B);03(l2)}, {o1(I32);03(I32)} are at-
tached to the links I, and I3 = [3]5 respectively. They satisfy the same commutation relations

as the original operators (3.1):

5’1(12)(_73(12) + (73(12)(71 (lz) =0, (317)
01(ls2)03(132) + 03(I32) 01 (I32) = 0.

One can easily check: 67 () =1, 32(l2) = 1,01(l32)*> = 1,03(I32)? = 1. Further, note that the
two conjugate pairs {01(12);03(l2)} and {c4(lsl2); 03(I3l) } are also mutually independent as

they commute with each other. As an example,

[01(L2), 03(I312)] = [01(13)01(L2), 03(I3)03(12)] = 0.

The new conjugate pair {71(l2);53(l2)} is frozen due to the Gauss law at B:

(7'1(12) = Q(B) ~ 1.

We now repeat (3.16) with I, I3 replaced by [, I3, respectively to define new conjugate oper-
ators {1 (l1);03(11) } and {o71(I321); 03(I321) } attached to the links [; and I3p1 (= I3l211) respec-
tively:

o3(h) = o3(hh), 03(I321) = 03(l32)03(1); (3-18)

o1(l) = o1(ls2)ai (h), 01(I321) = o1 (13).

As before, the new conjugate pair {71(11); 73(l2) } becomes unphysical as

5’1(1]) = Q(A)Q(B) ~ 1.
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The last canonical transformations involve gluing the conjugate pairs {01 (321); 03(I321) } with
{01(l4); 03(14) } to define the dual and gauge invariant plaquette* to be variables {111 (p); 3(p) },
with p = l11h131,:

ua(p) = o1(lam) = a1(ls),

#1(p) = 03(lan)o3(la) = 03(13)03(12) 03 (1) 03(La). (3.19a)

53(14) = 0’3(14), (319b)

01(ls) =01 (I321)01(ls) = 01(I3)01(L).

The conjugate pair {01(l4); 03(l4) } becomes unphysical as

(7'1(14) == Q(C) ~ 1.

Therefore, the three canonical transformations (3.16), (3.18), (3.19a) and (3.19b) transform

the initial 4 conjugate sets {01 (l1);03(l1)}, {o1(l2);03(12)}, {01(13);03(13) }, {o1(14); 03(14)} at-

37

tached to the links 4, I, I3, I4 to 4 new and equivalent canonical sets {01(12); 03(I2) }, {71 (I1); 73(11) },

{01(14);05(la) } and {p1(p); us(p)} attached to the links I, 11,14 and the plaquette p respec-
tively.

From links to loops and strings

The net effect of the canonical transformation involved in the construction of the loop oper-

ators on a single plaquette can be summarized as follows:

o It replaces the top link I3 on the plaquette by a plaquette spin operator with the same
‘electric field” as the top link.

ni(p) = o3(l1)os(l2)o3(13)o3(ls), us(p) = o1(l3). (3.20)

e The ‘electric field” of the top link /3 that vanishes gets absorbed into the electric fields

of other links I3, 5, 4.

(3.21)

4 Ineqn (3.19a), we have interchanged the 3 and 1 subscript in the y operators. This is motivated by duality which
will be discussed in the next chapter.
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{o1(l3); 03(13)} {p1(p); pa(p)}
—— B <>

—
Plaquette C T

{o1(l2); 03(l2)}
{61(14);53(14) }
o1 (12), 6’5(l2)}

{o1(la),03(l4)}

{o1(l1);03(11)}
O ——0— A
—_———
{a1(l);3(l)}

Figure 3.5: Graphical illustration of a plaquette canonical transformation defined in (3.20) and (3.21).

It is convenient to call the above net canonical transformation a “plaquette canonical transfor-
mation’. The advantage of the new conjugate set of variables is that all the three independent
Gauss law constraints at A, B and C are automatically solved. They freeze the three strings

leaving us only with plaquette loop conjugate operators {u1(p); us(p)}-

From loops and strings to links

The defining canonical relations (3.16), (3.18), (3.19a) and (3.19b) can also be inverted. The

inverse transformations from the new loop operators to Z, link operators are

0'3(11) = (7'3(11), (73(12) = _3(12), (3.22)
03(l3) = p1(p)o3(la)73(h)73(L2), 03(la) = 03(1s).

Similarly, the initial conjugate Z; electric field operators on the links are

01(l2) = ps(p)a1(l2) = pus(p) G(B) =~ ps(p), (3.23)
a1(ls) = ps(p),
01(la) = pa(p)1(la) = pus(p) G(C) = us(p)-

Note that the Gauss law constraint at the origin does not play any role as G(O) ~ G(A) G(B) G(C).
The total number of degrees of freedom also match. The initial Z, gauge theory had 4 links
with 3 Gauss law constraints. In the final picture the 3 gauge non-invariant strings take care
of the 3 Gauss law constraints leaving us with the single gauge invariant loop operator pair
described by {p1(p), u3(p)} on the plaquette p.

The single plaquette Z, lattice gauge theory Hamiltonian (3.4) can now be rewritten in

terms of the new gauge invariant loop operators as:

A 4
H~ —4 us(p) — A m(p) = —( ) (3-24)
4 —A
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0,2) 1,2) 2,2) =22 (0,2 (1,2) =(2,2)
5
{1 (1,2); {m(2,2); g
pa(1,2)} s(2,2)} e
{o1(7); 05(7) }| canonical ‘b:
(O ]) m = (] 5 1) (2‘ 1) transformations (0‘ ]) (1 ]> (2‘ ])
{pa(1,1): {m(2,1);
ns(1.1)} ns(2,1)}
: ©.0)
(0,0) (1,0) (2,0) (0,0) (1,0) (2,0)
Zs link operators Z5 loops (physical) Z5 strings (unphysical)
(a) (b) (c)

Figure 3.6: The Z, link operator pairs, the physical Z, loop conjugate pairs {u1(7); ps(7)} and the
unphysical string conjugate pairs {77 (7); 3(7)} for a 2 x 2 lattice are shown in (a), (b) and
(c) respectively. The canonical transformations convert 12 link operator pairs on a 2 x 2
lattice to 4 loop operator pairs and 8 string operator pairs. We label the loop operators
by their top right corners and the horizontal (vertical) string operators by their right (top)
endpoint. The strings decouple from the physical Hilbert space as 7 (7i) ~ 1 by Gauss law
constraints. The corresponding dual SU(N) loop and SU(N) string operators are shown in
Figure 3.11-a,b respectively.

The two energy eigenvalues of H are e+ = +4 (1 + (%)2)

3.1.3  Zp canonical transformations on a finite lattice in (2+1) D

We now directly write down the general Z, canonical relations over the entire lattice. The
details of these iterative canonical transformations (analogous to (3.16), (3.18), (3.19a) and
(3.19b)) are given in Appendix A. Note that there are £ initial spins (one on every link) with

N Gauss law constraints (one at every site) satisfying the identity:

[T 9ty =1 (3.25)
(xvy)en

The above identity again states that simultaneous flipping of all spins around every lat-
tice site is an identity operator because each spin is flipped twice. It reduces the number
of Gauss law constraints from> A to N — 1. After canonical transformations in Z, lattice
gauge theory, there are (a) P physical plaquette spins (analogous to {y1(p); u3(p)} in the
single plaquette case) shown in Figure 3.6-b and (b) (N — 1) stringy spins (analogous to
{t1(h);73(11)}; {01(l2);73(I2)} and {71(l4);73(l4)} in the single plaquette case) as every
lattice site away from the origin can be attached to a unique string. This is shown in Fig-
ure 3.6-c. The degrees of freedom before and after the canonical transformations match as

L =P+ (N—-1).All (N —1) strings decouple because of the (N — 1) Gauss law constraints.

Note that the identity (3.25) is valid for all abelian lattice gauge theories. In the non-abelian SU(N) case, discussed
in the next section, there is no such reduction. The global SU(N) gauge transformations, corresponding to the
extra Gauss law constraints at the origin G%(0,0) = 1, need to be fixed by hand to get the correct number of
physical degrees of freedom (see section 3.2).
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Figure 3.7: The graphical illustration of the non-local relations in the net Z, canonical transformations:
(a) we show the relations (3.26b) expressing p3(x,y) as the product of 07 operators which
are denoted by +. In (b) and (c), we show the relations (3.28b) expressing 1 (x,0) and
o1(x,y # 0) respectively as the product of o7 operators denoted by +. These (771 (x,y))
equal the product of Gauss law operators at sites marked by x in the shaded region. For
the corresponding SU(N) relations, see Figures 3.12-a,b.

The algebraic details of these transformations leading to freezing of all strings are worked
out in detail in Appendix A.

From now onward the P physical plaquette loop operators are labelled by the top right
corners of the corresponding plaquettes as shown in Figure (3.6-a). The vertical (horizontal)
string operators are labelled by the top (right) end points of the corresponding links as
shown in Figure 3.6-b. The same notation will be used to label the dual SU(N) operators in

section 3.2.

3.1.3.1  Physical sector and Z loop operators

The final relations between the initial conjugate sets {o1(x, y;ﬂ ;03(x, y;ﬂ} on every lattice
link (x,y;7) and the final physical conjugate loop operators {11 (x,y); u3(x,y)} are (see Ap-
pendix A)

w(x,y) =o3(x—1,y — 1;1) os(x — 1,y — 1;2) a3(x,y; —Q)@,(x,y, —i)

= 0’3(11)0’3(12)(73(13)(73(14), (3.26a)
Ns—1 R
wxy) =[] alx-1y,1). (3.26b)
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In (3.26a) we have defined oy (x,y; —1) = 01(x — 1, ;1) and o1 (x,y; —2) = 01(x,y — 1;2). The
relations (3.26a) and (3.26b) are the extension of the single plaquette relations (3.19a) to the

entire lattice. They are illustrated in Figure 3.7-a. The canonical commutation relations are

mi(x,y)ps(x,y) + ps(x, y)pa(x,y) = 0. (3.27)

Further, 34(x,y) = 1,u43(x,y) = 1. Note that the conjugate pairs {¢1,03} corresponding to
different plaquettes commute and are independent. Therefore {1, 3} is in the same footing
as {o1,03}. The canonical transformations (3.26a) are important as they define the magnetic field
operators p1(x,y) as a new fundamental operator. Note that originally the electric field o1 (x,y)
was fundamental and the magnetic field was written in terms of its conjugate magnetic
vector potentials as 03(l1)03(l2)03(13)03(ls). After canonical transformations, the magnetic
fields p1(x,y) are fundamental and their canonical conjugate, called electric scalar potential

uz(x,y), define the electric field (see (3.31)).

3.1.3.2  Unphysical sector and Z, string operators

The unphysical string conjugate pair operators are (see Appendix A)

73(x,0) = o3(x — 1,0,1),

‘7'3(35/]/ 7£ O) = 0'3(3(,]/ -1, 2) (3.28a)
x—1 Ns—1
71(x,0) = G(x',y) ~1,
x'=0y'=0
No—1
5’1(X,y = 0) = H g(x,y’) ~ 1. (3-28b)
y'=y

These Z; string operators are analogous to the three Z, string operators in (3.16), (3.18) and
(3.19b) in the single plaquette case. The relations (3.28a) and (3.28b) are illustrated in Figure
3.7-b and Figure 3.7-c respectively. It is easy to see that in the full gauge theory Hilbert space

all Z, string operators are mutually conjugate:

71(x,y)03(x, y) + 03(x, )71 (x,y) =0,

and different string operators located at different lattice sites commute with each others. As
expected, their conjugate electric fields i (x,y) are entirely in terms of the Z, Gauss law

operators. Hence these string degrees of freedom are frozen and not dynamical. Further, one
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can check that all strings and plaquette operators are mutually independent and commute

with each other:

, (3-29)

3.1.3.3 Inverse relations

The inverse relations for the flux operators over the entire lattice are

o3(x,0;1) = 73(x +1,0),

st #071) = (TTostD) ) (TToste 1,00 ) (TTmx+1)) (330)

On the other hand, the conjugate electric field operators are

o1(%,y;1) = ws(x + L y)us(x + 1,y +1),
o1(x,y,2) = p3(x,y + Dps(x + Ly +1). (3:31)

In the second relation in (3.31), we have used Gauss laws at (x,1); | =y+1,y+2,---. The
above relations are analogous to the inverse relations (3.22) and (3.23) in the single plaquette

case.

3.1.3.4  Zp loop dynamics

Within H? where G(x,y) ~ 1, the Z, lattice gauge theory Hamiltonian (3.4) in terms of the

physical loop operators takes the simple nearest neighbour interaction form:

H=— Y wus(p)us(p’) =AY m(p) = He + AHp,
<p,p'> p
= Al =Lmlp) - % Y, map)ma(p)|. (3-32)
p <pp'>

In (3.32) X<~ denotes the sum over the nearest neighbour plaquettes. As expected, after
the canonical transformations the electric and the magnetic field descriptions in terms of
potentials have interchanged. The original fundamental Z; electric field operator is now in
terms of the (dual) electric scalar potential denoted by us(p) and the Z, magnetic field has
now acquired an independent status. Thus the Z, gauge theory initially written in terms of
electric field and magnetic vector potential operators {7 (1);03(1)} in (3.4) are now written

in terms of the magnetic field, electric scalar potential operators {y1(p); us(p)} in (3.32).
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Z lattice gauge theory

SU(N) lattice gauge theory

Gauge Operators

Dual/Spin Operators

Gauge Operators

Dual/Spin Operators

{o1(m,n;1);05(m, ;1) }

{1 (m, m); pa(m,m)}
(Z, Loops/ Z; Ising spins)

{o1(m,n);53(m,n)}

(Frozen Z; Strings)

{Ei(m,n;ﬂ;uaﬁ(m,n;ﬂ}

{Ei(m,n); Waﬁ(m,n)}
(SU(N) Loops/SU(N) spins)

{E"i (m,n); Typ(m, n)}
(Frozen SU(N) Strings)

Table 3.1: The basic conjugate operators of the original and the loop approaches in Z;, SU(N) gauge
theories in (2 4 1) dimensions. The duality interpretation is discussed in the next chapter.

Further, the canonical transformations map (2 + 1) dimensional Z, lattice gauge theory at

coupling A to a (2 + 1) dimensional Z; spin model at coupling (1/1), i.e,

)

Z
Hg;uge(/\) ~A Hspin(l/)\)'
As mentioned earlier, ~ emphasizes that this equivalence is only within the physical Hilbert
space HP. The duality aspects and their generalization to SU(N) lattice gauge theory will be

discussed in detail in the next chapter.

3.2 SU(N) LATTICE GAUGE THEORY

In this section, we generalize the Z, canonical transformations discussed in the previous
section to SU(N) lattice gauge theory. The basic dynamical operators {E% (x,v, 1), Uap(x,Y, 1)}
of SU(N) lattice gauge theory are transformed into the following mutually independent
classes of operators:

e SU(N) plaquette loop operators {£4 (x,y), Wap(x,y)}: representing the SU(N) electric

scalar potentials and SU(N) magnetic fields (see Figure 3.11-a),

e SU(N) string operators {E% (x,y), Tap(x,y) }: representing the SU(N) electric fields and
SU(N) flux operators of the unphysical string degrees of freedom. These strings isolate

the SU(N) gauge degrees of freedom (see Figure 3.11-b).

The new conjugate operator sets {E1(x,y), Was(x,y)} and {EL(x,y), Tap(x,y)} are mutu-
ally independent. They retain the same canonical structure as specified by the commutation
relation (2.11). The first set containing the SU(N) plaquette loop operators, represent all
the physical degrees of freedom of SU(N) lattice gauge theory. The second set containing the
string operators represents all the unphysical gauge degrees of freedom. This is analogous to

the Z, case where the conjugate operators {o1(x, y, i),03(x, Y, D} are canonically transformed
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EL(1) EL(1) E2(2)

0 2

T(2) = U(O)U(1) E(2) = E(2)

Figure 3.8: The fundamental SU(N) canonical transformation (3.34) from {E;(0), U(1),E_(1)};
{E+(1),U(2),E-(2)} to {E_(1), T(1),EL(1)};{E-(1),T(2), E+(2)} involved in the con-
struction of a loop formulation of SU(N) gauge theory. The electric fields are denoted by
..

into the Z, loop operators {1 (x,y), u3(x,y)} and the Z, string operators {71 (x,y),03(x,y) }.
We will see that just like in the Z; case, all the string degrees of freedom are frozen due to
the Gauss law constraints (2.19) at the lattice sites. The correspondence between the initial
and final Z; and SU(N) conjugate operator pairs before and after canonical transformations
are shown in Table 3.1.

As was done in the Z, case, we first discuss the fundamental SU(N) canonical transfor-
mation which fuses together 2 adjacent link operators. We then discuss the SU(N) canonical
transformations on a single plaquette before dealing with SU(N) lattice gauge theory on the

entire lattice.

3.2.1  Fundamental SU(N) canonical transformation

Consider 2 neighbouring Kogut-Susskind link conjugate operators {E (0), U(1), E_(1)} and
{E4+(1),U(2),E_(2)} as shown in Figure (3.8). We define a fundamental canonical transfor-
mation from {E;(0),U(1),E_-(1)}; {E+(1),U(2),E-(2)} to {E_(1),T(1),Ex(1)};
{E_(1),T(2),EL£(2)} as follows:

T(1) = U(0), T(2) = U(0) u(1); (3-33)
E% (1) = E* (1) + E° (1), E" (2) = E° (2).

This is illustrated in Figure (3.8). The above transformation preserves commutation relations.
The resulting pairs commute with each other. Therefore, the resulting conjugate pairs of
operators are completely equivalent to the initial pairs. In the above 1 dimensional case, the

Gauss law operator at site 1 is given by

g'(1) = EL(1) + EL (1) = E5.(1). (3-34)
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Therefore, the Gauss law at 1 implies that E% (1) = 0 in the physical Hilbert space. This leads
to the decoupling of the conjugate pair {E% (1), T(1)} just as in the Z, case.

3.2.2  SU(N) canonical transformations on a single plaquette

We now iterate the above fundamental canonical transformation to construct a loop formu-
lation of SU(N) lattice gauge theory on a single plaquette. We start with a plaquette OABC
with the following Kogut-Susskind SU(N) link flux operators [6-8]:

A~ A A

(E%.(0,0;1), U(0,0;1), E*(1,0;1)) on OA, (E%.(1,0;2), U(1,0;2), E*(1,1;2)) on AB,

(E%.(0,1;1), u(0,1;1), E*(1,1;1)) on CB, (E“.(0,0;2), U(0,0;2), E“(0,1;2)) on OC.

These link operators and their locations are clearly illustrated on the left hand side of
Figure 3.10-a. As is clear from this Figure, the SU(N) Gauss laws at four corners O, A, B and
C are:

E2(0,1;1)  Ee(1,1;1)
C » > * B
p

¢ U(,1;1)
G (0) g (B)

As

S
e
S

E9(0,0,2)  E(0,1;2)
E$(1,0;2)  E*(1,1;2)

g (0) _g%(A)
© U(0,0;1) ]
O + > * A
B4(0,0; 1) B (1,0;1)

Figure 3.9: Graphical illustration of SU(N) Gauss law operators G?(O), G*(A), G*(B),G*(C) at O, A,
B and C for a single plaquette. The Gauss law constraints are given by G*(O) ~ 0,G%(A) ~
0,G%(B) =~ 0,G%(C) =~ 0. Unlike Z, case, they are all independent.

(3-35)

The canonical transformations are performed in 3 sequential steps as shown in Figure
(3.10-a), (3.10-b) and (3.10-c) respectively. The first canonical transformation fuses U(0,0; i)

with U(1,0;2) to define the two new flux operators Tixy(1,0) and Ty, (1, 1):

Tpy(1,0) = U(0,0;1), Ty (1L,1) = U(0,0;1)U(1,0;2),

T+ (L,0) = EZ(1,0;1) + E1(1,0;2), W+ (1L1) =EL(1,1;2). (3.36)
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E*(0,1;1) E®(1,1;1)
_Ce — *B T =
Te vl ¢ vo.sl) g3
S = x
s s | . )
= ~ &R @ = EIJ
S =} 3 S = A
S =1 S = g
ol S D = & 2
2 & (a) 5
S s S
s+ e U(0,0;1) e L
S0 e N S A
g 7 ® )
) ] Tigy)(1,0) .
E2(0,0;1) E*(1,0;1) . i i
Ef,, - (1,0) Bty (1,0) = G9(4)
E2(0,1;1) E2(1,1;1) 9 a
+A [N o ?/ 2 4 E[m]+(1a1)
= * — X 3 > O
Bl U(0,1;1) I T4 (1, 1)
S =
Eﬂl . 9: =
@ + -
& l TiS
2 — 0 SRS
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5 Ty (1,1) a Tpy(1,1)
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w
a .o —
N E[‘”H'(l’l) ¢ ¢ $2
7 v /: N I~
Ti,y(1,1) Pt >
+ . =
o= Physical i
4\”" Y ;:/\E
_— Loop Operator 451 .8
() = S
- W(1,1) 3
N~— O
. Tiy)(1,1) A | R E
L4
£2(1,1)
Efzy]f(l,l)

Figure 3.10: Three canonical transformations on the four link flux operators of a plaquette OABC
leading to a single physical plaquette loop flux operator W,g(1,1) in (c). The three

right electric fields Efxy] 4 (1,0), Efxy] L(1,1), E‘Exy] +(0,1) of the three string flux opera-

tors ending at A, B and C respectively are the Gauss law generators G*(A), G(B) and
G(C) respectively. The Gauss law at the origin is: G*(O) = E%(0,0;1) + E% (0,0;2) =
£7(1,1) +£7(1,1) = 0.
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All steps in (3.36) are also illustrated in Figure 3.10-a. The notations used here are as follows.
The subscripts [xy] on the three unphysical flux operators [T(y,(1,0), T(x,(1,1), T}y, (0,1)]
are used to encode the structure of their right electric fields in (3.36), (3.39) and (3.40). These
are sums of the Kogut-Susskind electric fields in x,y directions (denoted by subscript [x, y])
or equivalently Gauss law operators at corners A, B and C respectively. During qualita-
tive discussions we will often suppress these subscripts. Note that the resulting new pairs
<T[xy](1, 0), E[xyH(l,O)) and (T[y}(l,l), E® [y]+(1'1)> are canonical and mutually indepen-
dent exactly like the initial Kogut-Susskind pairs on links and satisfy:

B0 (10 Ty (00 = Tag.0) (3 ) [E 00T 0] =T (7).

[ETxyH(l/O)fT[y}(lzl)} =0, [Efy](lfl),T[xy}(LO)} =0. (3-37)

From (3.36) the two right string electric fields E”[lxy} .(1,0) and E”[’xy} . (1,1) also commute with

each other. The left electric fields are given by

S (10) = —Rap (T (1,0)) Efyyy(1,0),  Efy-(L,1) = —Rab(Tyy) ER, (1,1).
(3-38)

From (3.35) and the third equation in (3.36), it is clear that the string electric field E‘[lxy] N (1,0)

satisfies

4 (L0) = G°(1,0) ~ 0.

Therefore, the string flux operator Ty, (1,0) is unphysical as its action on any state takes that
state out of H”. Therefore, we ignore it henceforth. We now iterate the above canonical trans-
formations with U(0,0;1), U(1,0;2) in (3.36) replaced by U(0,0;2), U(0,1;1) respectively.
We define:

Ty (0,1) = U(0,1;2), T (L1) =U(0,0;2) u(0,1;1), (339

T+ (0,1) = E2(0,1;,2) + EL(0,1;1), (L) = EL(1,1;1).

Again, all steps in (3.39) are illustrated in Figure 3.10-b. The two new sets of string oper-

ators obtained (T[Xy} (0,1), Exyl (0, 1)) , (TM (1,1), % L1, 1)) are canonical and mutually

independent like the previous two sets in (3.37). The left electric fields Bl 0,1), Efy- (1,1)

are defined through parallel transports as in (2.12) or (3.38). As a consequence of Gauss law

(eqn(3.35) and eqn(3.39)) at C:

?.1+(0,1) = G*(0,1) ~ 0.
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Therefore, the string operator T|,,(0,1) (like Ty,(1,0)) becomes unphysical. The last sets
of canonical transformations fuse the remaining two strings T,(1,1) and T,j(1,1) to define

the final physical plaquette loop conjugate operators® (W(1,1), £1(1,1)):

Ty (L,1) = Ty (L,1), W(L1) =Ty(L1) TH(LL),  (340)

Epxy+(L,1) = E‘[’yH(l,l) + EL[’XH(l,l), £L(1,1) = E”[’x}f(l,l).
The above canonical transformations are illustrated in Figure 3.10-c. In the third equation
in (3.40), the right electric fields E‘[‘y} +(1,1)and Ely+
Kogut-Susskind electric fields using (3.36) and (3.39) to get

(1,1) can be substituted in terms of the

Efy1(1,1) = G°(1,1) =~ 0.

Therefore, Ty, (1,1) decouples and

Wig = Wig(1,1) = (u(o,o;i) u(1,0;2) ut(o,1;1) u*(o,o,-?))aﬁ (3.41)

emerges as the final physical plaquette loop flux operator. Its right electric field is

£2(1,1) = Efy_(1,1) = —Ry <TM(1,1)> Ely, (1,1) = —Ry (TM(Ll)) Eb (1,1;1)

= Ryp(U(0,0;2)E5 (0,1;1) = =Ry, (U(0,0;2))EY (0,1;2) = E%(0,0;2). (3.42)

In (3.42) we have used Gauss law constraint at C:  T%(0,1) = E%(0,1;1) + E“(0,1;2) = 0.

Similarly7 ,
£2(1,1) = EL(0,0;1). (3.43)

Thus we have converted all link operators into string and loop operators. Note that by con-
struction the canonical structures are strictly maintained at all three steps ((3.36), (3.39) and

(3.40)). All three SU(N) string flux operators and their conjugate electric fields satisfy

a AT
|:E[xy]+(x,y),-r(x,,y/):| — 5x’x/(5y,y/ <T(X,y)2> . (344)

The plaquette loop operator W(1,1) is defined at (1,1) (and not at (0,0)) because of later convenience when we
deal with canonical transformations on a finite lattice.

Defining U; = U(0,0;1), U, = U(1,0;2), U3 = U(0,1;1), Uy = U(0,0;2), W = UL LLUIU] we get:

E1(1,1) = —Ryy W) EL(L,1) = —Ryp (W) EL(0,0;2) = Ry (WU EL(0,1;2) = —Rep(WUL)EL(0,1;1) =
Ry (WULUR)E? (1,1;1) = —Rg, WULU3) EY (1,1;2) = Ry WU UL) EY (1,0;2) =
—Rg, (WULUsUD) EY (1,0;1) = Ry, (WU UsUSUT) E4 (0,0;1) = E2.(0,0;1).
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Above (x,y),(x",y") = (1,0),(1,1),(0,1). The string electric fields E‘[lxyH(x,y) at (x,y) sat-
isfy SU(N) algebra and commute if they are at different lattice sites. Under SU(N) gauge

transformations, these string operators transform as:

Te(vy) = A(0,0) Try(xy) AT(xy),

E[xy]+(x/y) - A(x/y) E[xy]Jr(xly) A*(x,y). (3-45)

Therefore, none of the three strings can form any gauge invariant operators at their end
points (0,1),(1,1),(0,1). The SU(N) Gauss laws at A, B, C state this simple fact. Hav-
ing removed the three unphysical strings, we now focus on the plaquette loop operators
(€2(1,1), W(1,1), £€1(1,1)) = (€%, W, £%). Again by construction, they satisfy the canon-

ical quantization relations:

[51,W]:—<A;w> = [51,51}:1'#’7656, (3.46)
(£, W)] = <W);> - [53,5E}=ifabcsi.

- - -

Above £ = —R,,(W) &% implying (£-)% = (€)% = (€)% and [£%,£Y] = 0. They gauge

transform at the origin as:
Ex = ANEXAY, W AWAN (3.47)

We have defined £+ = Zgi_l) L A" and A = A(0,0) denotes the gauge rotation at the
origin. The corresponding unsolved Gauss law constraints in terms of loop electric fields at

the origin are:
G"(0,0) = & + &% = E%(0,0;1) + E%.(0,0;2) ~ 0. (3.48)

Only global constraints (3.48) need to be imposed to get the physical Hilbert space H?. Note
that all gauge degrees of freedom away from the origin have been removed in the form of
frozen SU(N) strings: E‘fxy](x,y) =0, (x,y) =(1,0),(1,1),(0,1).

3.2.2.1 Inverse relations

It is instructive and useful to invert the canonical transformations (3.36), (3.39) and (3.40) to

write Kogut-Susskind link operators in terms of strings and loop variables. These relations
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also enable us to write the Kogut-Susskind Hamiltonian (3.59) in terms of loop operators

(see 3.83)). It is clear from Figure 3.10-a,b,c that
u(0,0;1) = T,y (1,0), U(1,0;2) = Tf,1(L,0) Ty (1,1),
U(0,0;2) = T,y (0,1), U(0,1;1) = T7,1(0,1) W' (L, 1) Tpy(1,1). (3-49)

Similarly, the electric field relations in (3.36), (3.39) and (3.40) can also be inverted to write :

E%(0,0;1) = B, (1,0)+Ef, (1,1)+E7, E®(0,0;2) = £ +E% . (0,1), (3.50)

[xy [xy]— [xy] -
E% (1,0;2) = Ry (Tf‘xy](Lo)) (E’[’xy]_(l,l) + 52), E%(0,1;1) = Ry (Tf‘xy](o,n) gt

These canonical relations between links and loops have the following interesting features:

e They are consistent with gauge transformations (2.17), (3.45) and (3.47) as well as with

SU(N) algebras of link, string and loop electric fields given in (3.44) and (3.46).

e The canonical commutation relations between SU(N) link flux operators and their link
electric fields also remain intact under the mappings (3.49) and (3.50) from string, loop
to link operators. As an example, it is easy to see that E%(1,0; 2) leaves U(0,0; i),
u(0,0;2), Uu(o,1; i) unchanged and rotates U(1, 0;2) from the left:

/\ﬂ

a A A )\b A A
[E4(1,0;2), U(1,0;2)] = Rap(T},,5(1,0)) foy}(1,0)7T[xy](1,o) Uu(1,0;2) = ?u(l,o;z).

=Rue (T (10)) &
All other commutation relations can be directly read off from (3.49) and (3.50).

e No string operators can appear in a gauge invariant operator®. As an example, the

gauge invariant electric field terms in the Kogut-Susskind Hamiltonian are:
- A\ 2 - A\ 2 - A\ 2 = A\ 2 S \2
<E+(0,0;1)> - (E+(1,0;2)> - <E+(0,1;1)) - <E+(0,0;2)) - (&) . (3.51)

after putting Ep, ) (x,y) = 0 in (3.50) within H?. In other words, while expressing
Kogut-Susskind link electric fields in terms of loop electric fields the string flux opera-
tors appear as an overall parallel transport. This is also required for the consistency of

SU(N) gauge transformations.

3.2.2.2  Loop states on a single plaquette lattice.

After the canonical transformations and decoupling of string operators, the basic degrees

of freedom of SU(N) lattice gauge theory lies on plaquettes. Therefore a loop basis can be

8 This is no longer true in the presence of matter fields. String variables no longer decouple and further canonical
transformation steps are necessary to isolate the gauge variant degrees of freedom.
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constructed by diagonalising a complete set of commuting operators on a plaquette. In the
typical case of SU(2) lattice gauge theory, a loop basis is given by diagonalizing £2 = £ =
£2?, £=3 and £%73. Such a basis state |j,m_,m.) is characterised by 3 quantum numbers

jom_,my.
E2|jm_,my) =j(i+1) |[jm_,my), E9% |j,mo,my) = me |j,m_,my).  (3.52)

The states |j m_ m.y) in (3.52) describe loops carrying non-abelian quantized SU(2) loop

electric fluxes. These states form a complete, orthonormal basis:

Z jm_my)(jm_my|=1; (jm— m+’j/ m'’ mlJr> = ‘Sjj"sm,m/,(sm+m’+~
]'/m*/er

Under global gauge transformation,

jmomy) = Y imlm)D, ), (A)D,], (AT). (353)

m'_m’,

In (3.53), Dmm, (A) are the Wigner matrices, A = A(0,0) denotes the gauge transformation
at the origin. Since, in the single plaquette case, the Gauss law operator is given by G* =
L* = &7 + &7, it is convenient to construct a coupled basis which diagonalizes L2, (E)
Therefore, we construct a coupled basis so that the following coupled and complete set of

commuting operators are diagonal:
{g2=82=2% (E +&)7 (E+&)y=2t={8 @7 0}
The coupled basis states |n | m) are related to |j m_ m.) by Clebsch-Gordan coefficients:

nlm)y= Y, C,", lim-my). (3.54)

m_,my

Aboven=2j+1=12,---; 1=01,---,2j(=n-1); m=—-1,—(1-1),---,(1—-1),1L.

E%nlm) =

(n* —1)
1 In1m),

L2|nlm) = I(I+1) |nlm), L= nlm) = m |nlm). (3-55)

Under the global transformation A: [n | m) — Z D! - (A)|n 1 m). The |n | m) states will
—1

be identified with the hydrogen atom bound states in Chapter 5 (section 5.2). The Gauss law
(3.48) implies that the gauge invariant basis is given by:

In)=|n=2j+1,1=0, m=0).

a=3

51



3.2 SU(N) LATTICE GAUGE THEORY

A dual magnetic (angular) basis diagonalizing all the Wilson loop operators can be con-

structed as follows:

2j+1
(w0 = ¥ /L Db (w,@) im my). (3.56)

jm_m

Ow (w, @) =wo+id-7, w* +a*=1:8%

Here, (w, ®) is the angle axis characterisation of a point on the SU(2) group manifold S°. The

plaquette loop operators are diagonal in this basis.

Wap |Qw(w, D)) = zup |Qw(w, D)), (3.57a)
where
(cos § —isin¥ cos6) isin ¢ sin e~
Zyp = ' ] ' : (357b)
—isin § sinfe~ ¢ (cos & +isin § cos0) "

Above, (8, ¢) are the angles characterizing the axis @. The above equations (3.57a) and (3.57b)

follows from the properties of Wigner matrices Dy . as shown in appendix B. Therefore,

W |Qw(w, @) = zcos% 1O (w, @) .

As shown in the appendix (eqn B.8), a completely gauge invariant angular basis on a single

plaquette is given by:
/dA|QW w, ) Z)(] (3-58)

Here, |j) = [1),—j+1 and }/(w) = % are the SU(2) characters.

3.2.2.3 Loop dynamics on a single plaquette

In this section, we discuss loop dynamics on a single plaquette. We consider SU(N) Kogut-

Susskind Hamiltonian [6, 8] on a single plaquette lattice:

H = gZZE2(l)+gK2[2N—Tr<U1 U, Ud Ul + h.c)]

= Hy + Hp. (3-59)
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In (3.83), K is a constant and U; = U(0, O;i), U, = U(1,0;2),U3 = U(O,l;i), Uy = U(0,0;2).

Using links to loop relations (3.41) and (3.50), the SU(N) loop Hamiltonian for the single
plaquette is:

H =428 + ng [2N Ty (W + W*)} : (3.60)

In (3.83), we have ignored all string electric fields. At this stage we specialize to SU(2) case®.

The electric field term is:

2
l

Hp =g¢* Y E2(l) = 4g%E> (3.61)

Nl

The four link magnetic field term takes its simplest possible form:

1 1
Hp = 2 Tr(U; U, Ul UJ) = 2 Tr W. (3.62)

The magnetic field term, important in the weak coupling continuum limit, simply creates

and annihilates the fluxes on the plaquette loop:

1

1 1
Hy ) = o5 Tr (un i ug uf) m) =a Wi =

[n+1>+\n—1>] (3.63)

We now show that the loop Schrodinger equation easily reduces to Mathieu equation in the

magnetic angular basis defined in eqn. (3.58).

Hp |w) = (TrW) |w) = g22 cos (%) |w) . (3.64)

Note that, as shown in appendix B, w is a gauge invariant angle. We now use the differential
equation of the SU(2) character [115]:
d2

Xj
dw? + cot (

g) dy;(w)

7) g TG+ Dxj(w) =0.

to convert Hg in (3.61) into differential operator in w. Finally the Schrodinger equation
H ). = € |¢p), in this gauge invariant loop basis is the Mathieu equation:
d? 1 K w
[W + ﬂ(pe(w) t3 {e — 2K (1 — cos (E» }gbe (w) =0. (3.65)
In (3.65) we have defined « = é and ¢e(w) = sin% pe(w) where pe(w) = (w|P)e. The

Mathieu equation (3.65) and its discrete solutions has been extensively discussed in the past

in the context of single plaquette lattice gauge theory [41, 42, 80].

Similar construction is also possible for SU(N) and involves SU(N) irreducible prepotential operators discussed
in the context of SU(N) lattice gauge theories in [102, 103].
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(2,9)
@=Ly (2,y) o
Wi,y | 8
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(@—1ly-1) (@y—1) S
E¢(z,y) (54 o
(0,0)# (x—1,0) .EJ_J))M
£ (z,9) (0,0) (2,0)
SU(N) loop operators: {E%(x,y), W(x,y),EL (x,y)} SU(N) string operators: {E* (z,y), T(x,y),E% (z,y)}
(physical) (unphysical)
(a) (b)

Figure 3.11: The plaquette loop operator W(x, y) and the string flux operator T(x, y) and their electric
fields €% (x,y) and E% (x,y) respectively. Note that the electric fields £% (x,y), E%(x,y)
are located at the initial and final points of the loops and strings respectively.

3.2.3 SU(N) canonical transformations on a finite lattice in 2 4+1 D

In this section, we directly generalize the SU(N) canonical transformations on a single plaque-
tte described in the previous section to a finite lattice. We start with a set of £ standard SU(N)
Kogut-Susskind flux and their conjugate electric field operators: <Ei (n;1), U(n;1), E% (n +
i D) satisfying (2.11). We construct an iterative series of canonical transformations to trans-

form them into:

e a set of P “physical" SU(N) plaquette loop flux operators and their conjugate loop

electric fields,
(5i(n), Win), EL(n),  a=12- N>~ 1.

The plaquette loop flux operator W(x,y) is along the path: (0,0) — (x —1,0) —
x—-1Ly—-1)— (x,y—1) = (xv,y) = (x—1Ly) = (x—1,0) — (0,0).

e a set of independent (N — 1) “unphysical" SU(N) string flux operators’ and their

conjugate string electric fields,
(E‘i(n), T(n), E‘jr(n)), =12 ,N>—1.

The string T(x,y) start at (0,0) and end at (x,y) following the path (0,0) — (x,0) —
(x,y)-

10 In the appendix the string operators are denoted by {T[xxw] (x,y), E‘[’xxyy]i(x,y)] The subscript [xxyy] encodes

the Gauss law structures of the string electric field at (x, y). In this section, for the sake of notational convenience,
we have ignored the subscripts and simply denoted them by T(x,y) and E% (x,y).
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These new loop and string flux operators'* and the location of their electric fields are shown
in Figure 3.11. As is clear from this Figure, the convention chosen for loop and string electric
fields is that £ (n) (€9 (n)), E* (n)(E% (n)) are located at the initial (final) points of the loop
and string flux lines. They satisfy canonical commutation relations amongst themselves. The
degrees of freedom exactly match as £ = P + (N —1). As shown in appendix A (see eqn
(A.19)), the right electric field operators of the string attached to a site n are the Gauss law

generators (2.18) at n:

E% (1) = G"(n). (3.66)

Therefore, all (N — 1) string flux operators T(n) create unphysical states ¢ H? and hence
can be ignored without any loss of physics. The most general gauge invariant state can be

written as:

[¥) = 3 A Tr (VD) V()2 V(p))7 ) 10)

Ty tp

Above (r1,1,- -+ ,1,) are sets of P integers, A,,..,, are complex coefficients and |0) is the
strong coupling vacuum. The canonical transformations leading to the above new string
& loop flux operators and their conjugate electric fields are explicitly constructed in the
appendix A.

3.2.3.1  Canonical relations

The final (N — 1) string in Figure 3.11-a and (P) loop flux operators in Figure 3.11-b are
related to the initial (£) Kogut-Susskind link operators as (see appendix A for details):

X Y
T(ry) =[JU,01) [T Uxy;2),
x'=0 y'=0
Wloy) =T(x =1y =1) Up(x =1y -1) T(x =1y -1). (3.67)

In (3.67), the strings T(x,y) are defined at all lattice sites away from the origin and the
loop operators W(x,y) are located at x,y = 1,2,--- ,Ns; — 1. The Kogut-Susskind plaquette

operators are defined as: U, (x,y) = U(x,y;1) U(x+1,5;2) Ut (x+ 1,y + 1;1) Ut (x,y + 1;2).

The canonical transformations and hence the loop and string operators depend on the paths chosen for loops
and strings. We have made a particular choice, shown in Figure 3.11, which lead to duality (see chapter 4)and as
a consequence a simple Hamiltonian in the continuum (g% — 0) limit.
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EL ) @, y) (z,y)
W(z,y)
">
G
n
AN
E (z,y) T(z,y) a
¢ (=, Y)

(a) (b)

Figure 3.12: Graphical representation of the canonical relations (3.68). The Kogut-Susskind electric
fields are denoted by ¢ and the plaquette loop electric fields are denoted by e. We show
a) string electric field in terms of Kogut-Susskind electric fields and (b) plaquette loop
electric fields £ (x,y) in terms of the original Kogut-Susskind link electric fields. In (a)
the 4 ¢ at (x,y) denotes the Gauss law operator at G*(x,y). In (b) Kogut-Susskind link
electric fields E* (x,y;1); v’ =y,y+1---Ns — 1 are parallel transported by S(x,y,’) to
give the loop electric field £ (x,y).

The conjugate string and plaquette loop electric fields in terms of the initial Kogut-Susskind

link electric fields are (see appendix A for details):

EY (x,y) = i [EZ(x,y;1) + EL(x,150)] = G"(x,y) =0,

- No—1
E(x,y)=— Y Ra(S(x,y,y))E" (x,y;1). (3.68)

y'=y
In (3.68), we have defined: S(x,y,y') = T(x — 1,y) U(x — 1,y;1) Hg;/:y U(x,y";2) and x #
0;y # 0. The relations (3.68) between the new string and loop electric fields and old Kogut-
Susskind electric fields are derived in appendix A (see (A.19) and (A.23)) and illustrated
in Figure 3.12-a and Figure 3.12-b respectively. Because of the SU(N) Gauss laws all string
operators, containing gauge degrees of freedom away from the origin, naturally decouple
from the theory. The remaining physical plaquette loop operators can be thought of as a
set of collective coordinates which describe the theory without any redundant loop or local
gauge degrees of freedom. These P SU(N) loop flux operators are all mutually independent
(no SU(N) Mandelstam constraints) and obey the canonical quantization conditions with

their loop electric fields exactly like the original Kogut-Susskind link operators in (2.11).

a — A” 1 = v
[s<x,y>,mﬁ<x,y>}——(2w<x,y>)aﬁ, [£5(0 ) Wap(x,)] = <W(W>z>aﬁ'

(3-69a)
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;Ei(Wr 1,y)
(a) (b) (c)

T(x,0)

Figure 3.13: Graphical representation of the inverse canonical relations (3.72): a) link electric field
E% (x,y =0;1), (b) E% (x,y # 0;1) and (c) E4 (x,y;2) in terms of plaquette loop operators
and loop electric field. The o represents plaquette loop electric fields and + represents
Kogut-Susskind link electric fields. All loop electric fields e are parallel transported along
the attached lines to give Kogut-Susskind link operator E‘ (x,y; f) or ¢ in (3.72). In (a)
Yy LP(p) gives A% (x,y = 0) in (3.72), the summations is over the plaquettes in the dotted
region. In (c) we show Ay (x,y) where the summation is again over the plaquettes in the
dotted region. The shaded region in (c) represents Wy, (x,y) in the second equation in

(3.72)-
E ), E )| =i (), [EL ), E )| =i E (k). (6ob)
Further, the two electric fields are related through parallel transport and commute:
€ (x,y) = ~RaWV' (x))EL(RY) = [E(xy)Elxy)| =0, G70)

The quantization relations (3.69a), (3.69b) and (3.70) are exactly similar to the original quan-
tization rules (2.11). Thus the electric field operator E%(x,y;i) and the magnetic vector po-
tential operator U,z (x, ;1) have been replaced by their dual electric scalar potential £%(x,y)
and the dual magnetic field operator W,g(x,y). This is similar to Z, lattice gauge theory
case where {01(x,y);03(x,y)} get replaced by {ps(x,y); u1(x,y)}. We again emphasize that
E%(x,y) is the dual electric scalar potential as it is conjugate to the fundamental magnetic
flux operator W,s(x,y). This leads to a duality between the loop formulation and the Kogut-
Susskind link formulation. This duality can be used to define a disorder operator. This is

discussed in detail in the next chapter.
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3.2.3.2 Inverse relations

It is clear from Figure 3.11-a,b that the Kogut-Susskind link flux operators in terms of string

& loop flux operators are:

U,y ) = THoy) W +1Ly) W +1Ly—1) - W(x+1,1) T(x+1,v).
U(x,y;2) = T(x,y+1) TH(x,y). (3.71)

The Kogut-Susskind link electric fields in terms of the loop electric fields are (see appendix
A for details):

Ns—1 Ns;—1

Ei(x,y;i) :Rab(T’L(x,y)) Eﬁ(x%—l,y—f—l)+5ﬁ(x—|—1,y)—l—5y,0 Z Z Lb(f,y‘) ,
X=x+2 y=1

Ay (xy)

(3-72)

Ns—1
Ei(x,y;ﬁ):Rab(T*‘(x,y))[si(xH,yH)+R,,C(ny)5£(x,y+1)+ Y Lb(x—l—l,y)}

7=y+2

Ay (xy)

In (3.72) we have defined the parallel transport:
Rye(Way) = Rpe(W(x,1) W(x,2) - W(x,y)). (3-73)

and used: £ (x,y =0) =0, L' x,y)=[E%x,y)+EL(x,y)]. The inverse relations (3.72)
and (3.73) are illustrated in Figure 5-a,b,c. On a single plaquette lattice (3.72) reduces to (3.50)

as expected.

3.2.3.3 Loop states on a finite lattice

Like in the single plaquette case, the SU(N) Gauss law does not permit any string excitation
and the (N — 1) string operators become irrelevant. Therefore, all possible SU(N) gauge
invariant operators are made up of the P fundamental plaquette loop operators and their
conjugate electric fields. In other words, the non-trivial problem of SU(N) gauge invariance
over the entire lattice reduces to the problem of residual SU(N) global invariance of 3P
loop operators, all starting and ending at the origin. Further, all 3P loop operators gauge

transform as adjoint matter fields at the origin:

W(p) = AW(p) A", Ex(p) — AEx(p) AT (3-74)
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In (3.74), A = A(0,0) are the gauge transformations at the origin. This global invariance at
the origin is fixed by the residual (N? — 1) SU(N) Gauss laws:

P P
Gg'(0,0)= Y [E2(n +€1(p)] = L L'(p) =0. (3:75)

p=1 p=1

We now solve the global Gauss law (3.75). We will use SU(2) gauge theory for illustration.

Generalization to SU(N); N > 3 will be briefly discussed at the end of this section. A basis
in the full Hilbert space of SU(2) lattice gauge theory on a P plaquette lattice diagonalizing

the following complete set of commuting operators (CSCO-A)

512 522 e 579271 5P2
Uncoupled basis : 2 2 ... 2, L2, . (CSCO—A)
e L = Tt
(3.76)
is given by
nq no oo np
I I 173 > = ‘nl hy m1>®’n2 I m2> """ ®‘np l]ﬂ m]ﬂ>' (3'77)
my Mo ce- Mmp

Above basis is graphically illustrated in Figure 3.14-a. The state |n I m) corresponding to

each plaquette was defined in (3.54). We are interested in constructing the physical Hilbert

space H? which is the SU(2) invariant subspace of the above direct product Hilbert space.

Under gauge transformation A at the origin, all states transform together as:

I _
np Iy mp) = ) Dy, (A) Inp Ip 11p) . (3.78)

Therefore, all principal and angular momentum quantum numbers n,, [, are already gauge
invariant. it is convenient to represent the states |n ! m) by tadpoles on every plaquette
as shown in Figure 3.14-a. The tadpole loop at the top represents the flux flowing in a
loop within the plaquette. The vertical stem represents the flux leakage (I,m) through the
plaquette. In order to solve the Gauss law (3.75) we describe the states (3.77) in a coupled
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Al I ms Lms | Iplmp

(a)

li{my la[my I3|mg Ip[mp
1 mia 1 mags 1

2 l123

=0

Mtotal

Gauss Law

Ltot

)

Figure 3.14: a) Uncoupled and b) Coupled loop (tadpole) basis diagonalizing CSCO-A and CSCO-B
respectively given in (3.76) and (3.79). The global Gauss law is solved by putting the total
angular momentum L,; = 0. In (a) and (b) e represents the j-j coupling or contraction of
j flux lines within a plaquette in (3.54) and in (b) ® represents I-/ couplings or contraction
of I flux lines between neighbouring plaquettes (see eqn.(3.80)).

basis shown in Figure 3.14-b. We couple e, _Lg, cee, E% and go to a basis where the following

complete set of commuting operators (CSCO-B) are diagonal:

512 522 o 5732—1 gpz
Coupled basis : 2 2 N : (CSCO — B)
(C12)* (Li2a)® - (Liotar)® Loy

(3-79)

Note that the total angular momentum is zero implies (L 4+ L, 4 - - - 4+ Lp_1)* = L% (see
Figure 3.14-b). Thus we have traded off P gauge non-invariant magnetic quantum numbers
(my,my,--- ,mp) in (3.77) in terms of (P — 3) gauge invariant eigenvalues of the coupled L
operators shown above. Therefore, in total there are 3(P — 1) members of the complete set
of commuting operators. The resulting SU(2) gauge invariant loop basis on a lattice with P

plaquettes is given by **:

M n2 o nP ltotaI:0
L b e p >={\n1l1m1>®]nzlzm2) ---®\nplpm,,>}

mtotaI:0
lo 3 Lot =0

= [{n} {1} {11}). (3.80)

12 More explicitly, the states in (3.80) are:

ni np e np
IIn] 1] [ll]>52 {C homn o lostas o losiiios oo G, Liota1=0/miora1=0 } I I >

o lymy;lomy " lomy;lams ~losmins;lamy (1) M1 (p—1) s p 11 lp
{ﬂ m} ml m2 e mP
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The above loop basis will be briefly denoted by [{n} {I} {II}). The symbols {n}, {I} and
{Il} stand for the sets

e (ny,ny,---,np): P principal quantum numbers;
e (I1,Iy,---,Ip): P angular momentum quantum numbers and

o (lip, iz, -+, 1123,,,(7;_1) = Ip,lip3..p = 0) : P —3 coupled angular momentum quantum

numbers respectively.

These 3(P — 1) principal, angular momentum quantum numbers characterizing the loop
basis are gauge invariant as is clear from the gauge transformations (3.78). As expected, this
is also the number of physical degree of freedom in the original Kogut-Susskind formulation.
In fact, in SU(N) Kogut-Susskind lattice gauge theory in terms of link operators, the total

number of physical degrees of freedom ]N‘éu(N) is given by the dimension of the quotient

Blinks SU(N)} .
Space |:®sites Su(N)

Rlinks SU(N)

N% .\, = Di
SU(N) m |:®sites SU(N)

} = (N*-1)(L-N). (3.81)
Above, £ and N are the numbers of links and sites of space lattice in d dimension.

We now discuss pure SU(N), N > 3 lattice gauge theory. A SU(N) tadpole state over
a plaquette, analogous to the SU(2) ® SU(2) state |j m) ® |[j m') ~ |nlm) in (3.54) and il-
lustrated in Figure 3.14, is characterized by the representations of SU(N) @ SU(N) group.
These representations or equivalently orthonormal SU(N) tadpole states on each plaquette
are labelled by (N2 — 1) loop quantum numbers 3. Therefore, in d = 2 where all P plaque-
tte loops are fundamental and mutually independent, there are (N? — 1) P loop quantum
numbers. Subtracting out global (N? — 1) degrees of freedom (or gauge transformations at
the origin), we again see that there are total (N> —1)(P — 1) gauge invariant SU(N) loop
quantum numbers. This exactly matches™ with ]N‘éf[%N) in (3.81)as (P—1) = (L—-N) in
d=2.

3.2.3.4 Loop Dynamics on finite lattice

In this section, we discuss dynamical issues associated with the SU(N) Kogut-Susskind

Hamiltonian after rewriting it in terms of the new fundamental plaquette loop operators.

A SU(N) irreducible representation is characterized by (N — 1) eigenvalues of Casimir operators and %N (N-1)
“SU(N) magnetic quantum numbers". As an example, the three “SU(3) magnetic quantum numbers" are the
SU(2) isospin, its third component and the hypercharge. The SU(2) ® SU(2) tadpole or hydrogen atom states
|j,m_,my) are now replaced by |p,q,i—,m_,y—_,iy, my,y4) where p,q are the common eigenvalues of the two
SU(3) Casimir operators and ix,m=z,y+ represent their isospin, magnetic isospin and hypercharge quantum
numbers respectively. These 8 quantum numbers are associated with a SU(3) ® SU(3) tadpole diagram. There-
fore, all SU(N) ® SU(N) representations with equal Casimirs or SU(N) tadpole states are characterized by
(N—1)+ N(N —1) = (N?> — 1) quantum numbers.

14 Ind =2, we have £ = 2(Ns — 1)Ns; N = N2; P = (Ng — 1)2. Therefore, L — N =P — 1.
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We show that in terms of these plaquette loop operators the initial SU(N) local gauge in-
variance reduces to global SU(N) invariance and the loop Hamiltonian has a simple weak

coupling ¢? — 0 continuum limit. The Kogut-Susskind Hamiltonian [6, 8] is:
- K
H:gZZE?+—ZZ<2N—Tr<Up—f—U;)). (3.82)
1 &%

In (3.82) K is a constant, | = (x,y;{) denotes a link in i direction, p denotes a plaquette.
The plaquette operator: Uy (x,y) = U(x,y;1) U(x+1,5;2) Ut (x+ 1,y + ;1) U (x,y + 1,2).
defines the magnetic field term around a plaquette p. As mentioned earlier, we choose space
dimension d = 2. Substituting the Kogut-Susskind electric fields in terms of the loop electric

fields in (3.72), we get:

2= - 2
H= ), gz{[5—(x+1ry+1)+5+(x+1,]/)+AXY(X,y)}

X,yeEN

[ (e 1y 1) + ReeWay)E (2,5 +1) + By (x, y)r}
1 1
ST (2N (Tr W(x,y) + h.c)) = [ + Ll (3.83)

In (3.83) all operators vanish when x,y are negative or zero as plaquette loop operators are

labelled by top right corner (see Figure 3.11-a). The operators Axy y are defined as:

Ng—1 Ns—1 N;—1
oy =d,0 Y Z L(%,7), Ay(vy) = ), L(xg).  (384)
¥=x+1 y= y=y+1

We have also used the relations: Tr U, (x,y) = Tr (T (x,y) W(x+ 1,y +1) T(x,y)) = Tr W(x+
1,y +1). The Hamiltonian (3.83) describes gauge invariant dynamics directly in terms of the
bare essential, fundamental plaquette loop creation and annihilation operators without any
gauge fields. As expected, the unphysical strings do not appear in the loop dynamics. There
are many interesting and novel features of the Kogut-Susskind Hamiltonian (3.82) rewritten

in terms of loop operators (3.83):

e There are no local SU(N) gauge degrees of freedom and at the same time there are no
redundant loop operators. The (N2 — 1) residual SU(N) gauge degrees of freedom in
(3.74) can be removed by working in the coupled hydrogen atom basis (3.80).

e In going from links to loops ((3.82) to (3.83)), all interactions have shifted from the
magnetic field part to the electric field part. Therefore, the interaction strength now is

¢? and not g%

SU(N SU(N
Hg””;e) (é) ~ Hspﬁg )(gz)
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Figure 3.15: SU(2) loop dynamics in (a) prepotential approach in 2+1 dimensions (b) loop formulation
based on canonical transformations clearly illustrating the resulting simplifications. The
matrix elements of the plaquette operators (3.85) and (2.37) are written in terms of 6j
symbols for comparison purpose.

We have used ~ above to state that this equivalence is only within the physical Hilbert
space H". The above relation is SU(N) analogue of the Z; result Hgﬁuge()\) ~ H:;m (A7)
discussed earlier.

¢ The magnetic field term, dominating in the weak coupling continuum (g> — 0) limit,
acquires its simplest possible form. It creates and annihilates single electric plaquette
flux loops exactly like in single plaquette case (3.63). Therefore, the loop Hamiltonian
(3.83) can be used to develop a weak coupling gauge invariant loop perturbation theory

near the continuum limit.
e In the tadpole basis (3.80) in SU(2) lattice gauge theory:

(7 T 1| Hg|n [ m) = §<ﬁ I TrW|n 1 m) = KZ\/%

=§2{] / } (385)

In (385),n=2j+1land A =2j+1, K = K(—1)<21+1*ﬁ*">\/ nii In

01 1Om,m [05,n+1 + On—1]

0qQ

— NI

(A+n+214+1)(a+n-21-1)"
the second line in (3.85), we have used the explicit expression for a 6j symbol [115]

with a half entry. If we put I = 0 in (3.85), we recover the single plaquette result (3.63).
In fact, the matrix elements (3.85) in the |n [ m) loop basis are valid in arbitrary d

dimensions. This is in sharp contrast to the magnetic field term in the standard SU(2)
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spin network basis[49] leading to (18-j) Wigner coefficients (2.37, Figure 2.5) in d = 2
and (30-j) Wigner coefficient in d = 3. The comparison of (3.85) and (2.37) makes it
amply clear that |n I m) loop basis is much simpler than the spin network basis for any
practical calculation especially in the weak coupling (¢*> — 0) continuum limit. This is

graphically depicted in Figure 3.15.

e The non local terms in the Hamiltonian, A% (x,y), A} (x,y) and R(Wy,) get tamed in

the weak coupling limit. In weak coupling ¢> — 0 limit, the relations (2.12) imply:
L' (x,y) = E2(x,y) + EL(x, ) ~ 0+ O(g).

Therefore, A% (x,y) ~ 0, A} (x,y) ~ 0. Further, Ry;(Wxy) ~ dqp. This leads to a simpli-
fied local effective Hamiltonian Hj,;, which may describe pure SU(N) gauge theory at

low energies, sufficiently well.

2 P . . 1
Hqpin = % 482(p)+ Y, E-(p)-E(P)| + 5.7 |2N = (TrW(p) + h.c) | +¢*0H
p=1 (p.p') 8
2
_ 8.1y

In (3.86), X< ,p~ denotes summation over nearest neighbour plaquette loop electric
fields. The non-localities occur in the higher order terms in the coupling. Therefore,
these terms, collectively denoted by ¢> 6H in (3.86), can be ignored in the weak cou-
pling limit as a first approximation. The SU(N) gauge theory Hamiltonian in the loop
picture now reduces to SU(N) spin model Hamiltonian with nearest neighbour interac-
tions. This simple spin Hamiltonian has the same global SU(N) symmetry, dynamical
variables as the Hamiltonian in (3.83). Note that the elementary and important 1/g?
magnetic field terms (see (3.85)) are left intact and need to be treated exactly. In fact,
this is an interesting model in its own right to explore confinement and the spectrum

in the weak coupling continuum limit. These issues will be investigated in the future.

3.3 CANONICAL TRANSFORMATIONS IN 3+ 1D
3.3.1 Zy lattice gauge theory
The method of constructing a loop formulation of Z lattice gauge theory by a series of canon-

ical transformations can be easily generalized to a lattice of any dimensions. To illustrate this,

we will briefly describe the canonical transformations leading to a loop formulation of Z,
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Figure 3.16: The final operators after Z, canonical transformations in a 3 dimensional spatial lattice:
(a) plaquette loop operators (b) string operators.

gauge theory on a 3 dimensional spatial lattice. The details of the canonical transformations
will be illustrated on a single cube in Appendix A.

We start with the conjugate pairs {01,035} on the £ = 3(N; — 1)N? links on a lattice with
N; sites along x,y and z direction. After a series of canonical transformations, we transform

these operators to

1. a) (N — 1)? plaquette operator pairs {u1(x,v,0;3),u3(x,y,0;3)} corresponding to
the plaquettes in the z = 0 plane.

b) Ns(Ns — 1)? plaquette operator pairs {u1(x,y,2;2), u3(x,y,2;2)} corresponding to
the plaquettes in the XZ planes.2 denotes that the plaquettes are in XZ plane (i.e,

perpendicular to the 2 direction).

¢) Ns(Ns — 1)? plaquette operator pairs {11(x,v,2;1), u3(x, v,z 1)} corresponding to
the plaquettes in the YZ planes.

2. a) Ny —1string operators {71(x,0,0;1),3(x,0,0;1)} corresponding to the links along
the (y =0,z = 0) line.

b) N2(N; — 1) string operators {1(x,v,z;3),53(x,y,2;3)} corresponding to the links

in the 3 direction.

c) Ns(Ns — 1) string operators {7 (x,y, 0;2),73(x,y,0;2)} corresponding to the links

in the 2 direction in the z = 0 plane.

The above operators are illustrated in Figure 3.16. It can be verified that the total number of
plaquette and string operators exactly equals the total number of link operators we started
with.

The construction of the above string and plaquette operators is done through the following

canonical transformation steps.

1. Repeat the canonical transformations corresponding to the 2 dimensional lattice on the

z = 0 plane to get N2 — 1 string operators and (N; — 1)? plaquette operators.
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2. Repeat the plaquette canonical transformations defined in eqn.(3.20) and eqn.(3.21)
along each plaquettes on the XZ and YZ plane starting from the plaquette (x,y, Ng; 1)
to (x,y,1; i) and (x,y, Ns;2) to (x, v, 1; 2). This leads to 2Ns(Ns — 1)? plaquette conjugate
pairs corresponding to all the plaquettes in the YZ and XZ plane.

The details of the above canonical transformations are illustrated on a single plaquette which
contains all the features of the finite lattice construction in appendix A.

The plaquette loop operators when written in terms of link operators are given by:

Ng—1 Ng—1

us(x,y,0;3) = HH(flx—ly,zl)

11(x,y,0;3) = o3(x — 1,y — 1,0,1)03(x,y — 1,0,2)03(x — 1,,0,1)o3(x — 1,y — 1,0,2),
No—1

us(x,y,z;1) = Hcflxy—l 2),
wi(xy,z1) =0y —1,z—1,2)03(x,y,z— 1,3)03(x,y — 1,2,2)03(x,y — 1,z — 1,3),
No—1

us(x,y,z;2) = Hrfl —1,y,z1),

wi(x,y,z2) =a(x—1,y,z—1,Da(x,y,z—1,3)0(x - 1,y,z,1)03(x — 1,y,z - 1,3).

(3-87)
The string operators in terms of link operators are given by :
No—1 N;—1 x—1N;—1N;—1
01(x,0,0,1) = H ]_[01 - 13,500 (x,7,22)01(x — 1,7,52) = 9(%,9,2),
=1 j=0 z=0
73(x,,0,2) = o3(x — 1,4,0,2),
Ns—1 Ns—1  N—IN—1
(71<x/y/0I2> = H H Ul(x/y_ 1,2,2)(71(3(,]},2,1) = g(x Y, ) (3 88)
7=y =0 7=y =0

(_73(36,]/,2,3) =o3(x,v,z—1,3),
N1 A A A N
1(x,y,2,3) = H a(x,y,z1)on(xy,z2)o(x—1,y,z )0 (x,y—1,z,2) = H G(x,y,2)

(3-89)

As is clear from the eqn. (3.89), the string electric field 7 operators gets frozen to 1 in the
physical Hilbert space H” due to local Gauss laws. Therefore, string operators decouple just
like in 2 + 1 dimensions. However, in 3 + 1 dimensions unlike 2 4 1 dimensions, not all pla-
quette loops are independent. Canonical transformations automatically lead to all mutually
independent and complete set of loop operators. Therefore, canonical transformations does

not lead to plaquette operatorsonz =1,2-- - (N; — 1) planes.
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3.3.2  SU(N) lattice gauge theory

We now briefly discuss canonical transformations leading to a loop formulation of SU(N)
lattice gauge theory in 3 + 1 dimensions. It can be easily generalized to a lattice of any
dimensionality. The series of canonical transformations bypasses the issues of Mandelstam as
well as Bianchi identity constraints[116, 117]. This is not surprising as the number of degrees
of freedom after the canonical transformations equals the number of physical degrees of
freedom modulo a global Gauss law constraints at the origin. This is discussed in section
(3-3-2.3)-

We repeat d = 2 canonical transformations on the z = 0 plane and then extent the string
operators T(x,y,z = 0) in the z directions to construct plaquette loops in xz and yz planes
as shown in Figure 3.17. Thus the canonical transformations already convert all horizontal
links on (xy) planes at z # 0 in forming plaquette loops in the perpendicular (xz) and
(yz) planes. Therefore, there are no fundamental xy plaquette loops onz =1,2,--- (N; — 1)
surfaces. These surfaces are shown as shaded planes in Figure 3.17. Therefore, canonical
transformations transform the link operators on a 3 dimensional lattice to the following

operators:

1. (N;)® — 1 string operators T(x,y,z) starting from (0,0,0) and ending at (x,y,z) #
(0,0,0). These operators takes the path*> (0,0,0) — (x,0,0) — (x,y,0) — (x,y,z). This
is illustrated in Figure 3.17. Their conjugate left(right) electric fields are denoted as
E” (x,y,2)(E% (x,y,2)).

2. 2(Ns + 1)(Ns — 1)? independent plaquette loop operators W(x,y, Z,i), W(x,y, z,2),
W(x,y,0); x,y,z=1,2,--- (Ns — 1). Here, W(x,y, Z,D denotes a plaquette loop opera-
tor on a plane perpendicular to { with (x,v, z) being the top right corner™® of the plaque-

tte. Their conjugate left(right) electric fields are denoted as €% (x, y, z, D (8 (%Y, z, D)

3.3.2.1  Canonical relations

The final string and plaquette loop operators mentioned above is related to the initial Kogut-

Susskind link operators as follows:

Y z

T(x,y,2) = ﬁ U(x,0,0) [JU(x,7,0) JJU(x,y,2). (3.90)
=0

7=0 z=0

15 This is a matter of convention. There exist other series of canonical transformations which leads to string opera-
tors to sites (x,y,z) # (0,0,0) which follows a different path.
16 The top right corner of a plaquette is defined as the point (x’, 3/, z') on the plaquette with the largest (x' +1' +2/).



3.3 CANONICAL TRANSFORMATIONS IN3 + 1 D

W(x,y,z, i) =T(x,y,z)U(x,y, Z,Q)U(x,y + 1,z,3)LI+(x,y,z + 1,Q)U+(x,y, 2,3),
W(x,y,22) =T(x,y,2)U(x,yz DU +1,y23)U (x,y,z+1,1)U (x,y,23),
W(x,v,0,3) = T(x,y,0)U(x,y,0,1)U(x +1,v,0,2)Ut (x,y + 1,0, 1)U (x,4,0,2).  (3.91)

The conjugate string and plaquette loop right electric fields in terms of Kogut-Susskind

electric fields are :

EY (v, y,z) =G%(x,y,2),

N,—1
El(x,y,2,1) =~ Z Rup(Sx(x,v,2,2))EY (x,y,7,1),
N,—1 A
£ (x,y,22) == Y Rap(Sy(x,y,2,2)E" (x,y,7,2), (3.92)
Z/_
N,—1 )
E1(x,y,0,3) = — Z Rap(Sx(x,y,2,2))E" (x,y,2,1) — ¥ Rup(S(x,v,9))E" (x,¢/,0,1).
7=z y'=y

Above,

Z/

Sx(x,y,2,2)=T(x—Ly,z)U(x - 1Ly,z1) [Ju(xvz3),

z=z
P

Sy(x,y,z,2) =T(x,y—1,2)U(x,y—1,22) [ JU(x,y,%3),

/!

Se(x,y,v) = T(x—1,y,0)U(x —1,,0,1) I U(x,7,0,2).
7=y

String electric fields vanishes due to Gauss laws leading to the decoupling of string operators

from the physical Hilbert space. The only xy plaquette created are those on the z = 0 plane.

3.3.2.2 Inverse relations

The link operators in terms of plaquette and string operators are given as follows:

Ux,y,z1) = T‘L(x,y,z) [H WJr(x +1,y, Z,Q)] T(x+1,y,2),

z=1

U(x,y,z2) =T (x,y,2) [H Whx,y+1,z, i)] T(x,y+1,2),

z=1

U(x,y,z3) = T(xy,z+ 1T (x,y,2). (3.93)
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The corresponding conjugate link electric field in terms of plaquette electric field:
E‘ (x,y,z; 1) = Rup(T(x,y,2)) <Eﬁ(x +1,y,z+1,2) + Ei(x +1,9,2,2)
+ 620 [é’b (x+1Ly+1,03)+ & (x+1,4,0,3) (3-94)

Ns—1Ns;—1 N;—1 Ns—1 Ns—1
+(5zo§yo[zz Y {PEgzD)+lEgz2))+ Y Y Lz D

z=1 y=1 Xx=x+2 7=1 x=x+2

E%(x,y,%2) = Rap(T(x,y,2)) <5b(x,y+ Lz+1,1) + & (v y+1,21)

Ns—1 Ns—1 Ng—1
+5zo[ Y U(x+1,508)+ ) 2 {Lo(x,7,2,1) +L"(x +1,7,22)}
J=y+2 J=y+2 z=
+si<x+1,y+1,o,é>+Rab(Hw<x,y-,o,3>)eﬁ<x,y+1,0,3>D. (395)
7=1
A NS_l A A
EL(x,,23) = Rup(T(x,y,2)) | ), {Lb(x,yﬂ,z,l)+Lb(X+1,y,Z,2>}
z=z42

+E ey +1,z+ 1,1+ (x+1,y,2+1,2) + R ([T W(x - 1,y,z’,§))5§(x,y,z+1,ﬁ)

z'=1

Ry (I Wy —1,2,1))E8 (v, y,2+1,1)|. (3.96)

z'=1

The xy plaquettes W(x,v,z,3);z # 0 are not created. This is because they are not indepen-

dent and can be written in terms of the other plaquette variables as follows:

z v4 z Z
W(xy,z3) =[Wy—12z2) [ [Wkyz1) [[Wyz2) [[WE-1,y,21). (.97
70 70 20 =0

3.3.2.3 Bianchi identity on a 3D lattice

The SU(N) Bianchi identity on a lattice [116, 117] is given by
WEHW (W @)W (e)W(fIW'(g) = 1. (3.98)

Above, W(b), W(c), W(d), W(e), W(f), W'(g) are the plaquette loop operators along the
faces of a cube, as shown in Figure 3.17.

As explained earlier, the canonical transformation steps do not create the loop operators
corresponding to (xy) plaquette loops at z # 0. In fact, these plaquette loops can be written

in terms of the fundamental plaquette loops in (xz) and (yz) planes as shown in eqn.(3.97)
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$-

1o o

Wi(n, 1)
W(n|-2,2)
r | | T(z,y,z)
W(Z, 7, %,3) /
== .
(0,0,0)
(a)
(0,0,0)  (v) (0,0,0) () (0,0,0)  (a)
(0,0,0)  (e) (0,0,0) () (0,0,0)  (g)

Figure 3.17: (a) Graphical representation of the fundamental plaquette operators and the string oper-
ators obtained by canonical transformations in d = 3. The shaded horizontal plaquettes
are not obtained by canonical transformations as explained in the text. They are also not
independent: the shaded plaquette operator in (g) is the product of the fundamental pla-
quette loop operators in (b), (c), (d), (e), (f) in that order. This is just the SU(N) Bianchi
identity on lattice.
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and illustrated in Figure 3.17-b,c,d,e f,g. Therefore, the loop operators automatically satisfy
Bianchi identity constraints (3.98). This way the canonical transformations also bypass the
problem of SU(N) Bianchi identity constraints confronted in the loop formulation of SU(N)
lattice gauge theories [116, 117] in any dimension d > 3. In d = 3, we have the number of sites
N = (N,)?, number of links £ = 3(Ns — 1)N2 and number of plaquettes P = 3(N, — 1)2Ns.
The total number of (xy) plaquettes is Py, = £ = (N; — 1)2N;. The number of (xy) plaque-
tte at z = 0 plane is Pyy(z = 0) = P’T? = (Ns — 1)2. Therefore, the number of dependent
(xy) plaquettes Pyry(z # 0) = Pry — Py (z = 0) = (N5 — 1)° = the number of Bianchi
identities. Hence the number of independent SU(N) loop quantum numbers after subtract-
ing (N? — 1) gauge degrees of freedom at the origin = (N*>—1) (P —Py(z#0)—1) =
(N2—1) (L-N) = IN”SIE%N). This is again an expected result because the canonical trans-
formations used for converting links into (physical) loops & (unphysical) strings can not
introduce any spurious degrees of freedom in any dimension. Therefore, the SU(N) plaque-

tte loop operators are mutually independent and contain complete physical information.

3.3.3 Loop Hilbert space and SU(N) loop dynamics

The construction of a basis of the physical Hilbert space H” is done essentially as in 2 + 1
dimensions by constructing tadpole states corresponding to the plaquette loop operators con-
structed by canonical transformations and coupling them together to find states satisfying

Y.L%(p) = 0. The only difference stems from the fact that since canonical transformations do
p

not create the plaquette operators W(x,y,z,3);z # 0, there are no tadpole states correspond-
ing to these plaquettes. The corresponding SU(N) coupled tadpole basis is orthonormal as
well as complete in H? bypassing all non-trivial and notorious SU(N) Mandelstam or Bianchi
identity constraints.

The Hamiltonian of pure SU(N) gauge theory in terms of independent plaquette loop

operators and conjugate electric fields in 3 + 1 dimensions is given by :

2

H= % [Ei(x,y,z,i)Ei(x,y,z,i) + E%(x,y,2,2)E% (x,y,2,2) + Ei(x,y,z,é)Ei(x,y,z,é)}
+ 2;2 [ZN — Tr{W(x,y,z,i) +W(x,y,2,2) + W(x,y,z,3) + h.c}]. (3.99)

Above, Ef (x,y,z, 1), E%(x,y, z,2), E%(x,y, z,3) and W(x,v,2,3);z # 0 is given by equations
(3.94), (3.95), (3.96) and (3.97) respectively. These 4 terms are non local. The essential differ-
ence from the 2 + 1 dimensional case is that here both the electric and magnetic part, Hp
and HE, are non-local. However, the magnetic part can be made local by introducing the

W(x,y,2,3);z # 0 operators as fundamental operators satisfying the Bianchi identity con-
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straints. As ¢> — 0, L = 0 4+ O(g). Therefore, a useful local, effective Hamiltonian that may

describe SU(N) lattice gauge theory at low energies is given by

1

H= g;[;ez(p) + ) Ef(p)gf(p')} + 2;2 [ZN— Tr{

3
(pr") =1

W(x,y,z,1) + h.c}} .
(3.100)

Above, (p,p’) denotes that p and p’ are nearest neighboring plaquettes.
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CANONICAL TRANSFORMATIONS, DUALITY & ORDER-DISORDER

In this chapter we show that the canonical transformations leading to the loop formula-
tion of SU(N) lattice gauge theory in (2 4+ 1) dimensions in the previous chapter can also
be interpreted as SU(N) duality transformation. We note that the original Kogut-Susskind
Hamiltonian (3.82) is in terms of SU(N) electric vector fields and their conjugate holonomies
{E®(I); Uap(1)} on each link . The electric fields satisfy local Gauss law constraints. We now
show that the equivalent SU(N) loop Hamiltonian (3.83) is in terms of the SU(N) magnetic
tields and their conjugate scalar electric potentials. The local Gauss law constraints are triv-
ially solved in the dual representation. All dual (loop) fields are defined on plaquettes and
are scalars in (2 + 1) dimensions. The same interpretation also holds for the much simpler
7, lattice gauge theory in (24 1) dimensions. The canonical transformations in Z, lattice
gauge theory solve the Z, Gauss law constraints leading to loop formulation described by
the Ising model Hamiltonian (3.32). This Ising model is in terms of Z, magnetic fields and
their conjugate electric scalar potentials. In fact, this is the well known Z, gauge-spin duality
found by Franz Wegner in 1971 [55]. Wegner was strongly influenced and motivated by the
self duality of Ising model in lower (1 + 1) dimensions found by Kramers and Wannier [118]
in 1941. We show that the SU(N) canonical transformations discussed in the last chapter can
also be used to obtain Kramers-Wannier duality.

In general, a duality transformation relates model at a strong coupling or high tempera-
ture to another model at weak coupling or low temperature. Therefore, they are useful to
understand theories and their phases better using alternative dual descriptions. They often
expose the hidden topological degrees of freedom relevant for determining the properties of
the system [7, 119]. The classic examples are the two dimensional x-y model and compact
abelian lattice gauge theories [119]. Another general and important feature of these dualities
is that the dual theory is expressed in terms of ‘disorder variables” which are given by a non-
local combination of the original variables. These dual variables have small fluctuations at
regions where the original variables have large fluctuations [120]. Therefore, dual models are
useful in studying the large fluctuation region of the original theory which is usually inac-
cessible by other methods [120]. In gauge theories, phase transitions cannot be characterized
by local order parameters [121]. But, often the dual theories can have local order parameters
which acts as a non-local disorder parameter [56, 122] for the original theories. In fact, such
alternative dual descriptions have been extensively discussed in the past in the context of

abelian [7, 55, 56, 118-137] and non-abelian gauge theories [3, 14, 120, 138-145].
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4.1 ISING MODEL & KRAMERS WANNIER DUALITY

In this chapter, using canonical transformations discussed in the last chapter, we systemat-
ically obtain Kramers-Wannier as well as Wegner duality in (1 + 1) dimensional Ising model
and (2 + 1) dimensional Ising gauge theory respectively. These Z, duality transformations
are used to define disorder operators in the corresponding models. These dual descriptions
and results are well known and have been extensively discussed in the review papers [7, 120,
122]. We then generalize these Z; results to SU(N) lattice gauge theory in (2 + 1) dimensions.

The organization of this chapter is as follows. In section 4.1, working within the Hamilto-
nian formulation, we show that the canonical transformations, discussed in the last chapter,
also provide a systematic way to obtain the old and well known Kramers-Wannier duality
[118] in (1 4 1) dimensional Ising model. We end the section with a discussion on order-
disorder operators. In section 4.2, we then interpret the loop formulations of (2 4+ 1) dimen-
sional Z, lattice gauge theory obtained in the last chapter as the dual formulation in terms
of Z; magnetic fields and their conjugate Z; electric scalar potential. This is the famous Weg-
ner gauge-spin duality with electric scalar potentials playing the role of Ising spins. Again
order and disorder operators are discussed in this simplest Z; lattice gauge theory. In section
4.3, we then show that the loop formulation of SU(N) lattice gauge theories is dual to the
Kogut- Susskind formulation of SU(N) lattice gauge theory. This is a non-abelian generalization
of Z, Wegner’s duality. Further, the SU(N) duality enables us to define a new SU(N) disorder
operator in section 4.3. As expected, it’s construction is a nonabelian generalization of the

disorder operator in Z, lattice gauge theory.

4.1 ISING MODEL & KRAMERS WANNIER DUALITY

In this section, we construct the canonical transformations leading to the famous Kramers-
Wannier self duality of quantum Ising model in 1 + 1 dimensions. The kinematical variables
of the 1+ 1 dimensional quantum Ising model [56] are {o1(x),03(x)}. In Figure 4.1, these
operators are represented over links of the lattice for visual convenience'. The ¢ operators

satisfy the following relations:
o2 (x)=1; c3(x) =1, o1(x)o3(x) = —03(x)o1(x) or [o1(x),03(x)]« = 0. (4.1)

The (1 + 1)-D Ising model [56] Hamiltonian is

o]

H = ; [— o (x) — A oz(x)oz(x + 1)] (4-2)

We now start the link operator pairs {cq(x),03(x)} on a 1 dimensional lattice and convert

them iteratively into a new (dual) set {1 (x), u3(x)} using canonical transformations. This is

1 Each link should be thought of as representing the starting lattice site of the link.
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T10:50) | @1 0ioa]  {e1@)ros@)]
{o1(0)503(0)}
{p1(0); 13(0)}

(511551} {01(2);05()}

{p1(1); ps(1)}

{01255} {01(3);05(3)}

900

{11(2); 13(2)}

T {51(3);55(3)}
———

Figure 4.1: Kramers-Wannier duality through canonical transformations. The first three steps of dual-
ity or canonical transformations (4.6) are explicitly illustrated.

shown in Figure 4.1. We first perform canonical transformations from the first two conjugate

pairs {01(0),03(0)}, {¢1(1),03(1)} attached to the first two links to a new set of conjugate
pairs {1 (0), 13 (0)} and {71 (1), 35(1) )

11(0) = 03(0)03(1); d3(1) = 03(1);
u3(0) = 01(0); 01(1) = 1(0)a1 (1) (4.3)

The canonical transformation (4.3) is illustrated in the first shaded box on the left in Figure

4.1. Note that the two new canonical sets are conjugate and mutually independent.

Lll1(0), .u3(0)]+ =0, [‘71(1)/5—3(1)]4- =0,
[1a(0),0,(1)] =0; a,b=1,3. (4-4)

Further,
(02 =1, u3(02=1, &(1)*=1, a(1)*=1

The conjugate pair {71(1),03(1)} are the intermediate operators to be traded off with

{11(1), u3(1)} at the next step.
We now repeat the canonical transformation with {7 (0),03(0)}, {o1(1),03(1)} replaced by

{71(1),73(1) } and {04 (2), 03(2) } to give the conjugate pairs {1(1), u3(1)} and {71(2),53(2) }:

11(1) = 03(1)03(2); 71(2) =0(1)0q1(2);
us(1) = 1(1); 03(2) = 03(2). (4.5)
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4.1 ISING MODEL & KRAMERS WANNIER DUALITY

This canonical transformation is then iterated all along the 1 dimensional lattice. If we define,

71(0) = 01(0) and 73(0) = 03(0), then the general relations take the form:

p1(x) = d3(x)oz(x 4+ 1); ax+1)=ax)n(x+1) =us(x)or(x+1);
ps(x) = a1(x); g3(x+1) = o3(x +1). (4-6)

The above canonical transformations iteratively replace the conjugate pair {cy(x);03(x)} or
equivalently {07(x);03(x)} by a new conjugate pair {u1(x); uz(x)}. This process is graphi-

cally illustrated in Figure 4.1. The above relations lead to

us(x) = To1(s); pa(x) = o3(x + 1)os(x). 47)
s=0
Therefore, ps(x)us(x —1) = oq(x) with the convention uz(x = —1) = 1. It can easily be

checked that the p variables also satisfy the relations (4.1).

pi(x) =1; p3(x) = 1; () pa(x) = —ps(x)pa (x). (4.8)

The Ising model Hamiltonian can now be rewritten in its self-dual form in terms of the dual
conjugate pairs {p1(x); puz(x) }:

[ee]

H= ) [+ 1) = A ()] :Aio{— () = 1+ 1] @)

Therefore,
H(o;A) = AT H(u A7),

This is the famous Kramers-Wannier self duality.

Since, o variables and p variables satisfy the same algebra, the above expression shows
that the high A behavior of the system is the same as the low A behavior. In particular, the
energy eigenvalues at different values of coupling are related by E(A) = A~1E(A~1). So, if
we assume that there is a critical value A, of A where there is a phase transition, the mass
gap G(A) vanishes at A.. The above expression says that if the mass gap G(A) vanishes at
A¢ it should also vanish at A_ 1 Therefore, if there is a single critical point then, A, = 1.
This is a simple illustration of the usefulness of such dualities in the study of the phase
structure of various systems. Another interesting and important feature of duality is that
it has interchanged the interacting and non interacting parts of the Hamiltonian on going
from the {01,03} to the dual {y1, p3} variables. In other words, duality maps strong coupling

region to the weak coupling region and vice versa.
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(03) =0 (o3) #0
A=0 (p3) #0 A=A=1 (u3) =0 A =00
disordered phase ordered phase

Figure 4.2: Duality and ordered & disordered phases of (1 + 1) dimensional Ising model.

Duality also helps us define the disorder operators. In this simple Ising model case, the
magnetization operator, 03(x) is the order operator as it’s expectation value measures the
degree of order of the o3 variables. It is zero for A < A. and non-zero for A > A.. This
implies that the A > A. phase spontaneously breaks the global Z, symmetry, 03 — —03.
On the other hand, exploiting duality, it is natural to define u3(x) as a disorder operator
[7, 56, 124]. The vacuum expectation value , (0|u3(x)|0), is the disorder parameter. We also
note that the disorder operator p3(%) = [,z 01(x) acting on a completely ordered state (all
03(x) = +1 or —1), flips all 03 spins at x < ¥ and creates a kink. Therefore, the resulting kink
state is orthogonal to the original ordered state and the expectation value of the disorder

operator y3 in an ordered state vanishes:

1 (O[3 (x)10),_, =0, 1 (0le3(x)]0),_, = 1. (4.10)

On the other hand, at the other end at A = 0, the dual description of Ising model in (4.9)
implies that it is in ordered state with respect to u3 spins. All u3 point in the same direction.

As a consequence, the disorder parameter does not vanish and order parameter vanishes:

A=0 <0|]"l3(x)|0>A:0 =1, A=0 <0|U3(x)|O>A:O =0. (4~11)

The duality relations (4.10), (4.11) are illustrated in Figure 4.2.

4.2 ZZ LATTICE GAUGE THEORY & WEGNER DUALITY

As mentioned earlier, Franz Wegner generalized Kramers Wannier duality to higher dimen-
sional Ising models in 1971. In particular, he showed that in two space dimensions Z; lattice
gauge theory can be exactly mapped into a Z, Ising model describing spin half magnets [55].
This is the earliest and the simplest example of the intriguing gauge-spin duality.

The two essential features of the Wegner duality [55] are

e It eliminates all unphysical gauge degrees of freedom in Z; lattice gauge theory map-
ping it into Z, spin model with a Z, global symmetry. There are no Z, Gauss law

constraints in the dual Z, spin model.
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Zo latpico gaugoAthcory A A ZQA spin modAoL
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i=1

Figure 4.3: Duality between Z, lattice gauge theory and Z, (Ising) spin model. The initial and the
final conjugate pairs {0y;03} and {y1; u3}, are defined on the links and the plaquettes or
dual sites respectively. The corresponding SU(N) duality is illustrated in Figure 4.6.

e It maps the interacting (non-interacting) terms in the Z, lattice gauge theory Hamilto-
nian into non-interacting (interacting) terms in the Z, spin model Hamiltonian result-

ing in the inversion of the coupling constant.

This gauge-spin duality is through the loop description of Z, lattice gauge theory. In fact,
the dual Z; spin degrees of freedom are the original Z, plaquette-loop degrees of freedom
which are gauge invariant, mutually independent as well as complete. As a consequence, the
redundant or unphysical gauge degrees of freedom do not appear in the dual spin model.
The dual spin model, in turn, has a global Z, symmetry which is physical and completely
independent of the initial Z, gauge group. This discrete symmetry is spontaneously broken
leading to a phase transition separating ferromagnetic or ordered phase from the paramag-
netic or disordered phase. In fact, the initial motivation to study Z, gauge-spin duality was
to get better understanding of the phase transition in Z, lattice gauge theory in terms of the
order-disorder phase transitions in the dual spin model [7, 55, 56, 122]. The Z; duality trans-
formations show that the confinement and free phases of Z; lattice gauge theory correspond
to the ordered and disordered phases of the spin model. As in the Ising model case in the
previous section, the dual formulation also leads to construction of a (non-local) disorder
operator for Z, lattice gauge theory.

We now revisit the Z, gauge - Z, spin results obtained in the last chapter (section 3.1) from
a duality perspective. For the sake of convenience, we rewrite some of the equations derived

in the last chapter. The Z; lattice gauge theory Hamiltonian (3.4) is

H=-Y o(l)=A)_ os(h)os(l2)os(l3)o3(ls) = Hg — AHp. (4.12)
leA peEA
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The Z; Gauss law constraint at every lattice site is
Gn)=]Jon(ln) =1, n e A. (4.13)
lil

In (3.5), [1;, represents the product over 4 links (denoted by I,;) which share the lattice site n
in two space dimensions. After canonical transformations, the Hamiltonian takes the simple

nearest neighbour interaction form in terms of the physical loop operators (3.32):

H=— Y wus(p)pus(p’) =AY m(p) = He + AHp,
<p,p'> p
1
=M =Lmp) -5 L P (4-14)
p <p,p'>

We note that after all the iterative canonical transformations over the entire lattice, the elec-
tric and the magnetic field descriptions in terms of potentials have interchanged. The final

canonical relations are

oa(l) = ) a3(h)os(l)os(l3)os(la) = alp)
—— —_— ——~
Z electric field  Z; electric scalar potentials Z; Magnetic vector potentials ~ Z, Magnetic field

(4.15)

In the first relation above, p and p’ denote the two plaquettes sharing the link /. In the second
relation, p denotes the plaquette enclosed by the links Iy,15,13,14 in two space dimensions.
We immediately see that the new p3 operators in (4.15) trivially solve the Z, Gauss law

constraints 4.13:

G(n) =[To1(ln) = (u3(p1))? (13(p2))* (n3(p3)) (pa(pa))? = 1. (4.16)

ln

Above, p1, p2, p3, pa denote the 4 plaquettes surrounding the lattice site n. Note that after all

the canonical transformations over the entire lattice,
e the description in terms of {y1(p); u3(p)} has no constraints,

e instead of the fundamental magnetic vector potential 03(1), the Z, magnetic field 11 (p)

now acquires an independent status,

e instead of the fundamental Z; electric field oy (I) the (dual) Z; electric scalar potential

u3(p) solve the Gauss law constraints (4.16) and acquire the independent status,

e the magnetic field and the dual electric scalar potentials {11 (p), p3(p) } form a mutually

conjugate pair on each plaquette.
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Confined phase Deconfined phase

A=0 A=A A=
Disordered phase : Ordered phase o
((S(z,y)) #0) ((S(z,)) = 0)

(a) Zs lattice gauge theory

Ferromagnetic phase Paramagnetic phase
A=0 A=A A=
Ordered phase < Disordered phase o
((us) #0) ((us) = 0)

(b) Z5 spin model

Figure 4.4: Duality and order, disorder in (a) (24 1) dimensional Z; lattice gauge theory, (b) (2 + 1)
dimensional Ising model. The confining (A << 1) and deconfining (A >> 1) phases of
Z, lattice gauge theory correspond to the ferromagnetic and paramagnetic phases of the
Ising spin model.

Thus the Z, gauge theory initially written in terms of electric field and magnetic vector
potential operators {cy(1);03(1) } in (4.12) is now written in terms of the magnetic field, elec-
tric scalar potential operators {y1(p); u3(p)} in (4.14). Therefore, the net effect of canonical
transformations on the entire lattice is to produce Wegner duality transformations in (2 + 1)
dimensional Z; lattice gauge theory. As expected, under duality transformations, the initial

gauge coupling A goes to spin model coupling (1/1), i.e,

Zy

Z
ngzzuge(/\) ~A Hspin(l/}\)'
We have used ~ above to emphasizes that this equivalence is only within the physical Hilbert
space HP. The resulting Z, spin model (4.14) on an infinite lattice is invariant under the

global Z, transformation:

ui(p) = m(p),  ws(p) = —us(p), Vp € A (4.17)

Its generator G = [] p1(p) leaves the Hamiltonian (4.14) invariant: GAHG,' = H. Unlike
pPEA
the initial Z, gauge symmetry of Z, gauge theory, the global Z, symmetry of the dual spin

model (4.14) is the symmetry of the spectrum. Being independent of gauge invariance, it al-
lows the Ising spin model (4.14) to be magnetized through spontaneous symmetry breaking

for A << 1. As a consequence of canonical transformations or duality:
<V1(P)> = <(T3(11)‘73(12)‘73(13>‘73(l4)>
H2 1/2) H;%uge@)

spin
N
_ /4
<V3(x,y)>sz am <y,1—[y01(x,]/ ,1)>H (4.18)

i Z)%ugc(A)

The above equations describe the dual relationship between order and disorder in the gauge

and spin systems at different couplings. The first relation above states that at large coupling
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(low temperature) A >> 1 when the gauge system is in ordered phase,

H;%m(l/)x<<1):< 0-3(11)0.3(12)0'3(13)0-3(14) H&,,,ugt()t>>1)% L

<m(p) >

the dual spin system is at high temperature and in the disordered phase. In other words,
the dual electric scalar potential or the spin values u3(p) = %1 are equally probable in the

ground state. This is deconfined phase with Wilson loop following perimeter law [7, 56, 122,

125-129, 144]:

=([[os(1)) = exp( — 7172 Perimeter(C)), A>>1 (4-19)
leC

On the other hand, at small coupling (A << 1), the spin system is in ordered phase,

<ms(xy) > HZ2, (1/A>>1) <H o1 (x > ~1,
H,

/—
y=y ;%uge(/\<<1)

with all electric scalar potentials y3(p) aligned. The gauge system is now disordered as the
two values of the magnetic vector potentials 03(I) = +1 are equally probable in the ground
state. This is the confining phase with the Z, Wilson loop Wi around a closed curve C

following the area law [7, 56, 122, 125-129, 144]:

W) = <g03(l)> ~ (A)Area©) — exp( — |InA| Area(C)), A <<l (4.20)
€
The Z, gauge and Z; spin model phase mapping is illustrated in Figure 4.4.
The second non-local relation in (4.18) is of particular interest as we generalize it to define
a disorder operator for SU(N) lattice gauge theories in the next section. As u3(x,y) is an
order parameter for the Ising model and the duality mapping interchanges high and low

temperatures, we define a nonlocal disorder operator X(x, y) for Z, lattice gauge theory as

Z(xy) =[] ey, 1) = pa(x,y). (4.21)

Just like in the case of Kramers-Wannier duality [7, 56, 118, 123], the disorder operator X(x, y)
in Z, gauge theory acting on an ordered state creates an infinitely long kink state [7, 56]
which is orthogonal to the original ordered state. Therefore, the expectation value of the
disorder operator in an ordered state is 0. Below the critical point A, its expectation value is
non-zero. This is the disordered phase and can be understood as because of kink condensa-

tion [7, 124]. We therefore obtain:

(Z(xy)) #0 A<<1, (Z(xy)=0 A>>1. (4.22)
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— : (:L'/,y,)

»
(¢
b}

(z,y) — (=, ) — (=, y)

Rl 1) Sxy)

(a) (b) (c)

Figure 4.5: Graphical illustration of Z, disorder operator creating a vortex in terms of (a) the dual
operator p3(x,y) and (b) the original oy operators which forms an infinitely long string.
(c) illustrates a vortex-antivortex pair. The dark heavy horizontal links across the strings
in (b) and (c) represent the flipping of the link flux operators o3(x — 1,1/,1); /' > y by the
disorder operator u3(x,y). Generalization of Z, disorder operator to SU(N) lattice gauge
theory is illustrated in Figure 4.7.

The duality between Z, gauge theory and Ising model and the corresponding phase dia-
grams are shown in Figure 4.4. Note that the disorder operator X(x, y) is gauge invariant as
it commutes with the local Gauss law operators G(n) = [To1(l,) given in (3.5). In order to
generalize (4.21) to SU(N) disorder operators (discussed ir]1nthe next section), it is convenient
to define Z loop electric field & (x,y) as u3(x,y) = ™). Using the Z; electric field and

vector potential representation (3.2), we write (4.21) as
N A
Y(x,y) = exp i(nz E(x,y’;l)) = exp i(né’(x,y)). (4.23)
y'=y

Using the anticommutation relation between o1 (!) and 03() with the defining relation (4.21):

Wie) Z(x,y) = (eim”) Z(x,y) Wp- (4-24)

As C is a closed loop: m = 1 if the point (x,y) is inside C and m = 0 if (x,y) is outside C. This
can be generalized to more complicated curves where m equals the winding number which is
number of times the curve C winds around the plaquette p. The algebra (4.24) is the standard
Wilson-t"Hooft loop algebra for the simplest Z, lattice gauge theory in (2 + 1)dimensions. We
will generalize the Z, disorder operator (4.21) or equivalently (4.23) to SU(N) lattice gauge

theory in section 4.3 after discussing SU(N) duality in the next section.

4.3 DUALITY IN SU(N) LATTICE GAUGE THEORY

Just like in Z; lattice gauge theory, we now show that the canonical transformations leading

to loop formulation of SU(N) lattice gauge theory in section 3.2 are SU(N) duality trans-
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formations. To keep the discussion simple, we will systematically generalize the Z, lattice
gauge theory results of the last section to SU(N) lattice gauge theory in this section.

In the Kogut-Susskind formulation, (chromo) electric field operators (E(I)) were funda-
mental whereas magnetic field operators were composite of the fundamental link operators
(Uyp(1)). Further, {E“(I), Uyp(1)} form conjugate pairs (2.11) on every link / and the Hamil-
tonian (3.59) is

H = gziﬁz(l)+g1<2[2N—Tr<U1 W UF Ul + h.cﬂ

= Hr + Hp. (4.25)

The SU(N) Gauss law constraints (2.18) are

2
G*(n) =Y (E*(n,1) + E}(n,1)) =0, Vn,a. (4.26)
=1

1

On the other hand, in the loop description the Kogut-Susskind Hamiltonian (3.83)

2

. . 2
H= ). i{[“:(x+1/y+1)+5+(x+1ry)+AXy(x,y)}
x,yeN

+ [E (e 1y +1) + Rae(W () (xr,y +1) + Ay(x,y)r}

1 - 1 -
The above expressions (4.25), (4.26) and (4.27) are the SU(N) lattice gauge theory analogs of
the corresponding Z, expressions (4.12), (4.13) and (4.14) respectively.

We further note that after all SU(N) canonical transformations over the entire lattice, the

original link operators in (4.25) and the loop operators in (4.27) are related as (3.72):

BLyil) = Ra(T'(ow) [ (s Ly 1)+ 84t 1,9) + B (5]
EL(x,y;2) = Ra(T'(xy)) [Ei(x + 1,y +1) + Rye(Way ) (x,y +1) + A’%(w)]-
Uy U U3 U = W(x,y). (4.28)

The left and right electric fields E? (i,1), E% (7 + i,i) on a link (7i,7) are related through
parallel transport (2.13):
E* (x,y;1) = Ry (Ll*(x - 1,]/,1) E% (x—1,y1),

E” (x,y;2) = Ry (U+(x,y -1, Q) E% (x,y— 1;2) ) (4.29)
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SU(N) lattice gauge theory SU(N) spin model.
SU(N)
T T T T Duality/Canonical x x x
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i~ i~ i~ i~ I I I
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~ ~ ~ ~ x x x
{€4; W}
B0y . IR
Local Gauss law : Global Gauss law :
2 A A a — a a —
Gz, y) =Y. [Ei(x,y,i) + Eﬁ(x,y,i)} -0 G*(0,0) = TEJ [E¢(2,y) + E4(z,y)] =0
i=1

Figure 4.6: Duality between SU(N) lattice gauge theory and an SU(N) spin model. Unlike the corre-
sponding Z, duality in Figure 4.3-a,b, global SU(N) Gauss law constraints at the origin
remain unsolved. The Gauss law constraints at every other point G*(x,v) ; (x,y) # (0,0)
are trivially solved in the loop/spin picture.

Like in Z, lattice gauge theory (4.16), in terms of the loop electric fields the SU(N) Gauss law

constraints, away from the origin, become identities. In other words;
E%(x,y;1) + E%(x,1;2) + E (x,y;1) + E (x,4;2) =0.  (x,y) €A, (x,y) # (0,0). (4.30)

The identities (4.30) are shown in Appendix A (see equation (A.44)). In Appendix A, we also
show (see equation A.46) that in terms of loop electric fields, the Gauss law constraints at
the origin (0,0) are

Ns—1

G(0,0) = E1.(0,0;1) + E1.(0,0;2) = )| (Si(x,y) + 5“(x,y)>. (4.31)
xy=1

Thus, unlike Wegner’s Z, gauge theory duality where the dual variables were gauge invari-
ant?, in SU(N) lattice gauge theory, all dual operators transform under the gauge trans-
formations at the origin (3.74). This is the global gauge invariance. The Gauss law con-
straints (4.31) reflects this gauge invariance. More explicitly, in abelian gauge theories the
left electric field (€-(x,y)) and the right electric field (£4(x,y)) of a loop operator differ
by sign (£-(x,y) + £+(x,y) = 0) and (4.31) identically vanishes for each plaquette. The
duality from links to loops or spins in SU(N) lattice gauge theory and the special role of
the Gauss law at the origin are illustrated in Figure 4.6. Note that the conjugate loop op-
erators {W,s(x,v); EL(x,y)} have the interpretation of dual operators. They are the SU(N)
analogues of the dual pairs {y1(x,y); us(x,y)} in the Z, lattice gauge theory case. All other
general features of duality extensively discussed in the context of the simplest Z, lattice

gauge theory are also valid.

2 The global Z; invariance of the dual Ising model is a real symmetry of the spectrum.
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0. (z',y")
2, (x,y")
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! (%) 5 (x.y)

(a) (b) ()

Figure 4.7: Graphical illustration of the disorder operator % (x,y) creating a plaquette vortex
(monopole) in terms of (a) the dual operators, (b) the original Kogut-Susskind link op-
erators but now with infinitely long Dirac string, (c) a vortex-antivortex (monopole-anti-
monopole) pair connected through a finite length Dirac string. The dark heavy horizontal
links across the Dirac strings in (b) and (c) represent rotations of the Kogut-Susskind link
flux operators U(x —1,y/;1), v’ > y by 6.

SU(N) Disorder Operator

Exploiting duality transformations, we now construct a SU(N) gauge invariant disorder op-
erator which measure the magnetic disorder in the gauge system [14, 64, 128, 144, 146, 147].
This is analogous to the disorder operator in Z, lattice gauge theory discussed in the last
section. we will focus on a single plaquette p = (x,y) in this section. To keep the arguments
simple, we consider SU(2) lattice gauge theory. The magnetic plaquette flux operator in the
magnetic basis can be written as:

i

w X, YN . . X, n n
W(x,y) = cos <(2y)> og+i (w(x,y) -0') sin < Zy)> ;o Wy Dy = 1, v (x,y).

(4.32)

In (4.32), w(x,y) are gauge invariant angles, @W(x,y) are the unit vectors in the group mani-
fold S and 0y, (= 01, 02, 03) are the unit, Pauli matrices. Under global gauge transformation

A = A(0,0) in (3.74), (w, W) transform as:
w(x,y) = w(xy), @ (x,y) = Rap(A) D' (x, y). (4-33)
Above, R;;(A) are defined in (2.13). We define two unitary operators:

25 (ry) = exp i(@(xy) Ex(xy) 3) = ewpi(Tr (@ Wxy)EL(xy) 3),  439)
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which are located on a plaquette p = (x,y) as shown in the Figure 4.7-a. They both are gauge
invariant because £ (x,y) and @(x,y) gauge transform like vectors as shown in (3.74) and
(4-33). In other words, [g“,Z;t(x,y)] = 0, where G” is defined in (3.75). As the left and right

electric scalar potentials are related through (3.70), £5°(x, ) are not independent and satisfy:

Ty (v y) Ty (v y) = Zg (x,y) g (v, y) =L (4-35)

Above I denotes the unit operator in the physical Hilbert space H? and &, = %" ,. The phys-
ical meaning of the operators £ (x,y) is simple. The non-abelian electric scalar potentials
&4 (x,y) are conjugate to the magnetic flux operators W,z(x, y). They satisfy the canonical
commutation relations (3.69a). Therefore, the gauge invariant operator £; (x,) locally and
continuously changes the magnetic flux on the plaquette p = (x,y) as a function of 6. To
see this explicitly, we consider common eigenstates |w(x,y), @(x,y)) of W,s(x,y) on a single

plaquette. These states are explicitly constructed in appendix B. They satisfy:
TrW |w, @) = 2cos (%) |w, D) . (4.36)

We have ignored the irrelevant plaquette index p = (x,y) in (4.36) as we are dealing with a

single plaquette. It is easy to check:

w, D) g = Zf |w, D) = |w+6,D), (4.37)
implying,
Tr W |w, @) 19 = 2 cos <w2j:9> |w, D) +p. (4-38)
We further define:
Sor =%, =%, () =1 (4-39)

The equations (4.36) and (4.39) state:
Lo (TrWW) = — (TrIV) Zog. (4-40)

We thus recover the standard Wilson-"t Hooft loop Z, algebra [14, 64, 128, 144, 146, 147] for
SU(2) at 0 = 27t. The operator Yo, is the SU(2) 't Hooft operator. The plaquette magnetic
flux operators Zét(x,y) in (4.34) can also be written as a non-local sum of Kogut-Susskind
link electric fields along a line and the corresponding parallel transports using (3.68). The
magnetic flux on the plaquette p = (x,y) thus develops an infinite kink or Dirac string in

the original (standard) {E®(I); U(!)} description. This is similar to the discrete Z, disorder

86



4.3 DUALITY IN SU(N) LATTICE GAUGE THEORY

operator X(x,y) written in terms of the original electric field operators o1 (x,y'); ¥ = y,y +
1,---Ng — 1in (4.21) and (4.23). The singular Dirac string is shown in Figure 4.7-b. Note that

the disorder operator in the strong coupling (¢> — 0) vacuum |0) satisfies:
(05 (x,y)[0) =1, (0|TrWe (U)|0) = 0,

showing that the strong coupling ground state |0) is maximally disordered with respect to
the original magnetic vector potentials. The expectation values of Wilson loops, on the other
hand, are zero. The study of £*(0) across deconfinement transition in SU(2) lattice gauge
theory along with the vacuum correlation functions of (£5 (p)=F (p)), as |p — p| — oo are
some of the issues yet to be explored. The SU(N) generalization of of the construction (4.34)

using SU(N) group manifolds is also under investigation.
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SU(2) LOOPS & HYDROGEN ATOM

In this chapter, we show that the gauge invariant physical or loop Hilbert space H” of pure
SU(=2) lattice gauge theory can be completely and most economically realized in terms of the
Wigner coupled bound energy eigenstates |n I m) of hydrogen atoms [54]. One hydrogen
atom is assigned to every plaquette of the lattice. The SU(2) global invariance (3.75) implies
that the total angular momenta of all hydrogen atoms vanish. This Wigner coupled hydrogen
atoms basis describe quantized SU(2) loop electric fluxes in terms of (n,1,m) and is orthonor-
mal as well as complete in H*. Following Fock [148-150], we describe P hydrogen atoms on
their momentum hypersphere S° (see section 5.2) so that their hidden SU(2) x SU(2) sym-
metries become manifest. We show that the equivalence of the gauge theory and hydrogen
atom Hilbert spaces has its origin in the identification of SU(2) group manifold S° associated
with each plaquette loop holonomy with the S3 of the corresponding hydrogen atom (see

discussion towards the end of section 5.2).

5.1 HYDROGEN ATOM & SO(4) SYMMETRY

The hydrogen atom can be elegantly solved using group theory[148-153] which exploits

manifest rotational and hidden Runge Lenz symmetries generated by angular momentum

[n4, 14, my) [nz, 13, m3)
[ ] [ ]

H H
|n1,11,m1) \n2,12,m2>
[ ] [ ]

H H

Figure 5.1: One hydrogen atom, denoted by e, is assigned to each plaquette. The Wigner coupled
energy eigenstates |1, [, mp) given in (5.19) with vanishing total angular momenta form
a basis in the physical Hilbert space H? of pure SU(2) lattice gauge theory.
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(L) and Laplace Runge Lenz (A) operators’ respectively. These generators commute with the
hydrogen atom Hamiltonian and satisfy L - A = 0. This leads to SU(2) ® SU(2) symmetry
algebra generated by

(L+ A), (5.1)

—
!
Il

N[ =

on the bound states of hydrogen atom (E < 0) [151, 152]. Further, the two angular momen-

tum operators satisfy

—
+o
I
—
N
Il
il
N

] =o, (5:2)

As a consequence, the two equivalent complete set of commuting operators (CSCO) are

=

Uncoupled basis :  [(J1) 2, J2; (J-)% JA1=[()3 J2, J2]:  (CSCO—1), (5-3)

- — - -,

Coupled basis:  [(J)2, (Jy +7-)% (F+T)]=[J2 [* I7]: (CSCO—1II) (5.4)

Following Wybourne [151, 152], we define :

J* =at (f) a; Ji=0b" (f) b. (5.5)

In (5.5) (af,al) and (b1, b)) represent SU(2) doublets of Schwinger boson (prepotential) cre-
ation operators, 0” (a=1,2,3) are the Pauli matrices. The condition T 2= Tf implies N, = N,
where N, = at -4 and N, = bt . b are the total number operators. The orthonormal and

complete basis diagonalizing CSCO-I is given by [151, 152]:

j=j-=jemomy) = |jm)@|j,m); (5.6)

(a‘{)(jer,)(a;)(jfm,) (C{)(]+m+)(cz)(]7m+)

Grm)G—mor O e =) = G G — ey

j- =j,m-) 0). (5.7)

Above?, ¢y = €xpbp-

1
—2E

PxL—Lxp— %?] . Here E and m are the energy and the reduced mass. The operators f, L, 7 are

We follow Wybourne [151] for hydrogen atom discussions. The Runge Lenz vector has been scaled by

71
A= 2m+/—2E
the momentum, angular momentum and the position operators respectively[151].

Under an SU(2) transformation A,g, ¢t transform from the right i.e, k= CEABD" unlike b} which transforms

ie,

from the left, b} — Agp b:g. This is important in the construction of the magnetic basis which diagonalizes Wilson
loops.

89



5.2 SU(2) LOOP STATES & HYDROGEN ATOM BOUND STATES

j-j coupling Single plaquette
hydrogen atom loop state |n,1, m)
C B C B
g o v
oyl i
= 2 1 .
5} @]
AN [n,1,m) [n,1,m)
O ™5 e2(0,0) A o A
(a) (b)

Figure 5.2: A graphical tadpole representation of hydrogen atom states |n [ m) or equivalently a SU(2)
loop state over a plaquette. The dotted arch represents j; = j— = j in the j-j coupling (5.8)
which is denoted by e. The tadpole loop represents the SU(2) flux circulating within the
plaquette. The vertical leg of tadpole represents the leakage of the angular momentum
flux (1, m) through the plaquette.

The other equivalent coupled hydrogen atom basis diagonalizing the CSCO-II is given by:

nimy = Y. Cp", limo) @ jms). (5:8)

m_,my

In (58), n = (2j+1) = 1,2---;1 = 0,1,2,---,2f = (n—=1);m = —I,--- +I; C;," are
the Clebsch-Gordan coefficients. The states |j,m_) and |j,m,) are coupled together using
Clebsch-Gordon coefficients to give the coupled hydrogen atom states |n [ m). e in Figure 5.2
and Figure 5.3 a,b represents the j-j coupling in eqn.(5.8) . These |n [ m) states are eigenstates
of J?,L?, L* with eigenvalues j(j + 1)( = $(n? — 1)), I(I + 1), m respectively. They are also
the eigenstates of the hydrogen atom Hamiltonian with energy [151, 152] E, ~ —1/n?. The

states |n, I ,m) are graphically represented by tadpoles as shown in Figure 5.2-b.

5.2 SU(2) LOOP STATES & HYDROGEN ATOM BOUND STATES
a. Single plaquette case

We first start with the simple single plaquette case to illustrate the correspondence between
hydrogen bound states and SU(2) loop states. We identify the hydrogen atom angular mo-
mentum L, Lenz vector operators A (combinations of L and A to be precise) with the SU(2)

loop electric field operators €+ of the gauge theory:

J5 < &% (5.9)
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5.2 SU(2) LOOP STATES & HYDROGEN ATOM BOUND STATES
Above, J4 = 1(L" + A"). This identification further implies:
L"(=].4+]%) < L' (=& +&). (5.10)

where L? are the angular momentum operators of a hydrogen atom and L* = £ + £7 are
the generators of Gauss law (3.48) in a single plaquette case. The SU(2) Gauss law constraint

on a single plaquette and its hydrogen atom analogue is :
G*0,0) = L"=£&"4+&L =0 « L'(=]L+]°)=0. (5.11)

This immediately implies that CSCO-I (see (5.3)) [ I } and CSCO-II(see (5.4)) []2, L?, LZ}
of hydrogen atom also characterize lattice gauge theory Hilbert space. CSCO-II is more nat-
ural for gauge theory as the SU(2) Gauss law constraints (5.11) are trivially solved in the
coupled |n, I, m) basis diagonalizing CSCO-II by demanding | = m = 0. Therefore, the
spherically symmetric energy eigenstates |n, I = 0, m = 0) of hydrogen atom also form
a complete, orthonormal loop basis of SU(2) lattice gauge theory on a single plaquette. In
order to construct these states, it is convenient to use Schwinger boson (prepotential) repre-

sentation of SU(2) loop electric field and flux operators [48, 49]:

ot o’
g =a' <2> a; g = b <2> b;

- 1
Wip = ———= ( L b} — a bp | ———e. 12
“P (N—I—l)( Rt ﬁ> (N+1) (5.12)
Above i, = €44, Like link electric fields, loop electric fields satisfy (£_)2 = (£,)? (see eqn
(2.14)) implying N, = N, = N. Above loop basis states |1, [ =0, m = 0) can be constructed

in terms of loop prepotentials as follows:

(ki )"

n) =[nl=0,m=0) = ————=
n!(n+1)!

|0).
g n)(n| =Z, (mn) = um. (5.13)

In (5.13) Z is the identity operator in H?. The loop creation-annihilation and number opera-

tors are defined as:
ky=a"-b', k-=a-b; ko =1/2(N,+ N, +2).

These operators form SU(1,1) algebra which is discussed in section 5.3 in the context of the

dynamical symmetry group SO(4,2) of hydrogen atom .
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5.2 SU(2) LOOP STATES & HYDROGEN ATOM BOUND STATES
b. Finite lattice case

We now generalize the above results to a finite lattice. Some equations from the last chapter
are repeated here for ease of presentation. One hydrogen atom is associated with each pla-
quette of the lattice. Just like in the single plaquette case, we identify J% (p) of the hydrogen
atom associated with each plaquette p with the SU(2) loop electric field £%(p).

J5(p) < E(p); p=1---P. (5.14)

Above, P is the total number of plaquettes on the lattice. As before, this identification implies

L(p) (=]i(p) +]2(p)) <« LUp) (=& (p)+EL(p); p=1,---P. (5.15)

The global SU(2) Gauss law constraints on a finite lattice implies that the total angular mo-

mentum of all the hydrogen atoms is 0 :
G'0,0) = YL'(p) = 0 & YL'(p) = 0. (5.16)
p p

Above, the p summation is over all the plaquettes. The above correspondence implies that
SU(2) lattice gauge theory Hilbert space on a lattice with P plaquettes are characterized by
the following Complete Set of Commuting Operators (CSCO):

le Tzz T TPZA TPZ
Uncoupled basis : f% 12 E% . 72 (CSCO—-A) (5.17)
LG B, D
T12 T22 o 'T7>2—1 TPZ
Coupled basis : E% 12 . _L’%Ll _L% . (CSCO - B) (5.18)

(LIZ)Z (i123)3 "'(Etotal)z zAtzoi‘al

Above, (El,zr...q)z =(L1+Ly+--- Eq)z with eigenvalue I15..4(l12..4+1) and g = 2,3,--- , P
and (Lya)? = (El,zl...p)z. For the special case of P = 4, the uncoupled basis diagonalizing
CSCO-A and the coupled basis diagonalizing CSCO-B are graphically illustrated in Figure
5.3 (a) and (b) respectively. These CSCOs were discussed in the context of SU(2) lattice gauge
theory in eqns (3.76) and (3.79). CSCO-B is more suitable for SU(2) gauge theory as the SU(2)
Gauss law can be trivially solved by demanding that (Liotal)* = Lf,; = 0. Such a gauge

invariant loop basis diagonalizing CSCO-B (see equation (3.79) was already described in
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5.2 SU(2) LOOP STATES & HYDROGEN ATOM BOUND STATES

Uncoupled hydrogen atom basis Coupled hydrogen atom basis

Mtotal

Gauss law
otal =

E C
Liotal

g C
L1, myy

(a) (b)

Figure 5.3: Graphical tadpole representation of [a] Uncoupled hydrogen atom basis diagonalizing
CSCO-A, [b] coupled hydrogen atom basis diagonalizing CSCO-B. The dots e and e rep-
resent jj and Il couplings in (5.8) and (5.20) respectively.

section 3.2.3.3. We now interpret those results in terms of hydrogen atoms. Some of the
equations are repeated for convenience. We draw tadpoles over each of the P plaquettes
and then couple their emerging angular momentum fluxes (I,,m,) with p = 1,---,P in a
sequential manner as in Figure (5.3-b). It corresponds to going from decoupled tadpole basis
diagonalizing CSCO-A to the coupled basis diagonalizing CSCO-B. The resulting orthonor-
mal and complete coupled hydrogen basis describing SU(2) lattice gauge theory is given

by:

nl nz o .. np
- Liota1=0
Zl 12 ZP :{|n1llm1>®‘1’12lzﬂlz>"'®|l’lplpl’flp>} 0
Miotal =
Wigner coupled states of hydrogen atoms
o s o hopoa
(5.19)

Above, we have used the fact that l1,...p = 0 and therefore, l15...p_1 = l13...p_>. This follows
from the Gauss law (5.16). As an example the loop states over 4 plaquettes in Figure (5.3-b)
are constructed as:

ny Ny MN3 Ny
_ hamia hasmios 00
hoh bl > - m er:n m Cllml,lzmzClumu,lsmsCllzsm123,l4m4 [ny Iy my)|ng lp ma) |n3 I3 m3) [ng ly my).
1112113114

Mm121M123
2

(5-20)
Above, the |n, 1, m,) ; p = 1,2,3,4 states are coupled through Clebsch-Gordon coeffi-
cients. This is the Il coupling. The e in Figure 5.3-b shows the Il coupling in eqn.(5.20).
The above loop basis (3.80) will be briefly denoted by |[n] [I] [II]). As discussed in sec-
tion 3.2.3.3, the symbols [n]; [I] and [II] stand for the sets (n; - - -np): P principle quantum
numbers; [l - --Ip]: P angular momentum quantum numbers and (l12, 1123, - , lio3...(p—2)):

(P —3) coupled angular momentum quantum numbers respectively. Thus the hydrogen
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5.2 SU(2) LOOP STATES & HYDROGEN ATOM BOUND STATES

atom loop basis (5.19) in H? is labelled by ]N‘éf[%z) = 3(P — 1) gauge invariant quantum

RiinksSU(2) ]

numbers. As expected, this is also the dimension of quotient space ]Ngg%z) = dim [ BRI

Hydrogen atom hypersphere S°:
As shown by Fock [148-150], the SU(2) ® SU(2) symmetry for hydrogen bound states (p3 =

—2E > 0) becomes manifest if we transcribe the hydrogen atom dynamics on a hypersphere

S%:(qo, 7; g5+ G2 = 1) embedded in R* : (po, p1, p2, p3) through a stereographic projection:

(-7 . 2pof
0= 75 S\ = 5 S5/ (5.21)
RNCETR =Wy
Q(q0,9) = qooo + i - 7, Brgl=1.

Above 0y, 0 are the identity, Pauli matrices respectively. The mapping (5.21) enables us to
transform [148-150] momentum space hydrogen atom Schrodinger equation into the inte-
gral equation of the 4-dimensional spherical harmonics Y, ;,,(Qp) representing a free par-
ticle on S°. It was later shown by Bargmann [154] that (L;, Ly, L3) and (Aj, Ay, A3) corre-
spond to rotations in (42493), (9193), (9142) and (9091), (9092), (9093) planes respectively mak-
ing SU(2) ® SU(2) symmetry of hydrogen atom manifest. We will identify hydrogen atom
S®ona plaquette p with the SU(2) group manifold S3 associated with the plaquette loop flux
operator W,s(p).

Wilson loop hypersphere S3:

We now analyze the equivalence between the Hilbert space of hydrogen atom and SU(2)
lattice gauge theory in the dual magnetic description. We again start with single plaquette

basis |j m_ m. ) in (5.6) and define states on SU(2) group manifold S3 as:

o 4]

Qw) =Y ¥ {7} Dt (Qw) [j,m— my). (5.22)

j=0me=—j

In (5.22) {j} = /%, D, . (Qw) are the Wigner matrices characterized by SU(2) group

27-[2 7
manifold S3:

QW(WO,ZT))EWOUO"‘Z‘?T)'E—, w%+z?12:1:53.
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SU(2) lattice gauge theory hydrogen atom
SU(2) group manifold S° Momentum space S°
Qw(a), Z{AJ) QH((,U,Z@)
&L J4
L2 =¢&7 4+ &7 L' =]t +]%
A" =& =& At =0 — ]

Table 5.1: The corresponding quantities in SU(2) lattice gauge theory and hydrogen atom

As shown in appendix B, the recursion relations of Wigner matrices show that the orthonor-

mal and complete angular states (5.22) also diagonalize the plaquette loop operators W,g.

W,Xﬁ |Qw> = (QW ((,U(), ZI)) )aﬁ |Qw> (523)

Thus the SU(2) matrix Qu (wp, @) on S* describes the SU(2) magnetic fluxes on a plaquette.
Under global SU(2) transformation:

Q) — [Ap Qw Al). (5.24)

The gauge generators L!, L2, L3 in (3.47) rotate (wows), (wswy), (wiwy) planes respectively
leaving wy (gauge) invariant. Defining “Lenz operators" in lattice gauge theory as A* = £ —
£7, we see that (Al, A%, A%) generate rotations in (wow1), (wows), (wows) planes respectively.
Therefore, the actions of (L?,A?) on QO in gauge theory is exactly same as the actions of

(L%, A*) on Qp in hydrogen atom. Therefore, we further identify:
Qp ~ Qp = Q.

The correspondence between quantities in SU(2) lattice gauge theory and hydrogen atom

are shown in table 5.1.

5.3 LOOP DYNAMICS & DYNAMICAL SYMMETRY GROUP 80(4,2) OF HYDROGEN ATOM

It is well known in hydrogen atom literature [151, 152] that the operators which takes |n [ m)
to |n' I’ m') form an SO(4,2) algebra on closure. This is called the dynamical symmetry group
of hydrogen atom. In this section, we will see how this dynamical symmetry group naturally
emerges in SU(2) lattice gauge theory. We will also study its role in describing SU(2) loop
dynamics through the loop Hamiltonian (5.34).
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Lap = €ape (EC + &) | Lus = =L (ks —k_) | Les = 3 Tro, (W<+> — W<—>)
Lse = ko

Log = (% =€) | Lig=3(ke +k_) | Log = iTrog (W<+) + W<—>)

Table 5.2: All possible 15 SU(2) tensor operators on a plaquette which are U(1) gauge invariant. They
form SO(4,2) algebra. We have defined WH) = —ﬁzbz and Wﬂ(ll;) = ﬂal;/g.

ap
We now discuss the structure of a general gauge invariant operator in H*. We first consider
the single plaquette case. Any gauge invariant operator on a single plaquette can be created

out of the loop creation, annihilation (k, k) and number operators (ko). They

1. are invariant under U(1) gauge transformations (2.31) :

a, — e%a,,

2. form SU(1,1) C SO(4,2) algebra

[k_,k+] = 2k0, [ko,ki] = :|:k:|: and

3. generate transitions |n) — |A) within the single plaquette hydrogen atom basis in H?.

Therefore, the dynamical symmetry group of SU(2) lattice gauge theory on a single plaquette
is given by SU(1,1).

We now generalize the above three results to the entire lattice by constructing an algebra
of U(1) invariant and SU(2) gauge covariant operators. We will then see the action of these
operators on |n,l,m) and show that they generate transitions |n,1,m) — |7,[, /). We then
show that this algebra is an SO(4,2) algebra as is expected from the corresponding result in
hydrogen atom.

We note that all 4P loop prepotential operators (al(p), ag(p)) and (bi(p), bg(p)) of the
theory transform as matter doublets under the global SU(2) gauge transformations. There-
fore, the basic SU(2) tensor operators which are also invariant under U(1) gauge transforma-

tions of prepotentials can be classified3 into the following four classes:

Lak(P)BE(P); an(p) bp(p)i al(plag(p); bL(PEs(P) | P =12, P, (5.25)

These are 16 SU(2) gauge covariant and U(1) gauge invariant operators on every plaquette
of the lattice. The magnitude of the left and the right electric fields on every plaquette being
equal, the number operators on each plaquette satisfy a*(p) - a(p) = b*(p) - b(p) = N(p).

3 Like single plaquette case, the remaining quadratic operators: [a}(p)a}(p),b;(p)bﬁ(p), a}(p)bﬁ(p)] and their
hermitian conjugates are not invariant under U(1) gauge transformations and therefore ignored.
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Thus their number reduces to 15. These 15 operators on every plaquette, arranged as in

Table 5.2, form SO(4,2) algebra[151] :

[Lag,Lep] = =i (gac Lep + gap Les + gBc Lba + g8D Lac ). (5.26)

Above, A,B=1,---,6 and gap is the metric (— — — — ++). The algebra (5.26) can be explic-
itly checked using the prepotential representations of £ and <. Note that the fundamental
loop quantization relations (3.46) are also contained in (5.26).

It is expected that since any gauge invariant operators can be constructed out of the above
SO(4,2) generators, it forms the dynamical symmetry group of SU(2) lattice gauge theory.
This can be seen as follows. Let |{) be a physical state and O be any gauge invariant operator.
Then the state [¢/) = O |¢) is also a physical state. As |¢p), |¢') € HP, both can be expanded
in the “hydrogen atom loop basis". We, therefore, conclude that any gauge invariant operator

O will generate a transition:

nim)y < Y O AT m).

il m

Above, O

We now show that any transition from |n,1,m) — |ii,[, 1) can be achieved by the SO(4,2)

"," are some coefficients depending on the operator O.

generators[151]. The operator Lss acts as a number operator which counts the n value,
Lsg|nlm) = n|nlm). (5.27)

From the SO(4,2) algebra (table 5.2) , [Lss, Lyg] = ilse. Therefore, k+ = Ly5 F iLye acts as
ladder operators on n since [Lsg, k+] = £k.. Similarly, we define Ly = LD + L@ and AL =
A L AQ@)

kinlm)=+/(n+1)(n+2)|n+11m),
ko nmlm)y=+/(n+1)(n—1) |n—11m),

LO) |nlm) =m |nlm),

Le |nlm>:$\2\/(l$m)(lim+1) nlm 1), (5.28)
AC nim)=ci|nl+1m)—co|nl—1m), (5.29)

Arlnlmy=dinlm+1l)+dy|nl+1mEt1)y+dsnl—1m=+1). (5.30)
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where

_ 2 42
Cl:\/(l m+1)(1+m+1) 2 —m 01— 1][Aln D)

(T @13 AR D e = _\/1(21 “D2i+1)

B (IFm)(l£tm+1) _ | (Em+1)(IFm+2) _
dl_q[\/ i+ D@1 Al D dz_\/2(l+1)(2z+1)(21+3)<"l+1HAH”l>’

o S e

Since L* = %eabCLbc and A? = L4, the above equations implies that the operators L, L4, L4s
and Ly allows us to pass from any loop basis state |ny,1,,m,) to any other basis state
|n, 1, m},). But, these operators do not close under commutation. Therefore, introducing L,s
and L for closure, we get the SO(4,2) algebra in table (5.2). Appropriate combination of
the generators L,5 and L, can be used to construct flux creation and annihilation operators
corresponding to bigger Wilson loops. These operators acting on separable states creates
entangled states on the lattice. As an example, a flux creation operator for a 2 plaquette loop
Tr{W™*(p1)WT(p2)} is given by

% (Las(p1) — iLas(p1)) (Las(p2) — ilas(p2)) — (Las(p1) — iLlas(p1)) (Las(p2) — i'—46(P2))}

The plaquette loop operator and the corresponding electric fields can be written in terms of

SO(4,2) generators.

Wig = ~(TrW)dus + Tr(c*W) ("k> _ <_1L 1)5 4 (ZiL 1) <"k> :
T2 " 2 Jup Viss Vs ) Viss Vs ) \ 2 v
(5-32)

i 1/1
giﬁ: = 2 <2€cabLab + LC4) . (5-33)

In the above, a,b,c = 1,2, 3. Since any gauge invariant flux state on the lattice can be created
using the generators of SO(4,2) algebra, the Hamiltonian can be written in terms of these
operators. This is also clear from eqns. (5.32) and (5.33). for eg: The Hamiltonian for the

single plaquette case is given by

Rl e (5-34)
8% /Lse 46\/L56‘ .

The finite plaquette Hamiltonian can also be written in terms of SU(2) invariant combinations

H =46 - gKZTrW = ¢% (Lsg)* —

of these SU(2) covariant and U(1) invariant SO(4,2) generators using equations (5.32) and

(5.33). Therefore, SU(2) loop dynamics is governed by the generators of SO(4,2). These results
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Figure 5.4: The SU(2) ground state picture in the hydrogen atom basis (3.80).

can also be appropriately generalized to higher SU(N) group by replacing SU(2) prepotential

operators by SU(N) irreducible prepotential operators discussed in [102, 103].

5.3.0.1 A variational ansatz

The above correspondence between hydrogen atom and SU(2) gauge theory inspires the
following simple variational ansatzes for the ground state |¥y) and the first excited state

['¥1) of SU(2) lattice gauge theory:

[¥o) = €'0), (¥o| ¥o) =1,
[¥1) = X7 [Yo), (Y¥o|Y¥1)=0. (5.35)

In (5.35) T and X are the SU(2) ® U(1) gauge invariant operators constructed out of SO(4,2)
generators in the Table 1. It is convenient to write I = I't — T~ where I~ = (F+)+ and

I't, ¥ have the structures:

P P
I = G Y k(p) + Y Gallpr—p2l) ki(p1) ki (p2) +---,
p=1 p1,p2=1
P P . .
L5 = R ) ki(p) + ) B(lpr—pal) ke(pr) ke(p2) +--- (5:36)
p=1 p1,p2=1

In the first term above k. (p) is the gauge invariant SU(1,1) € SO(4,2) plaquette loop cre-
ation operator. In the second term, we have defined SU(2) adjoint loop flux creation operator

k. (p) on every plaquette p using SO(4,2) generators in Table 1:
kli(P) = LaS(p) - iLa6(p) = Tr(aa W(Jr)), a = 1,2,3.

Note that the expansion (5.36) is in terms of number of fundamental loops and not in
terms of coupling constant. In fact, gz dependence of the structure functions Gy, G, -
and F;, F,--- have been completely suppressed. The physical interpretations of (5.35) and

(5.36) are extremely simple. The operator ¢! acting on the strong coupling vacuum in (5.35)
53 y p p & & pling
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creates loops of all shapes and sizes in terms of the fundamental loop operators to produce
the ground state |¥y). The first term k. (p) in (5.36) creates hydrogen atom s-states on pla-
quette p or simple one plaquette loops. These are shown as small circles (tadpoles without
legs) in Figure 5.4. The second term describes doublets of hydrogen atoms with vanishing
total angular momentum. These are shown as two tadpoles joined together in Figure 5.4.
The three hydrogen atom or three tadpole states over three plaquettes (p1, p2, p3) can be cre-
ated by including a term of the form (EJr(pl) X %+(p2)> k4 (p3) in T* and so on and so
forth. As shown in Figure 5.4, the ground state is a soup of all such coupled tadpoles or
coupled hydrogen atom clusters, each with vanishing angular momentum. The first excited
state in (5.36) is obtained by exciting loops in this ground state by a creation operator L+.
The sizes of the “hydrogen atom clusters" and their importance depend on the structure
functions G and F which in turn are fixed by the loop Schrodinger equation with Hamilto-
nian (3.86). These qualitative features can be made more precise by putting the ansatz (5.35)
in (3.86). The resulting Schrodinger equation can be analyzed for the structure constants*
(Gy, Gy, - -+ ) and (F;, F,--+) in the complete, orthonormal hydrogen atom loop basis (3.80)
using its dynamical symmetry group SO(4,2) algebra in (5.26).

4 A reasonable assumption is G; >> Gy >> -+, F; >> F >> --- in (5.36). In this case the matrix elements of
0H in (3.86) are small in the states in (5.35): (¥o|0H [¥o) ~ 0 and (¥1|dH |¥1) ~ 0 as [L*(p),k=(p)] = 0 and
L7 |0) = 0.



SUMMARY AND FUTURE DIRECTIONS

SU(N) Mandelstam constraints were the major stumbling block in the conventional loop for-
mulation of lattice gauge theories near the weak coupling (continuum) limit. In SU(2) lattice
gauge theory, all Mandelstam constraints could be solved by constructing a spin network ba-
sis. As discussed in chapter 2, this introduces new triangular constraints and the dynamics
becomes very complicated. All these issues of over-completeness of loop basis stems from
the fact that there is no systematic method to go from the standard link formulation of Kogut
and Susskind to a loop formulation. In this thesis, we have constructed a series of canonical
transformations from the standard link variables to fundamental plaquette loop variables
and string variables. String variables naturally decouple due to the Gauss law constraints,
leaving behind a loop formulation which is free of local constraints. Since the transforma-
tion is one-one, no new constraints are introduced. This canonical transformation method
of constructing a loop formulation was developed for SU(N) lattice gauge theory in 2+1
and 3+1 dimensions. Also, in the resulting loop basis, the magnetic part of the Hamiltonian,
which is important in the weak coupling limit, takes the simplest possible form. It is a single
plaquette loop holonomy instead of product of 4 link holonomies in the Kogut-Susskind for-
mulation. In the angular momentum description of SU(2) lattice gauge theory, for instance,
the matrix element of TrU, becomes a 6j symbol instead of a 18j symbol. We showed that
the canonical transformation techniques developed in this thesis can also be applied to Z,
Ising model and Z, lattice gauge theory to obtain old and well known Kramers-Wannier and
Wegner gauge-spin dualities respectively. We further showed that the resulting SU(N) loop
formulation is dual to the link formulation of SU(N) lattice gauge theory due to Kogut and
Susskind. In fact, as discussed in chapter 4, SU(N) duality is a generalization of Wegners
duality between Z, lattice gauge theory and quantum Ising model in 2+1 dimensions. The
non-local part of the loop/spin Hamiltonian is proportional to atleast g*. Therefore, in the
weak coupling continuum limit, g> — 0, the non-local terms may be ignored to compute low
energy spectrum. These issues are under investigation.

A gauge invariant loop basis was constructed for SU(2) lattice gauge theory by coupling
together electric fields conjugate to the fundamental plaquette loop operators and diagonal-
izing them. The global gauge invariance is imposed by requiring that the total loop electric
field is 0. This lead to an exact isomorphism between the physical Hilbert space of SU(2)
lattice gauge theory and that of a collection of hydrogen atoms (one for each plaquette) with

no net angular momentum. We also constructed an angular basis which diagonalizes all
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Wilson loops. In the above angular basis, the Schrodinger equation for the free part of the
Hamiltonian leads to a Mathieus equation for the single plaquette case.

We now briefly discuss some new future directions. Having reformulated pure SU(N)
gauge theory in terms of loop variables without any local Gauss law, Mandelstam or other
constraints, the natural next step is to solve the Hamiltonian to get the spectrum. We note that
the magnetic part of the loop Hamiltonian does not contain any interactions. This is unlike
the Kogut-Susskind picture where all the interactions are contained in this term. This makes
the loop picture suitable for a weak coupling loop expansion. Many of the the standard
methods of solution like variational method, coupled cluster method etc becomes much
more simpler in the loop formulation. The SU(N) gauge-spin duality should also allow
us to compute the gauge theory spectrum using techniques like tensor networks, Matrix
product states etc which have been extensively used in the context of spin models [155-159]

It is well known [56, 122] that Z, lattice gauge theory is self dual in 3 + 1 dimensions. The

Hamiltonian of Z, lattice gauge theory in 3 4- 1 dimensions is given by

H=-)Y -7 ) 03030303
links plaquettes
Just like in the 2 4+ 1 case, there is a local Gauss law constraint at each lattice site n. But,
unlike 2 + 1 dimensions, in 3 + 1 dimensions there are Bianchi identities which state that the
product of 03 operators along the plaquettes which form the faces of a basic cube = 1. A
dual lattice can be defined as follows : The sites of the dual lattice are given by the centre
of each basic cube of the original lattice. Links of dual lattice passes through the plaquettes
of the original lattice. The dual operators {1, u3} lying on the dual lattice can be defined
through the following relations[56, 122]:

U1 = 03030303, 01 = UZU3U3U3.

The second equation above can be inverted [56, 122] within the axial gauge to give a non-local

duality relation. The resulting dual Hamiltonian in terms of the y variable is :

1
H:A(— ) SRy Y. V3pt3ﬂ3143>-

dual links dual plag

Therefore, the dual theory is also a Z; lattice gauge theory in terms of the u variables with
an inverted coupling constant 1. The above self duality can be obtained systematically by
a series of canonical transformations. The fundamental link operators in terms of which Z,
lattice gauge theory is described get transformed into fundamental plaquette loop operators
over each plaquette on the lattice. This leads to a dual theory with the fundamental de-

grees of freedom lying on plaquettes (or dual links piercing the plaquettes). Such canonical
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transformations will transform Gauss law constraints on the original lattice in terms of ¢
operators to Bianchi identities on the dual lattice in terms of y operators and vice versa. It
will be interesting to generalize Z, duality/canonical transformations to SU(N) lattice gauge
theory in (3 + 1) dimensions. It is expected that the roles of SU(N) Gauss law and SU(N)
Bianchi identity constraints will get interchanged under such canonical/duality transforma-
tions. Construction of such a duality should proceed similar to the canonical transformations
described in the thesis. The essential difference being that there would not be any string op-
erators which decouple due to local Gauss laws. These canonical transformations are under
investigation.

The loop formulation also provides a natural framework to study the entanglement en-
tropy in gauge theories. The absence of local SU(N) Gauss laws should help us in defining
entanglement entropy in lattice gauge theories. The entanglement entropy of two compli-
mentary regions in a gauge invariant state suffers from serious obstacles [160, 161] created
by SU(N) Gauss laws at the boundary. In the present formulation the two regions can have
mutually independent hydrogen atom/tadpole basis which are coupled together across the
boundary through a single flux line at the end. The present loop approach may also be inter-
esting in the context of cold atom experiments [162-165]. The hydrogen atom interpretation
of H? and absence of local gauge invariance should bypass the challenging task of imposing
non-trivial and exotic non-abelian Gauss law constraints at every lattice site in the laboratory.
Quantum simulations of SU(2) lattice gauge theory can be realized by trapping hydrogen
like atoms on an optical lattice.

In this thesis, we constructed the loop formulation of pure SU(N) lattice gauge theory
without matter fields. Next step would be to study the inclusion of matter fields into the loop
picture. Again, we start with the Kogut-Susskind picture where matter fields are introduced

on the sites of the lattice. This modifies the Gauss law at each site of the lattice to :

d
Eu—(”/ i) + Eﬁ(”/ i) _|_pa(n) |l/"phys> =0.
=1

1

Above, d is the dimensionality of space and p?(n) is the color density of matter field at
the site n. This implies that, after the canonical transformations described in the thesis, the
string degrees of freedom no longer decouple. Therefore, further canonical transformations
are needed to isolate the redundant degrees of freedom which decouples from the physical

Hilbert space to solve the local Gauss law constraints. This will be pursued in a future work.
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CANONICAL TRANSFORMATIONS ON A FINITE LATTICE

In this appendix, We give the details of canonical transformations and their inverse trans-
formations in 2 + 1D on a finite lattice for Z, (section A.1) and SU(N) (section A.2) lattice
gauge theory. Canonical transformations in 3 + 1D is illustrated on a single cube in section

A.3 for both Z, as well as SU(N) lattice gauge theory.

A.1 Zy LATTICE GAUGE THEORY IN 2 + 1 DIMENSIONS
A.1.1  From links to loops & strings

In this section, we describe the canonical transformation involved in the construction of the
loop/spin formulation of Z, lattice gauge theory on a finite lattice. The net canonical trans-
formation leads to the duality relation between the basic operators of Z, gauge theory and
Ising model in 2 + 1 dimensions. Construction of this duality relation on a single plaquette
was described in section 3.1.2. We now generalize the duality transformation relation to a fi-
nite lattice by iterating the plaquette canonical transformation (C.T) ((3.20),(3.21)) all over the
two dimensional lattice starting from the top left plaquette of the lattice and systematically
repeating it from top to bottom and left to right. We will illustrate this procedure on a 2 x 2
lattice which contains all the essential features of the construction on any finite lattice. The
sites of the lattice are labelled as O = (0,0),A = (0,1),B=(0,2),C=(1,0),D = (1,1),E =
(1,2),F = (2,0),G = (2,1),H = (2,2) and the plaquettes are numbered from top to bottom
and left to right (see Figure A.1) for convenience. The dual spin operators are constructed

on a 2 x 2 lattice in 4 steps.

1. We begin by performing the plaquette canonical transformation (3.20),(3.21) on plaque-

tte 1. The spin conjugate operators {y1(1); u3(1)} on plaquette 1 are

11(1) = u1(E) = 03(A,1)03(D,2)03(B, 1)03(A, 2),
u3(1) = p3(E) = o1 (B, 1). (A.1)
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Figure A.1: The “plaquette’ canonical transformations involved in the construction of the duality trans-
formation between Z; lattice gauge theory and Z; spin model on a 2 x 2 lattice. The steps
(@), (b), (c) and (d) are plaquette CTs on plaquettes 1, 2, 3 and 4 respectively. The elec-
tric field o7 (1) corresponding to the vertical and horizontal links are denoted by e and
respectively.

The redefined link and string operators around plaquette 1 are

U3[x}(D/Q) = 03(D, A)/ al[x](Dré) = Ul(DrQ)Ul(B/ )
0'3[34(14,2) = 0'3(A,Q), Ul[x](A/j) = Ul(A,Q)O'l(B,i)
U3[x](A/i) =03(A, 1), Ul[x](A,i) =01(A, 1)y (B, 1).

Our notation is such that 03(A, 1) denotes the 03 operator corresponding to the link
which starts at site A and is in the 1 direction. The subscript [x] on T35 (A, 1) indicates
that the electric field o7 (A, i) absorbs the electric field of the vanishing horizontal link
(B,1) to become 07} (A, 1) during the plaquette canonical transformation. Note that by
our convention, the plaquette or spin operators are labelled by the top right corner of
the plaquette. This plaquette canonical transformation is illustrated in Figure A.1 (a).

As a result of Gauss law at B:
Ulm(A,Q) = Q(B) ~ 1.

Therefore, {al[x](A,Q) ;(73[x](A,Q)} = {51(B);73(B)} are frozen and hence decouple
from the physical Hilbert space. Again, as in the main text, the string operators are

labelled by their right/top endpoints. We are now left with the conjugate spin opera-
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tors {p1(1); u3(1)} and the two link conjugate pair operators {01(,j(D,2); o3 (D,2)},
{01 (A, 1); ); 0312 (A, 1) )}. These link operators undergo further canonical transforma-

tions.

. We now iterate the plaquette canonical transformation. on plaquette 2 to construct the

spin or plaquette conjugate operators {11(2); #3(2)} and the link conjugate operators

{Ul[x] (C, 2), 03]x] (C, 2) }, {Ul[x] (O, i), 03[y (O, i) }, {Ul[x] (O, ?), 03[y (O, 2) } as illustrated
in Figure A.1-b. The spin operators are

]41(2) = ;M1(D) = (73(A,1)0'3(0,2)0'3(0,1)(73((:,2),

13(2) = p3(D) = o1py(A,1) = 01 (A, D)o (B, 1) (A2)
The redefined link and new string operators around plaquette 2 are
M(C’j) = (C 2) Ul[x}(c,ﬁ) = Ul(C,Q)O'l[x](A,i) = al(C,Q)al(A,i)al(B,i)
w(0,1) = 03(0,1), 014(0,1) = 01 (0, 1)y (A, 1) = G(O)G(A)G(B) ~ 1
1(0,2) =03(0,2), 0114(0,2) = 01(0,2)o15(A, 1) = G(A)G(B) ~ 1
Thus the string Con]ugate pairs {071)(0,1); 03, (0, 1)} = {71(C); 73(C) } and {9,4(0,2);

731 (O, 2)} = {51(A); 03(A)} are frozen due to Gauss law at O, A and B.

. The third step involves iterating the plaquette canonical transformation. on plaquette
3 as shown in Figure A.1(c). This leads to decoupling of {Ulm(G,Q) ; (73[x](G,Q)} =
{71(H); 73(H) }, {01xx(D,2); 031 (D, 2) } = {&1(E); 53(E) } due to the Z, Gauss laws

at E and H. The canonical transformations on plaquette 3 defining the spins are

1(3) = 1 (H) = o3(E, 1)03(G,2)e3(D, 1)o3(D, 2),

E1). (A.3)
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4. Finally, we iterate the plaquette canonical transformation. on plaquette 4 which are

shown in Figure A.1(d). The conjugate spin operators {y1(4); 43(4) } on plaquette 4 are

) = 0'3(D 1)0’3( )0’3(C 1)0’3(C 2)
#3(4) = p3(G) = oy3(D, 1) = u(D, 1) (E, 1) (A.5)

-
—_
—~
e~
~—
Il
=
Jay
D)

The remaining string operators are

7314 (C,2) = 0314(C,2) = 03(C, 2),
1132 (C,2) = 011 (C, 2)09 (D, 1) = G(D)G(E) =~ 1
731 (C, 1) = 03(C, 1)
011(C, 1) = 01(C, 1)oy (D, 1) = G(C)G(0)G(A)G(D)G(B)G(E) ~ 1
o3 (F,2) = 03(F, ), (A.6)
0113 (F,2) = 01(F,2)o (D, 1) = G(G)G(H) =~ 1.

Gauss laws at O, A, B, C, D, E, G and H implies that the remaining string operators

{1 (€. 2); 010 (C, z>} = {%1(D); 03<D>}, {1 (€ 1) o3 (C 1) | = {a1(F)ias(F)}

and {(Tl[x](F 2); 030y } = {01(G);03(G)} are frozen. As a result, after the series

of 4 plaquette Canomcal transformatlon.s, all the Gauss law constraints are solved.

Only the plaquette/spin variables {p1(1); us(1)}, {p1(2); u3(2)}, {p1(3); #3(3)} and

{111(4); u3(4)} remains in the physical Hilbert space. This leads to a dual Z; spin model.

These results can be directly generalized to any finite lattice without any new issues,

to give the duality relations (3.26a),(3.26b), (3.28a)-(3.28b).

A.1.2  From loops & strings to links (Inverse transformations)

In this section we will Invert the above transformations to write down the link operators

{o1(n,1), o2(n,i} in terms of the plaquette and string variables,{1(p), u3(p)} and {7 (n, i),

3(n,1)} respectively. We will consider a 2 x 2 lattice and explicitly construct these inverse
relations by inverting the steps 4-1 involved in the construction of the loop formulation

described in the previous section.

108



A.1 Zy LATTICE GAUGE THEORY IN 2 + 1 DIMENSIONS

1. We start by inverting step (4) in section A.1.1 by the inverse transformation:

(1), 01(F,2), 01(C 1), 014 (C,2)| = |0(F,2), 0(C, 1), 019(C,2), 019(D, 1) .

7315 (D, 1) = p1(4) 034 (F, 2) 034 (C, 1) 03144 (C, 2) = p1(4)73(G)73(F)a3(D);
011(D, 1) = pi3(4) (A7)
73(F,2) = 034(F,2) = 33(G); 01(F,2) = o1 (F,2) p3(4) = 01(G)pa(4)
03(C,1) = 034(C, 1) = 73(F); 01(C1) = o11(C, Ds(4) = a1 (F)us(4)
031)(C,2) = 031 (C,2) = &3(D); 014)(C,2) = 0114 (C,2) p3(4) = 71 (D) p3(4)

In the above, the o without a subscript 1 or 3 denotes the conjugate pair {01,03}. Same

is true for yu also.

2. Inverting step (3) in section A.1.1 by the inverse transformation :

[y(fi), 01(D, 1), 01(G,2), 0y (D,Q)} . [O'(D, 1), 0(G,2), o(E 1), oy (D,Q)].

03(D, 1) = o31(D, 1) = p1(4)73(G)3(F)a3(D);

01(D,1) = 091(D, 1)p3(3) = ps(4)ps(4) (A.8)
73(G,2) = 034(G,2) = 73(H); 01(G,2) = 0114(G,2)u3(3) = 71 (H) 3(3)
034 (D,2) = 03, (D, 2) = 73(E); 013 (D, 2) = 0141 (D,2)i3(3) = 71 (E) p3(4).
03(E, 1) = m13)031x) (G, 2) 031 (D, 1) 031y (D, 2) = 1 (3)3(H) i1 (4)73(G) a3 (F) a3 (D)3 (E);

3. Inverting step (2) in section A.1.1 by the inverse transformation :
[y(z), 014(C,2), 014(0,1), o1y (o,i)] — [a(o, 1), 7(0,2), ¢(C,2), o(A, i)} .

Ul[x](A,i = y3(2) (Ag)
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4. Inverting step (1) in section A.1.1 by the inverse transformation :
[y(l), 01(D,2), 01 (A, 1), o1y (A,Q)} — [U'(A, 1), #(D,3), o(B,1), o(A4, 2)]

73(A,1) = o3 (A, 1) = 11 (2)53(D)3(C)a3(A);
01(A, 1) = o1 (A Dpa(1) = pa(4)pa(1)
73(0,2) = 03(0,2) = 3(C); 01(0,2) = 015(0,2)p3(1) = 71(E)u3(3) pa(1).
( (

A

03(A,2) = 0314 (A,2) = 73(B); 01(A,2) = 0119 (A, 2)pa(1) = 71 (B) pa(1).
(A.10)

We now show that the local Gauss laws at all the sites are redundant in terms of the new

dual variables. Consider the 4 links meeting at a site (x,y).

xy,1) =ps(x+Ly)us(x+ Ly +1)
v,2) = us(x,y+Dus(x + Ly +1)

ol

x =1Ly 1) = ps(x,y+1)us(x,y)
y—1,2) = us(x,y)pus(x +1,y)

Therefore, G*(x,y) = o1(x,y, i)al(x,y,i)al(x -1y, i)al(x,y — 1,?) =1.

A.2 SU(N) LATTICE GAUGE THEORY IN 2 + 1 DIMENSIONS
A.2.1 From links to loops & strings

In this section, we generalize the three canonical transformations (3.36), (3.39) and (3.40) in
the single plaquette case to the entire lattice in two dimension. We define a comb shaped max-
imal tree with its base along the X axis and make a series of canonical transformations along
the maximal tree to construct the string operators T,,,, (%, y) attached to each lattice site
(x,y) away from the origin. This is similar to the construction of string operators Ty, (x, )
attached to the points A = (1,0),B = (1,1) and C = (0, 1) in the simple single plaquette
example illustrated in Figure 3.10-a,b,c. The gauge covariant loop operators W (x, i) are con-
structed by fusing the string operators with the horizontal link operators U (x, y; 1) again
through canonical transformations. As expected, all string operators Ty, (x, y) decouple
as a consequence of SU(N) Gauss laws G?(x,y) = 0. Thus only the fundamental physical
loop operators are left at the end. The iterative canonical transformations are performed in

6 steps. These 6 steps are also illustrated graphically for the sake of clarity.
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Tpay(2,0) R U(x,0;1)
& R
Bl (2,0) = E%(2,0;1)  Ef(z,0;1) Ee(z+1,0;1)
T[zz](m,o) . N
Ef.yy (2,0) = E2(2,0;1) + E4(,0;1)
T +1,0) EC (2 +1,0) = B2 (2 +1,0;1)

Figure A.2: Graphical representation of the iterative canonical transformations (A.11). The initial
Tix(x,0) and the final T, (x,0) string operators at (x,0) are shown. The string oper-
ator Tj,j(x +1,0) in the third row replaces T, (x,0) in the first row in the next iterative
step. All electric fields involved in (A.11) are also shown along with their locations.

A.2.1.1  Strings along x axis

We start by defining iterative canonical transformation along the x axis. They transform the
N link operators U(x,0;1) into N string operators Tixx)(x,0). These string operators start at
the origin and end at x = 1,2,---Ns — 1 along the x axis as shown in the Figure A.2. The

canonical transformations are defined iteratively as:

Ty(x+1y=0) = Ty(x0) Ux0;1), T (%,0) = Tiy (x,0), (A.11)
Ely,(x+1,0) = E.(x+1,0,1), Ty (0,0) = EZ(x,0;1) + EZ (x,0; 1).

Above x = 1,---,N; — 1 and the starting input for the first equation in (A.11) is Ty (1,0) =

111

U(1,0;1). The canonical transformations (A.11) iteratively transform the flux operators [TM (x,0),

U(x,0; i)] and their electric fields into [T[xx] (x,0), Tpy(x+1, 0)} and their electric fields as
shown in Figure A.2. At the boundary x = N; — 1, we define T[xx](NS -1,0) = T[x](N,O)
for later convenience. As is also clear from Figure A.2, the subscript [xx] on the string flux
operator Ti,,(x,0) encodes the structure of its right electric field E‘[lxx] . (x,0) in (A.11). More
explicitly, the last equation in (A.11) states that E[,,j, (x,0) is the sum of two adjacent Kogut-
Susskind electric fields in x direction. Note that if we were in one dimension with open

boundary conditions, the Gauss law (2.18) would imply G*(x) = T? , (x,0) = 0; Vx mak-

[xx]+
ing all string operators T, (x,0) unphysical and irrelevant as expected.

A.2.1.2  Strings along y axis

We now iterate the above canonical transformations to extend T, (x,0) in the y direction to
get Tp,j(x,y = 1) and the final unphysical and ignorable string operators Tj,,,(x,0) along

the x axis as illustrated in Figure A.3-a:

T[y] (x, 1) = T[xx] (x, O) U(x, 0; 2)/ T[xxy] (x, O) = T[xx] (x/ 0) (A.12)
E{fy]+(x/ 1) - Ea—(x/ ]-/ 2)/ Et[lxxy]+(x, 0) - Eﬁ[lxx}+(x, 0) + Eﬁ_(x, 0, Q).
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E%(,1;2) Bl (@)

&

B

£

)
Tiea) (2,0) B$(2,0:2) Efay+ (%:0)
—_— ¢ = G%(x,0)

Ef o+ (2,0) Tlaay) (2,0)

Figure A.3: Graphical representation of the canonical transformations: (a) vertical string constructions
at y = 0 in (A.12) and the Gauss law (A.13) at y = 0, (b) iterative vertical string construc-
tions in (A.14) and the string electric field in (A.15).

In (A.12) we have defined T|,,)(0,0) =1 and T,,(Ns —1,0) = T|;)(Ns — 1,0) as mentioned

above. Substituting Bl . (x,0) from (A.11), we get:

Ef s (4,0) = (% (x,0:1) + B (x,0;1) + B4 (x,0;2) ) = ¢*(x,0) = 0. (A.13)

Again the subscript [xxy] on the string operator T‘[Zxxy] (x,0) denotes that its electric field at
(x,0) is sum of three Kogut-Susskind electric fields, two in x direction and one in y direction
as in (A.13) and represented by three squares in Figure A.3-a. We ignore T|,,,)(x,0) from
now onwards and repeat the canonical transformations (A.11) to fuse the links in y direction
along the maximal tree at fixed x(= 0,1,---Ns; — 1). For this purpose, we replace T(,/(x,0)

and U(x,0;1) in (A.11) by Tpy(x,y) and U(x, y;2) respectively with y = 1,2,---, (Ns —1—1)

and define:
Ty(ny+1) = Ty(ny) Ulxy?2), Ty (xy) = Ty (v, ), (A.14)
Bl (xy+1) = E(xy+12), (oY) =l (v y) + EL(x,1;2).

In (A.14), the initial string operator Ty, (x,y = 1) is given in (A.12). The transformations
(A.14) are illustrated in Figure A.3-b. Again the subscript [yy]| on T}, (x,y) is to emphasize
that its electric field is sum of two adjacent Kogut-Susskind electric fields in the y direction:

Efyys (xy) = Ef. (v, y) + EL(x, y; 2) = E* (x,y;2) + E°.(x,;2). (A.15)

L[zy] +

E% (x,y;2). We again define Tiyy (x,Ns = 1) = Tpj(x,Ns — 1) at the boundary for notational

In (A.15) we have used (A.14) to replace E? ,  (x,y) in terms of Kogut-Susskind electric fields

convenience.
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A.2.1.3 Plaquette loop operators

In order to remove all local SU(N) gauge or string degrees of freedom and simultane-
ously obtain SU(N) covariant loop flux operators, we now fuse the horizontal link operator

U(x,y # 0;1) with Tiyy (x,y # 0) through the canonical transformations:

Ty(x+1,y) = Ty () Ulxy;1), Ty (0 y) = Ty (x, ) (A.16)
ELEXH_(X‘ + 1,]/) = Eu_(x + 1,% i)/ Et[lyyx]+(x, y) = Ep[lyy]+(xl y) + Ez— (xly; i)

atx=0,1,2,---,(Ns—1)and y = 1,2, - - ,N; — 1. The above transformations are illustrated

in Figure A.4. Using (A.14), the right electric field of the string flux operator T, (x,y) is:
‘[Iyny = E”[IyyH(x,y) + B (x,y;1) = E% (x,1;2) + E% (x,y;2) + E% (x, y;1). (A.17)

The initial loop operators (W(x,y), E?(x,y)) shown in Figure-A.5 are defined as:

W(x'y) = T[x](x/y 7& O) Tfyyx](x,y), T[yyxx](x/y) = T[yyx](x/y)l (A.18)
]Ebi (X,y) - E[[Zx]—(x/y ;é O)/ Eb[lyyxx]—i-(x/ y) - Et[lx]-t,-(x'y 7& 0) + Et[zyyx]-i-(x/ y)

Above (W(x,y),E%(x,y)) are canonically conjugate pairs. We note that the conjugate electric

fields of the string operators T| vanishes in H? as:

yyxx]

Ty (6 Y) = Efyq () + Bl (x,y # 0)
- (E“_(x, %) + E% (x,y;2) + E° (x, ;1) + E* (v, y; i)) = G%(x,y) =0. (A.19)
In (A.19), we have used (A.16) and (A.17) to replace E”[’x] L(x,y #0) and Efyyx} . (x,y) respec-
tively in terms of Kogut-Susskind electric fields. The relationship (A.19) solving the SU(N)
Gauss law at (x,y) is graphically illustrated in Figure A.5 and also earlier in Figure 3.12-a.
At this stage all the local gauge degrees of freedom, contained in the string operators
Tiyyxx] (%, ¥), have been removed. We now relabel T, .,j(x,y) as T(x,y) and E’[lyym L(xy) as

E% (x,y) for notational simplicity. To simplify the magnetic field terms in the Kogut-Susskind

B4 (z,y;1)  E%(z+1ysl)

U(z,y; 1)

E‘[ZZH(."E +1,y#0)
— o

EFyyz]+ (‘T'/ y)

Figure A.4: Graphical representation of the canonical transformation in (A.16).
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E?z]+(1:7 Yy 7& 0%’ o W(I, y) Eﬁ/zjmm]+(x7y)
e 5"
=)
S 4
IS
& e —
5
}_
Ef_(,y #0) E4 (z, y) Decouples
T[yyﬂ”] (I7 y) T[yyza:] (l‘, y)

Figure A.5: Graphical representation of the canonical transformation in (A.18).

Hamiltonian (3.59), we further make the last set of canonical transformations (A.20) which
transform the loop operators (W(x,y), E% (x,y)) in (A.18) into the final plaquette loop oper-
ators (W(x,y),E%(x,y)) as shown in Figure A.6. We define:

W(x,y) =W(xy—1) Wix,y), W(x,y—1) =W(xy—1); (A.20)
&L (x,y) =EL (x,y), E% (x,y — 1) = E% (x,y — 1) + E% (v, y)

Above [W(x,y),E%(x,y)], [W'(x,y), E% (x,y)] are canonically conjugate loop operators and

y=Ns;—1, (Ns—1),---,1. The canonical transformation is initiated with the boundary op-

erator W(x,y = Ny — 1) = W(x,y = Ns — 1) and at the lower boundary W(x,1) = W'(x, 1).

Having constructed plaquette loop operators and conjugate electric fields using the canon-
ical transformations (A.16)-(A.20), we now use these relations to write the plaquette loop

electric fields directly in terms of the Kogut-Susskind link electric fields. Using (A.20),

E4(xy) = B (vy) = ~Ra(W(xy)EL(xy) = —Ra(W(x)) {ES (oy) + B oy +1)}

(A.21)
W:T(m,y) Vy(z,y)
—_
W(z,y—1) W(z,y—1)
‘ E._(_(*(I’y) E4(z,y)
> N — >
- o
A -y =
s+ - i
B E(z,y) Ed(z,y—1)

Figure A.6: Graphical representation of the canonical transformation in (A.20).
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Iterating this relation and using the relation E% (x,y") = —Ry. (W' (x,1/))E (x, '), we get

Ny—1 Ny—1
EL(xy) = —Ra(W(x,y) Y EL(xy) = —Ra(W(x,)) Y, —Ruc(W'(x,y))E (x,¥)
y'=y y'=y

(A.22)

From eqn. (A.18) we have E° (x,y) = Efx}_(x,y’) = —Ru(Tiy(x,y")) E‘[’lx]+(x, y') and from
(A.16), E’[’l

X

Ly = E? (x,y'). Therefore,

N, —1

E9(xy) == ¥ R (W)W y) Ty (xy)) B (5,9, 1) (A.23)
y'=y
N,—1 . Y . . Ns—1 .
== Y Ra(Te-1y) u-1y1) [T Uy’ )y, 1) =- ¥ R (Suny) EL(xy;1).
y'=y y'=y y'=y

S(xyy')
This is the relation (3.68) in the text which was further graphically illustrated in Figure
3.12-b.

A.2.2  From loops & strings to links (Inverse transformations)

In this part, we systematically write down all Kogut-Susskind link electric fields in terms
of loop flux operators and loop electric fields. We calculate the link electric fields in three
separate cases: a) E*(x,y = 0;1) shown in Figure 3.13-a, b) E*(x,y # 0;1) shown in Figure
3.13-b and c) E%(x, y;2) shown in Figure 3.13-c.

a22.1 Case (a): E%(x,0;1)

Consider the left electric field of a Kogut-Susskind link operator along the x axis, E (x,0;1).

From canonical transformation A.11(figure. A.2), we have E!_, (x,0) = E? (x,0,1) + E% (x,0;1).

[xx]+
Therefore,

E% (x,0;1) = =R, (U(x,0,1))E% (x +1,0,1)
= — Ry (U(x,0,1)) {Eb | (x+1,0) — E% (x + 1,0,-1)} (A.24)

[xx

Iterating this expression, we obtain

Ns—1
E%(x,0:1) = Rup(T'(x,0)) Y R (T(%,0)) Efy, (£,0) (A.25)

x=x+1
Above, we have made use of the fact that T*(x,0)T(%,0) = U(x,0; 1)U (x+1,0;1) --- U(x —
1,0;1) if # > x. From this expression it is clear that all the E[xx} +(x,0);% > x are parallel

transported back to the point (x,0) to give E (x,0,1) so that the gauge transformations of
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link and string operators are consistent with (A.25). This is a general trend which will be
seen at each step of canonical transformations.
® B+ = B+ = Byl

Writing down E[xx] +(%,0) in terms of E[xxy] +(%,0) and E[y] +(%,1) using canonical trans-

formation A.12 shown in Figure A 3-a:

g (£,0) = Efy (%,0) — EL(5,0,2) = Ry (U(%,0;2)) E*(%,1,2) (A.26)
El[,yH(x’l)

We have used the fact that E|,, . (¥,0) = 0 by Gauss law A.13 at (¥,0). But from (A.14)
and Figure A.3-b:

b (B1) = Ely, (51) - EL(E%,1,2) =B, (81) + Re (U(%,1,2)) EL(%,2:2)
El[jy]+(x’2)
Ns—1
= Ra (T"®1) ¥ Rue (T(9)Efyp, (£7) (A.27)
y=1

Substituting it back into eqn. A.26 for E? . (%,0) and using U(X, 0;2)TH(%,1) =

[xx]+
Tt(x,0), we get

Ny—1
04 (%,0) = Ry, <T+(x,0)) Zl Ryc (T(%,7)) ES, . (%,9)- (A.28)
y:
Putting this into eqn. A.25 we get
A Ns—1 Ns—1
E% (x,0;1) = —Rap(T'(x,0)) J?:Zx;i-l yzl Rye (T(%,7)) 4 (%,7) (A.29)

—

® By = By 2 Ex

From canonical transformation (A.16) (Figure A.4) we have Ef Y+ (x,7)=E (% 7)+

[y yyl+
ES (%, 7,1) and E‘FXH(JZ +1,7) = E4 (2 +1,7,1). Therefore,

s (57) = B4 (£.9) — ES (£, 7, 1) = By (5 7) + Rea (Uz,7,1)) E*(x+1,7,1)

de (+1,79)

Further, the canonical transformations A.18 (Figure A.5) imply:

TWXH(f’y_) - Ecyyxx]Jr(f'y) - Efx}—s—(f/y_) == fx]+(f,y_)
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Here, we have used the fact that Ef, (%, 7) = 0 by Gauss law at (%, 7)(eqn. A.19).
Also, from eqn. (A.18), E[x]i(f,y") = [E% (%, 7). Therefore,
B (57) = —Rea(Thy (8. 9)EL(£9) = —Ra(TH (R 9)EL (£9)  (A31)

Substituting for E[yyx} ny E[x] 4 in eqn. A.30 and using the relation U(%, y‘;i)TFx}(X +
Ly) =T'(x9),

Bl (79) = Raa ( ) (%, ?)) “(%,9) — R (T*(w)) E? (2 +1,7) (A.32)

E% (x,0;1) = Rep (T7(,0)) _Z_ Y [ELEp)+EL (1), (A33)

olﬁi%gi

To write E% (x,0; 1) in terms of the final plaquette loop electric fields £%, we first use the
canonical transformation eqn. A.20 (Figure. A.6), E% (%,7) = E% (%,7) — EL (%, 7+ 1),

to write down the first term in the eqn. (A.33)in terms of E_ as follows:

Ns—1 Ns—1 ~ ~ B
Y E (%0 = ¥ [BL(ng) ~El(ng+1)] ~EL (51
y= y=
— Ry (W*(f,l)) E° (%,1) = —Rye W(%,1)) £ (%,1) = £ (%,1).

(A.34)

Here, we have used the fact that at the lower boundary, W'(x,1) = W(x,1). We
now write down the second term in eqn.(A.33) in terms of Es. Again using canonical
transformation eqn.(A.20)(Figure. A.6) as follows:

E’ (T4 1,9) = —Rpe(W(x+1,9)ES (¥ +1,9) = —Rpe(W(x + 1,7)) [ES(x+1,9) — B (T + 1,7+ 1)]
=B (3 +1,7) — Rpe(WE+ L)W x4+ 1,7+ 1)) E (£ + 1,7+ 1)
=E" (+1,7) — ReOW(Z+ 1,7+ 1)E (£ +1,7+1)
=8 FE+LY+E (x+1,7+1) (A.35)
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Putting both the terms back into eqn. A.33 for E% (x,0;1), we get

r=x+1 7=1
Ns—1 Ng—1
=Rab(T*<x,o)){5b<x+1,1)+ 33 Lb(x,g)} (A36)
X=x+2 y‘:l

Above, L*(%,7) = E°(%,7) + EL(X, 7).
A.2.22 Case (b): E% (x,y #0; i)

The canonical transformation (A.16) and Figure A.4 state EI[’x} L(xy) = Eb (x,y;1). There-

fore,
E(x,y,1) = —Ryp(U(x,y,1)) E2 (x +1,y;1) = —Ryp(U(x,y,1)) EZ[’XH(JH— 1,y)
Using the relations (A.31) and (A.35)
Elys (x+1y) = —Rpe(Ty(x +Ly) EC (x+1,y); BE(x+1y) =ES(x+1Ly) +E (x+ 1L,y +1)
and relation T'(x,y) = U(x,y, i)TErx] (x+1,y), we get
EL(x,9,1) = [Rao(Ux,y, 1) Ruc(Thy (x + 1L y) | B (x + 1) = Rae (TH(x,y) ) BE (x4 1,)
= Ry (T‘L(x,y)) {5i(x+1,y)+€c(x—|—1,y+1)} (A.37)

Clubbing case (a) and case (b) together,

Ne—1 Ny—1
Eﬁ(x,y;i) = Rab(T+(x,y)) <€b(x +1Ly+1)+ f,’i(x +1,y) + 9,0 ] Z Z Lb(x,g)).

We have defined £+ (x,0) = 0; £+(0,y) = 0 for notational convenience. The relations (A.36)
were used in (3.72) and (3.83), (3.84) to write down the Kogut-Susskind Hamiltonian in terms

of loop operators.

A.2.23 Case (c): Ei(x,y;2)

The canonical transformations (A.14) (Figure A.3(b)) state Efy] L(xy) = ES(x, y,2). There-

fore,

EL (%,1;2) = =R (U(x,132)) E<(x,y +1,2) = —Ree (U(x,332)) Efy, (x,y +1)
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Using the relation E L(xy) = Ey L(xy) — ES(x, y,2) from the canonical transformation

eqn.A.14 (Figure.A.3(b)),

E% (x,9;2) = —Race(U(x,y,2)) {Efy (oy +1) — S (x,y +1,2)}

= —Rac(U(x,y,2))Ef, ), (x,y +1) = Ree (U(x,y,2)U(x,y +1,2)) Ef 1, (x,y +2) — -
N;—1

— “Ru(T'(x,9) ¥ Ree (T(69) Efpyy (x,7) (A39)
y=y+1
Using eqn.A32, S, (%,7) = Rat (Thy(x,9)) B2 (x,7) = Rea (T'(x,7)) EL(x+1,7) and
the expression W' (x,7) = T(x,y‘)TEfx] (x,7) from eqn. A.18,

Ns—1

EL () = Ry (T' o)) 3 [ =Roe (W' (9) ) B (13) + B (3 1,9)]. (A40)
J=y+

From eqn. A.35, we have E¢ (x,7) = &5 (x,7) + % (x,7 + 1). Therefore, E’ (x +1,7) =
E(x+1,7)+E (x+1,7+1) and

N,—1 N,—1

Y R (WD) B (r9) = ¥ ~Rie (WD) [€5(x7) +E (x,7+1)]
g=y+1 g=y+1
Ns—1 Ns—1
= ¥ Re(WHag-1)E@n~ ¥ R (Wxp)E(xg+1)
j=y+1 g=y+1
= Ry (WH(x,1)) €< (x,y +1) (A41)

Above, we have used the relations: W(x,7) = Wt(x,7—1) W(x,7) and Ry WV (x, 7)) L (x, 7)
= &£ (x, 7). Putting these two terms back into eqn. (A.40),

N;—1
EL(%,;2) = Rap (TH(x,9)) {Rbc (WHey)) ey +1)+ ¥ e+ 1g) + € (x+1,5+1)] } (A42)
g=y+1
Therefore,

N.—1
E% (x,y;2) =Rah(T*(x,y))<Si(x+1,y+1)+Rbc(ny(x,y))€i(x,y+1)+ )3 L"<x+1,y‘)> (A.43)
g=y+2

Above, Wyy(x,v)) = W(x,1)W(x,2) - - - W(x,y) as defined in (3.73). The relation (A.43) was
stated in (3.72) and used later in (3.83) to get the SU(N) loop Hamiltonian.

Consider the links meeting at a site (x,y). We now show that the local Gauss law at
(x,y) are redundant in terms of the new dual loop operators except when (x,y) = (0,0)
where it leads to a global Gauss law. We only show explicit calculations for the case when
(x #0,y #0) and (x = 0,y = 0). The cases (x # 0,y = 0) and (x = 0,y # 0) can be similarly

shown.
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e x # 0,y # 0. The electric fields when written in terms of the physical loop operators
are given by:

E% (x,1,1) = Rup(TH (1,9)) [sﬁ<x+ Ly) - (x +1y+1)

T
-1

E%(x,y,2) = R (T (x, 1) Y) { Z {E+ (x+1, y)+5b (x+1, y)}+5+(x+1 y+1) |+
7=y+2

T
Rap(UM(x =1,y 1) THx = 1,y)E0 (v, + 1)
T3
E (x,y,1) = —Ryp(UT (x = Ly, D) THx — 1, 9)E  (x,y +1) + Ry (UT (x = 1,y; DT (x — 1,y)EL (x,y)

-Ts —T

E" (x,y,2) = ngb(TT(x,y)){Si(erl,y) +£f(x+1,y+ l)} +

-7
N, —1
—Rab(T‘f(x,y)){gi(er Ly+1)+ ¥ [Elx+19) +E(x+1,9)] } +
g=y+2
-T
Rop(U' (x = 1,y, T (x = 1,9))€0 (x,9) (A-44)

Ty
Therefore, G*(x,y) = E% (x,y,1) + E%.(x,y,2) + E* (x,y,1) + E%. (x,,2) = 0.

e x =0,y = 0 The electric fields E‘ (0,0, 1) and E (O, O,Q) are given by equations (A.38)
and (A.43) respectively.

Ns—1 Ng—1
E®(0,0,1) = £°(1,1) + L%(x, 7)
(0,0, E, ) 7)
= _:

Ns—
E%(0,0,2) = £%(1,1) E (A.45)
Therefore,
. . Ns—1 N;—1
G*(0,0) = E%.(0,0,1) + E%.(0,0,2) = Y ¥ Lz 9). (A.46)
=1 j=1

Therefore, the Gauss law at the origin is not redundant in terms of the loop variables. This

leads to a residual global Gauss law in the loop picture :

Ns—1N;—1

G®|phys) = Z E L*(x,7)|phys) =0 (A.47)

Above, G* = G(0,0) and |phys) is any state in the physical Hilbert space #H?.

120



A.3 CANONICAL TRANSFORMATIONS IN 3 + 1 DIMENSIONS
A.3 CANONICAL TRANSFORMATIONS IN 3 + 1 DIMENSIONS
In this section we illustrate Z, and SU(N) canonical transformations involved in the con-

struction of a loop formulation on a 3 + 1 D lattice. For simplicity, construction is done

explicitly for a single cube which contains all the features of the finite lattice case.

A3.1  Zj lattice gauge theory

"Decouple

(d)

»"Decouple

» Decouple

Figure A.7: (a)-(e) shows the plaquette canonical transformation steps involved in the construction of
a loop formulation of Z, gauge theory on a cube. Just like in the 2D case, the string vari-
ables decouple. (f) shows the final plaquette loop variables that results. The plaquette loop
operator corresponding to the ‘roof” is missing. This solves Bianchi identity constraints
automatically.

In this section, we will describe the canonical transformations involved in the construction
of a loop formulation of Z, gauge theory on a unit 3 dimensional cube. Without any loss of
generality, we will describe the construction by iterating plaquette canonical transformations
defined in 3.1.2 instead of the fundamental Z, canonical transformation. For simplicity, sites
of the 3D cube are labelled as : O = (0,0,0) ; A = (1,0,0) ; B = (1,0,1); C = (0,0,1);
D = (0,1,0); E=(1,1,0); F=(1,1,1); G = (0,1,1). We start with the 12 link operators on
the cube as shown in figure A.7. Our notation is such that o3(O, i) denotes the o3 variable
of the link which starts at site O and is in the 1 direction. These 12 link conjugate pairs are

then systematically transformed into plaquette operators on the 4 ’vertical walls” and the
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"floor” of the cube and 7 string variables along OA, AE, OD, OC, AB, EF, DG in 5 plaquette

canonical transformations defined in (3.20) and (3.21). This is illustrated in the figure A.7.

Just as in 2 + 1 dimensions, these string variables decouple from the physical Hilbert space
H? due to local Gauss laws at the sites A, E, D, C, B, F, G. The Gauss law at the origin O is

not independent of Gauss laws at these sites and hence is automatically solved.

1. We begin by performing a plaquette canonical transformation on the plaquette OABC.

The plaquette loop conjugate pairs {31(B,3); u3(B,3)} around the plaquette OABC is
given by

A

11(B,3) = 03(0,1)03(A,3)03(C,1)03(0, 3) 13(B,3) = oq(C,1) (A.48)

Our notation is such that the plaquette operators {u(B,3); u3(B,3)} corresponds to a
plaquette in the plane perpendicular to the 3 direction (xy plane) with the top right corner
site B." The string and redefined link operators around plaquette OABC is given by:

730x2)(0,3) = 03(0,3) 71x2)(0,3) = 1(0,8)1(C, 1)
T35z (A, 3) = 03(A,3) 01x2) (A,3) = 01(A,3)e1(C, 1)
UB[xx](O i) (O/i) Ul[xx](o i) = (O,i)(ﬁ(c,i) (A.49)

The subscript [xz] on 03, denotes that the corresponding conjugate operator ¢y, is the

product of link operator o7 along the x and z direction.

2. The second step involves a plaquette canonical transformation on the plaquette AEFB.

The plaquette loop conjugate operators {1 (F,1); u3(F,1)} are given by :

11(F,1) = 03(A,2)03(E,3)03(B,2)03(A, 3) us(F,1) = ¢1(B,2) (A.50)

The string and redefined link operators around plaquette AEFB is given by:

0'3[xzy](Al§) = 0'3(Ar3) Ul[xzy](A/?’) = Ul[xz](Afé)Ul(B/ Q) = g(B)
T3y (A,2) = 03(A,2) Tiyy) (A,2) = 01(A,2)01(B,2)
US[yz} (E,é) = 0'3(E,3) Ul[yz] (E,g) = Ul(E,g)U'l(B,Q) (A 51)

As a result of the Gauss law at B, the string operators {oq(xy)(A,3); 03}x241(A,3)} =
{71(B,3);73(B,3)} decouples from the physical Hilbert space. Our notation is such that

1 Top right corner is the point (x,y,z) with the maximum value of (x+y+z) on the plaquette.
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the string operators {71(B,3);53(B,3)} are denoted by the end point B of the string and
the direction 3 of the string.

. The third step involves a plaquette canonical transformation along the plaquette DEFG.

The resulting plaquette loop conjugate pairs {1 (F,2); u3(F,2)} are given by :

p1(F,2) = 05(D, 1)y (E, 3)05 (G, ) (D,3) pa(F,2) = o1(G, 1) (A52)

The redefined link operators and string operators around DEFG are given by :

030 (D, 1) = 03(D, 1) 011 (D, 1) = 1(D, 1)1 (G, 1)
U3[xyz]<E/ é) = UB[yz](El 3) Ul[xyz](Elé) = O1[yz] E13)01<G/i) = Q(F)
0352 (D,3) = 03(D, 3) 152 (D, 3) = 01(D,8)01 (G, 1)

A

As a result of the Gauss law at F, The string operators {Ul[xyz}(E,?));Ug[xyz](E,S)} =
{71(F,3);03(F,3)} decouples from the physical Hilbert space

. The fourth step involves a plaquette canonical transformation along the plaquette ODGC.

The resulting plaquette loop conjugate pairs {y1(G,1); u3(G,1)} are given by :

11(G, 1) = 03(0,2)03),,1 (D, 3)03(C, 2) 0311 (O, 3) 13(G,1) = 1(C,2) (A.53)

The redefined link operators and string operators around ODGC are given by :

03[yxz](0’3) = (73[952](0’3) al[yxz](olg) = Ul[xz](o,é)(fl(c, Q) =G(C)
T3lyxe] (D, 8) = 03125 (D, 3) Fijyxz) (D, 3) = 01122 (D, 3)1(C,2) = G(G)
(73[W]<O’2) = 03(0’2) Ul[yy}(ori) =0 (Orj)‘ﬁ((:ré) (A.54)

As a result of the Gauss law at C and G, The string operators {0y, (O, 3); T3y (O, 3)}) =
{71(C,3);73(C,3)} and {042 (D, 3); 030y (D, 3)} = {71(G,3);73(G,3)} decouples from
the physical Hilbert space. This completes the construction of the plaquettes along the

"vertical walls’.

. The final step involves a plaquette canonical transformation along the plaquette OAED.

The resulting plaquette loop conjugate pairs {31 (E,3); u3(E,3)} are given by :

A

;ul(E/ é) = JS[xx](O/ i)UB[yy] (Arj)oé[xx] (Dri)0-3[yy] (O/ 2)
u3(E,3) = 01)(D, 1) = (D, 1)1 (G, 1) (A.55)
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Figure A.8: (a) SU(N) link operators on a cube and (b) SU(N) plaquette loop operators constructed
after canonical transformations. Strings to each site is not shown for clarity.

The resulting string operators around OAED are given by:

N A A

UB[xxxx]<Or1):US[xx}(Orl) Ul[xxxx](ofl):al[ ](O )Ul[xx](D 1)
=3G(0)G(D)G(G)g(C)

UB[xyy}(A/Q) = U3[yy}(A/ 2) Ul[xyy}(A/ 2) Ul[yy]( Q)Ul[xx}(D/i)
=G(E)G(F)

U3[xyy](O/ Q) = OB[yy}(O/ Q) Ul[xyy}(Ofé) = Ul[yy](Olz)al[xx](DIi)
=G(D)G(G)

The string operators {al[xxxx](o,i),- T3[xxxx) (O, D} = {71(A1);53(A,1)}, {Ul[xyy](A,Q) ;
D

(73[xyy](A/2)} = {&1(1512);5—3(15/2)} and {Ul xy/]( A) [xy/](olé)} = {61(D/2);&3( 12)}
decouples from the physical Hilbert space, due Gauss laws at O,D,G,C,E,F.

As a result of local Gauss laws at the sites , all the 7 string operators {71(B,3); 73(B,3)},
{71(F,3); 03(F,3)}, {21(C.3), {01(G,3); 03(G,3)}, {71(A,1); o3(A, 1)}, {1(E, 2);03(E, 2)},
{71(D,2); 53(D,2)} decouple from the physical Hilbert space, leaving behind the phys-
ical plaquette loop operators {u1(B,3); u3(B,3)}, {u1(F,1);us(F, 1)}, {u1(F,2); us(F,2)},
{11(G,1); u3(G, 1)}, {m1(E,8); us(E,3)}.

A.3.2  SU(N) lattice gauge theory.
In this section, we iterate the fundamental SU(N) canonical transformation to reformulate

SU(N) lattice gauge theory on a single cube in terms of plaquette loop operators. Canonical

transformations transforms the link operators on the unit cube to the following operators:
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1. Physical plaquette loop conjugate operators on the plaquettes corresponding to the 4

‘walls” and the “floor” of the cube
2. String operators to each site on the cube except the origin.

These string operators decouple, leaving behind the plaquette loop operators. As before, no
new constraints are introduced. Just like in the Z, case,the sites of the 3D cube are labelled
as: O = (0,0,0); A = (1,0,0); B=(1,01); C =(0,0,1); D = (0,1,0); E=(1,1,0);
F=(1,1,1); G = (0,1,1). This is illustrated in figure A.8. The loop formulation of SU(N)
lattice gauge theory on a single cube is achieved in 6 set of canonical transformations as

follows.

1. The first set of canonical transformations involves the construction of the plaquette loop

operators on the XY plaquette OAEDO.

U(12) = Uy, E%(12) = E°(E,2)
Uy (1) = Uy EY (1) = EL(A,1) + EL(A,2)
U(43) = UyU; E% (43) = E“(E, 1)
Upyy (4) = Us E% [, (4) = EZ(D,2) + E4(D,1)
U(1234) = U Ul, E% (1234) = E* (43)
Uy (12) = Upa E%(,(12) = ES(12) + E§ (43) = EZ(E,2) + EZ(E, 1)

2. Second set of canonical transformation involves construction of string operators to each

site.
U(16) = Upyy (1) Us E% (16) = E°(6)
Uy (1) = Uy (1) = Uy e (D) = EY (D) + EL(A,3) = G(A)
U((12)7) = Upy (12)U7 E% ((12)7) = E*(F,3)
Ulryz) (12) = Upy ((12)) © ey (12)) = Ef,,((12)) + EL(E,3) = G(E)
U (48) = Uy, (4)Us E% (48) = E"(G,3)

Uise) (4) = U (4 EY fy (4) = Ebpyy(4) + EL(D,3) = (D)
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3. The third set involves the construction of vertical plaquette ODGCO.

U(5(12)) = Uslly, E(5(12)) = E£((12))
Uy, (5) = Us 1y () = EL(C,8) + EL(C,2)
U(485(12)) = U(48)U*(5(12)) E® (485(12)) = E%. (O, 3)
U, (48) = U(48) E? . (48) = ES.(48) + E%(5(12))

4. The fourth set involves the construction of vertical plaquette ODGFEDO.

Uyg(11) = Uy, (48)Un E% (48(11)) = E(F, 1)
Upyyz) (48) = Uy, (48) EY (1,2 (48) = E},,,(48) + EL(G,1)
Uppr(11yse = U(127)U7(48(11)) E% (127(11)84) = E” (48(11))
Up,,(127) = U(127) © e (127) = EL((12)7) + ES (48(11))
Uysrnyss = UT(1234)U(127(11)84) E“ (437(11)84) = E% (127(11)84)
Up, (1234) = U(1234) E"(1234) = E? (1234) + E? (127(11)84)

5. The fifth set involves the construction of vertical plaquette OAEFBAO

Uizz(10) = Ujxz) (127)Uno E% (127(10)) = E”.(F,2)
Uy, (127) = Uy, (127) fey (127) = E% 1 (127) + E2(F,2) = G(F)
Unpr0ne = U(127(10))U(16) E® (127(10)16) = E* (127(10))
U, (16) = U(16) Ef,(16) = E4.(16) + E% (127(10))

6. The sixth set involves the construction of vertical plaquette OABCO.

Uss = Uyyz)(5)Us E? (58) = E° (G, 3)

Upryz) (5) = Upyz(5) Ef (2 (5) = EL 1 (5) + E%(D,3)) =G(C)
Uness = Uy (16)U° (58) E? (1685) = E* (58)
Utz (16) = Uy (16) E% (xyz(16) = El ) (16) + E%.(58) = G(B)

Just like before, all the string operators decouple due to the Gauss laws at A, E, D, B, E
G, C leaving behind the plaquette loop operators corresponding to the plaquettes OAEDO,

ODGCO, ODGFEDO, OAEFBAO, OABCO. Note that the 'roof” plaquette OCGFBCO is not

constructed.
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In this appendix, we show that all Wilson loops are diagonal in the magnetic basis of SU(2)

lattice gauge theory defined in 3.56. We repeat the defining equation * for convenience.

. 2i4+1 i . 2—|—1 N .
w,@) = ¥\ L D (w,@) [ my) = Y /LDl (o, @) nluljmim) ni)

jm_my 27 Jjommlu 27T2
= Z Yim(w, @) [nlm) (B.1)
n,l,m

Here, (w,®) is the angle axis characterisation of a point on S3(SU(2)) and Yy, (w, @) are

the hyperspherical harmonics on S®. We have also used the relation [153]:

2j + 1
27T Jm—jm

Ynlm(w/ ZT)) = Din,er (w/ '(f))

The states |w,®) forms a complete, orthonormal basis. The plaquette loop operators are

diagonal in this basis.

Wig |0, W) = z4p |w, D) (B.2)
where
(cos & —isin¥ cosf) isin ¢ sin e~
szﬁ = ' (B3)
—isin % sinfe "% (cos & +isin § cos0) 5

Above, we have suppressed the plaquette index of W, for simplicity. (B.2) follows from the

properties of Wigner matrices D}, ,,, as shown below.

Wi |w, @) = (Fx) [mer +alc| (Fv) Y [/1Dh w, (w0, @) j,m-,m.)

j’m*/er

(j+ +my) 1m—1
jAm_)(j+my +2>

i 1 o1
Y. UIDn m, (@, m‘]_z’m‘_z’

]',m_,m+

SIERY

1

. ; 1 o1 1 1

1 For simplicity, the states |Q(w, ®)) in 3.56 is denoted here as |w, ®)

127



MAGNETIC BASIS OF SU(2) LATTICE GAUGE THEORY

Above, Fy = \/W and [j] = 22]‘;21 Putting | = j — 3 in the first term and | = j + 3 in the

second term and using the following [115] recursion relation for Wigner D matrices

JU-m+D0=-me+d) ooy JUrm - DU+me+ )
2] +1 D (@, ) + 2] +1 D (1, )
_ Y _isin¥ J N
= (cos 5 —isin cos()) Dm,% m+7%(w,w)

Therefore,
Wi |w, @) = (cos% - isin%cos 9) |w, D) = 211 |w, D) (B.5)

similarly, we get

Wi |w, @) = isin % sinfe ™ |w, ®) = z1p |w, D)

Wh |w, @) = —isin%sineei‘i> |w, ) = zp1 |w, D)
. w .. w . .
Who |w, ) = (cos 5 + isin 5 cos 9) |w, D) = zp |w, D) (B.6)

Even though |w, @) forms a complete, orthonormal basis, they are not invariant under global

gauge transformations. Under a global gauge transformation A, |w, @) transforms as follows

|0, @) = Y Yot (w0, @) Dy (A) [nliit) = Y x1(0) iy () Dl (A) |l
nlm n,lm
N . n—1
= Y @)Y (@) ulm) = |w, ), = P ()

n,lm

Here, X{(w) are generalized SU(2) characters [115] , Y}, (w, @) are the spherical harmonics
on S? and @” denotes rotated @. Thus, under a global gauge transformation A, w is an

invariant angle and @ transforms like a vector :

w — w; 11— Rop(A)dd®
A completely gauge invariant angular basis on a single plaquette can be constructed by

integrating out gauge transformations as follows:

) = [l aun) = X [ du(A)Yu(w, ©)Dh(A) ulim) (B8

n,l,m

= ZYnOO w, w |7’100 ZX]
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Here we have used the identity [115] [ du(A)D!,;(A) = 6100modmo where

/dy(A) = 41 /sm dw/sm@d@/dgb

is the Haar measure of SU(2) where the SU(2) group element A is characterized by w, 0, ¢.
Also, j = (n—1)/2 and y;(w) = % are the SU(2) characters. Therefore, for a single
plaquette lattice the gauge invariant states are characterized by the gauge invariant angle w
as expected.

For a finite lattice, a complete, orthonormal basis is given by the direct product of |, w)
corresponding to each plaquette. All Wilson loops are diagonal in this basis. A completely
gauge invariant magnetic/angular basis can then be constructed by integrating out the gauge

transformations :
) = [wr, [O))) = [ du(A Tl )" = / (M) [T e, 07 (B.9)
p

where [©;] denotes the set of 2p — 3 independent relative angles between the axes @p, ,
where p is the no of plaquettes in the lattice. These angles are invariant with respect to

gauge rotations.

e 2 plaquette lattice On a 2 plaquette lattice the gauge invariant basis states are :

ny ly 1y >

1y I 177
n lh m >

no l1 — 1

=167 ) i, 1y Yo, (@1) Yy, —, (02) X7} (1) XJ: (w2) |1 lma 11 0)  (B.10)

ny,lp
1,1y Bipolar scalar harmonics

=47 ) (25 +1) P(cosOrp) Xﬂ(wl) Xﬁ(wz) |ny I np 1y 0) = |wy wa Orp)

ny,l,
np

1 (w @ I
[ koo lwn @) du(n) = ¥ [ du(a) ¥ Yo (@) B ()

I
i X502 Yoy (92) D ()
iy, 13

= Y (—phm(—p)hom lom? Xﬁ(ah) Y, my (1)
111,11,_1’}11 21]_ + 1
np,my

X7 (@2) Yo,y (2)

Here, we have used the relations :

Ip 1 —1my 167‘[2
/d‘u m] m1 ) sz mz(A) = (_]‘) mélllzé—ml mzé—n—’llrﬁz;

(=1l 00 00 . . 2 +1
T = Ceew LR Yo (@)Y (2) =

PI(COS®12)
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where @, is the angle between ©; and ;.

e N plaquette The above process can be generalized to N plaquettes which leads to the

following gauge invariant basis on an N plaquette lattice.

wp, [©4]) =k Y Yy (w1, - - - wp, [04]) |[n], [1], [11]) (B.11)
[n], [1],[11]
Here, Y|,y is the scalar multipolar spherical harmonics [115]. In general, the pro-

cedure of integrating out the gauge transformation projects out the gauge invariant

subspace and is equivalent to finding the subspace with 0 total angular momentum.



CALCULATIONAL METHODS IN THE LOOP FORMULATION

In this appendix, we discuss some calculational methods in the new loop formulation. Since,
the degrees of freedom now lie on the plaquettes instead of the links and the magnetic part
of the Hamiltonian involve a single plaquette holonomy, calculations are much more simpler

in the present loop formulation.

Variational method

In this section, we study the ground state of SU(2) loop Hamiltonian using a "single” plaque-
tte variational ansatz. We then compare the results with those obtained from the variational
analysis of the standard Kogut-Susskind formulation [70-72, 74]. Note that after canonical
transformations each plaquette loop is a fundamental degree of freedom. Therefore, gauge
invariant computations in the dual spin model become much simpler. For the ground state
of SU(2) gauge theory, the magnetic fluctuations in a spatial region are almost independent
of fluctuations in another spatial region which is sufficiently far away [17, 62, 63]. So, the
largest contributions to the vacuum state comes from states with little magnetic correlations.
Therefore, we use the following separable state without any spin-spin correlations as our

variational ansatz:

lpo) = €5/2|0); S=a) TrW(p).
p

= H ‘¢0>p- (C.1)
P

Above, |0) is the strong coupling vacuum state defined by £ (m,n)|0) = 0 and « is the
variational parameter. This state (C.1) satisfies Wilson’s area law criterion. We consider a

Wilson loop Tr (W) along a large space loop C on the lattice and compute its ground state

<1/J0|TT’WC|1/J()>
($olyo)
in terms of the P fundamental loops W, as shown in Figure C.1:

expectation value: . In the dual spin model any Wilson loop W¢ can be written

We = W(p1) W(p2) W(ps) -~ W(pn,)- (C2)
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C

Figure C.1: A Wilson loop W¢ can be written as the product of fundamental plaquette loop operators
W(p). We =W(p1) W(p2) W(ps)------ W(pn,). The tails of the fundamental plaquette
loop operators connecting them to the origin (see Figure 3.11-a) are not shown for clarity.

Here p; is the plaquette operator in the bottom right corner of C and p,, is the plaquette
operator at the left top corner of C. We now show that this state satisfies Wilson’s area law.

The expectation value of TrWc in |) is given by

(Tr'We) = <¢0<|3P":JI|/:]PE’>¢O> = <l/JoTlPo> pl;i/d?‘(wzﬂ/wzﬂ)<0|€ST72(C)|wp/wp><wppr’0>

_ 1L J dp(wp, @p) 4%r/2 2c0s (w(C) /2)

P

[T, [ dp(wy, @) e2xeos()

(C3)

In (C.3), [du(wy, &p) = ?4 sin? Ydw fsin 0do ?/Zqub. We have also used the completeness
relation of the |w, @) bas?s. z(C) is the0 eigenvalﬂe of W¢ corresponding to the eigenstate
[T, |cwp, @p). Since We = [T, W(pi), z(C) = I1,,z(pi) and Trz(C) = 2cos (w(C)/2). Here,
w(C) is the gauge invariant angle characterizing the SU(2) matrix z(C) in its angle axis
representation. Using the expression for the product of 2 SU(2) matrices * repeatedly, it is
easy to show that cos(w(C)/2) = [T];cos(wp,/2) + terms which vanish on 6 integration®

Therefore,

—

o (RN ne (1
(TrWe) _2(11(2(x)> = 2e ( ( >> (C.5)

1 Product of 2 SU(2) matrices characterized by (wy, @) and (wy, @) gives an SU(2) matrix characterized by (w, @)
with

cosgzcosﬂcos&—(wl-wz)sinﬂsinﬂ'
2 2 2 2 27

L. W N W wy . Wy w1 A A Ve W1 . W2

Wsin — = ®@; sin — cos —= + W, sin —= cos — — [y X W] sin —= sin —=. C.
5 = Wisin— 5 +asin — 5 — [@1 x ] sin 5 5 (C4)

2 The integrand under 6 integration contains either sin 26 or a cos 8, both vanish on 6 integration from 0 to 7.
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In (C.5), n. is the number of plaquettes in the loop C and I;(2«) is the I-th order modified

Bessel function of the first kind. We have used the relation

7T
1
[(20) = p /eZ“C"S“’cos lwdw. (C.6)
0

and the recurrence relation [166]

f11(28) — Iia (20) = 22 11(20) €7)

to arrive at (C.5). The string tension is given by or(a) = In < (20 )
The local effective SU(2) spin model Hamiltonian is
P . 1
Hon = L {48200+ 5 2= @)l b+ & {E0)- 800} ©9)
p=1 {pp')

We now calculate a# by minimizing

<4’0 |H5pin‘¢’0> )

<Hspin> = (1!70’lP0>

In order to calculate (Hspi,), we first find the expectation value of £ (p) - £, (p’) and E(p) -
E(p)=E4(p)-Ex(p) =E-(p)-E-(p) in (C.8). First, lets calculate (po|E% (p)EL(P)|yo). Here,
P is any plaquette.

(ol€2 (P)ELP)po) = (0] (57267 (p)e=572) 8 (5281, (P)e5") [0)
= (ol [£2.(p), S] [£1(P) 5] o) (C9)

In (C.9), we have used the fact that £1|0) = 0. Evaluating (o|E% (p)EL(P)|¢o) in a different

way,

(Pol€% ()5 (P) o) = (0[e5/2E7 (p)eS/2 (e-5/21 (P)e/2) |0)
1
2

(9ol [£2.p), [E2(P), S]] [90) + 7 (ol [E2.(P), S] [€2 (7). 5] 9o)
(C.10)

The equations (C.9) and (C.10) implies:

(Wol€-(p) - €:(P) o) = 7(vol [€2.(p). [€2(P), ] Iyo) (1)

133



CALCULATIONAL METHODS IN THE LOOP FORMULATION

The expression in (C.11) vanishes when P # p. In particular,

{$ol&-(p) - €+ (p)lo) = O, (C12)
(Yol€-(p) - £-(p) o) = 3¢ (Yo TIW(p) l¢po).

Above p,p’ are nearest neighbours. Putting n, = 1 in equation (C.5), (Tr'W(p)) = 21?((225).
Using the above relations, the expectation value of the effective Hamiltonian Hgp;, is
H .
(WolHepinl o) _ 279{ (3“ 2 - 12> bize) 12} . (C.13)
(%ol o) 4 §?) h(2a) " g

L(2a)
11 (20()

bounded function of «. It takes values between +1 and —1 with +1 at « — o0 and —1 at

a — —oo. In the weak coupling limit, g> — 0, IZEZ“; should be maximum for the expectation

Above, P is the number of plaquettes in the lattice.

is a monotonously increasing

value of Hgp;, to be minimum and therefore, « — oo. But, using the asymptotic form of the

modified Bessel function of the first kind [;(2«),

20 o
I(20) 2% ° (1 e 211)68 2, )

In the weak coupling limit , 11 20)

T 5 (G w) () ) =
Minimizing the expectation value in the weak coupling limit, & = é. The string tension is
given by cTT(glz) = In (h(é)/ 12(3%)) This is exactly the result obtained in [70-72] using
variational calculation with the fully disordered ground state and Kogut-Susskind Hamil-
tonian (3.59) which is dual to the full non-local spin Hamiltonian. The general non-local
Hamiltonian H differs from the above effective local spin Hamiltonian Hj,;, by terms of the
form R,,(W) &% (p)EL(p), where p and p are any 2 plaquettes on the lattice which are at
least 2 lattice spacing away from each other. Above, W is in general the product of many
plaquette loop operators. The expectation value of the full Hamiltonian in the variational
ground state [¢p) reduces to (Po|Hspin|to) as the expectation value of the non-local terms in
|po) vanishes. So, the simplified Hamiltonian with nearest neighbour interactions gives the

same variational ground state to the lowest order as the full Hamiltonian.
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C.0.2.1 A tensor networks ansatz

The present loop formulation is tailor-made for tensor network [155-158] and matrix product
state (MPS) [159] ansatzes to explore the interesting and physically relevant part of H? for

low energy states. This is due to the following two reasons:

e The absence of local non-abelian Gauss laws at every lattice site.

e The presence of (spin type) local hydrogen atom orthonormal basis at every plaquette.

We first briefly discuss matrix product state approach in a simple example of spin chain
with spin s = 1 before directly generalizing it to pure SU(2) lattice gauge theory on a one
dimensional chain of plaquettes. In the case of spin chain with s, = —1,0, +1 at every lattice

site x =0,1,---, N, any state can be written as:

¥) = Z W¥(s1,52,- "sN) [s1,82, - sN) - (C.15)

51,52~'~SN:0,:|:1

The matrix product state method consists of replacing the wave functional by
¥(sr, 52, sw) = Tr (BT 10V, (C.16)

In (C.16) T® are D x D matrices where D is the bond length. The matrix elements of T°
are fixed by minimizing the spin Hamiltonian. In the hydrogen atoms loop basis we have a
similar structure where the three dimensional spin states are replaced by infinite dimensional
quantum states of hydrogen atoms: |s) — |n | m). The most general state in the hydrogen

atom loop basis can be written as:

|1‘F> = Z Y4, 4 ey I I - lp > . (C.17)
{nH{I}{m} my Cemp

my Mo ceeMp

We now consider SU(2) lattice gauge theory on a chain of P plaquettes as shown in Figure
3.14. A simple tensor network ansatz, like (C.16 for spins, for the ground state wave function

in (C.17) is

Yol w w o | = Tr[Timhm) pimbm) gl e me)) (C.18)

In (C.18) Té”xl"m) ;x=1,2---,P are P matrices of dimension D x D where D is the bond
length describing correlations between hydrogen atoms. Assuming a bound on the principal

quantum number (e.g., n = 1,2) and minimizing the energy of the spin model Hamiltonian
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within spherically symmetric s-sector should give a good idea of ground state at least in
the strong coupling region. The method can then be extrapolated systematically towards
weak coupling by extending the range of hydrogen atom principal quantum number on
each plaquette. The global SU(2) Gauss law can also be explicitly implemented through the

following ansatz:

ny N npy
ny ny sy
’T> = Z b4 I 3 e dp Zl lz s lp > . (C19)
{nH{IH{11} ha  hx chepoa
I o whppoa

We can now make an explicitly gauge invariant MPS ansatz for the ground state:

" " T n n n
TO Iy I ey = Tr TU,lll,Il (1) Tlllilu (2) T1123}31123 (3) st TIPZZDO(P)] . (C.ZO)

hy  hos chpepoa

This ansatz is illustrated in Figure 3.14-b. Much more work is required to implement these

ideas on a computer. This will be done in the future.
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